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Abstract

Actually, several theories are in use for describing elasto-plastic deformation. A wide variety
of forms exist for constitutive equations expressing theories of plasticity. Here, a general form of
constitutive equations will be given for a significant group of theories of small elasto-plastic de-
formations. It is pointed out that this incremental constitutive equation arises as a special case of
the theory developed by Béda [1] for the general description of plastic behaviour.

1. Iutroduction

Several theories of plasticity have been published to describe small elasto-
plastic deformations. Equations of the suggested theories of plasticity are mostly
of an incremental form. But these equations may, structurally, be of rather dif-
ferent forms and comprise several different scalar or tensor type functions as material
characteristics.

An accurate description of the plastic behaviour of materials requires to dis-
close fields of applicability of the existing theories of plasticity. Part of these exam-
inations is a theoretical and numerical comparative analysis of various theories of
plasticity. Comparison of theories of plasticity is significantly eased by writing dif-
ferent constitutive equations in the same form.

First, such a recapitulative, incremental constitutive equation will be detailed,
followed by the analysis of the relation between the constitutive equation of general
form or system of criteria — as suggested by Béda [1, 2] to describe plastic behav-
iour, — and the recapitulative, incremental material equation,
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2. Censtitutive equation of some theories of plasticity

Incremental constitutive equations for theories suggested to describe small
elasto-plastic deformations normally comprise terms:

de;; — stress tensor increment;
dg;; — strain tensor increment;
6;; — stress tensor;
g; — Strain tensor;

i .. )
Z”}—— plastic internal variables.
¢

In case of the Prandtl—Reuss theory, these terms figure in the well-known equation

1 ;
de,-j - %ds,—j-[—d/‘.si}- (la)
de;; = Kdeg; (1b}

where de;; is the increment of the strain deviator, s;; is stress’s deviator, d/ is a
plastic parameter to be determined with the aid of the loading — unloading criterion,
G — is the shear modulus, & — is the bulk modulus.

Concerning the Prandtl-—Reuss equation, an incremental equation:

do'ij = [Dijklw:'s_'gi-_\ Si'Skl) dey, (2)

¢2(3G+H"Y Y
derived from (1) is known, where D,;, is the elasticity tensor conform to Hooke’s
law, ¢ — Mises’s effective stress, H’ is the slope of the stress — plastic strain
curve. Another theory of plasticity, also regarded as classic, Hencky—Nadai's
theory of deformation [3], involves the constitutive equation of incremental form

G
dd - 2G de LLT;F.{;V)E_E dg —
UTUIL3GIH, |V 1—2v S
’ 1
- w SijSkt dsli (3)

including a single material characteristic parameter H, in excess to (2), secant mod-
ulus of the uniaxial stress/plastic. Equations (2) and (3) may be given in a common,
recapitulative form with distinct parameters A’ and H, causing the deviation. This
is of the form:

2G a b
da.ij = —1—:;‘-:7; ]-}jk+KLijk —2G (-1_7 —_ m) nijnk,} dskl (43.)

|
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or
doy; = Dif,dey (4b)
where
1
Tijkz = Iijkz““'?’— Lijkl

Ly = %(51'1:51'1'*'5“517;)
Lij = 6;;0u
ni; = s/ (S se)M?
d;; — is the Kronecker delta.
Parameters ¢ and b in Eq. (4) are:
for the Prandtl—Reuss theory: a =3G/H’, b=0
for the Hencky—Nadai theory: a = 3G/H’, = 3G/H,.

Besides summarizingly comprising constitutive equations for the Prandtl—Reuss
and the Hencky—Nadai theories, Eq. (4) comprises several other theories of plas-
ticity via parameters @ and b. In the following, further such theories will be described.
Several theories of plasticity include a condition of plasticity, and to this, a kind
of yield surface. Now, in case of hardening materials, in plastic deformation, the
yield surface is characterized by various changes, such as the rise of peaks, corners.
Theories permitting to describe phenomena of this kind are termed corner theories.
Subsequently, interpretation of parameters ¢ and b will be given for three such
parameters. The first is the Christoffersen—Hutchinson theory [4], in fact, a mod-
ification of the Hencky—Nadai theory, where parameters g and b are:

3G .
a= H/ Fl (Ep: o, Qc) (Sa)
b= ; F(&,0,0,) (5b)

where functions £ and F, depend on the vertex angle &, of stress, on the rate of
plastic deformation, and on the yield surface.

Modification of the Prandtl—Reuss theory brings about another corner equa-
tion suggested by Hughes—Shakib [5], defining a modulus of plasticity h(x) de-
pending on the load direction (directicn of the strain increment). INow, parameters a
and b become:

-

. 2
TEH@

and b=0 (6)

The third corner theory is due to Gotoh [6] combining the theories of improvement
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Prandtl—Reuss’s and Hencky—Nadai’s. In this case, parameters ¢ and b are

36 (1—c, , )
a ~Ef_’_]v[(cosot Ta (7a)
b= ar (Tb)

s
where

M=c,+(1~¢cy)cosf
= cos fo/(1+cos Bo)

where B, is the vertex angle of the vield surface varying in plastic deformation, and
b is the angle included between vectors of siress increment, and the instantaneous
stress deviator. Finally, parameters ¢ and b will also be defined for Iliushin’s geo-
metrical theory [7], that involves no yield surface, neither division of the toral de-
formation to plastic and elastic parts. Irrespective of that, the constitutive equa-
tion for the theory can be brought to form (4). Expressions for @ and b in Ijushin’s
theory are:

a=—==1 b=—7- (8)

Y £

where P and N are the so-called iljushin’s funciions.

Constitutive eguation (4) refers to several other time-independent theories (Va-
lanis’ endochronic, Prager’s Dafalias—Popov’s), detailed in [8].

For most of time-independent theories (those by Perzyna, Bodner—Partom,
and some creep theories) the constitutive equations can be given in a common,
comprehensive equation

de;; = DR dey +dR;; (9)

where tensor D) is formally identical to (4) but the included parameters a and b
are also time-dependent. Tensor dR involves dependence on the strain rate. Equa-
tions (4) and (9) facilitate the thecretical and numerical comparison of the different
theories. For instance, angles included between magnitudes de and ds with vector
n interpreted in conformity with the instantaneous stress state are related by

o (1-+a) cosﬁ
O = T+ b+ (a—b)a+b+2)cos? f1/° (10)
where
coso = 8 __
o (dey dgg)/?
cos = i;doy;

(do‘,JdGU)I/Z ’
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3. Derivation of the incremental constitutive equation based on [2]

Theories above arose from different considerations, Equations (4) and (9)
point, however, to the possibility to recapitulate constitutive equations for these
theories in an identical incremental form. Next it will be shown that the method
developed for generally describing plastic behaviour [1] and the group of constitutive
equations to be derived from it [9] comprise incremental equations (4) and (9).
The possibility to derive incremental equations (4) and (9) from the theory developed
for generally describing plastic behaviour and the related constitutive equations
[9] permits to generalize them at different levels. In conformity with conditions
in [10]:

a) an acceleration wave can be induced in the continuum,

b) the acceleration wave propagates at finite velocity, and

¢) there exist independent wave from families of at Ieast a number identical

with the number of independent variables,
general form of the constitutive equation is:

Fz([’_()ﬁ’ araa G:58,, X;) =0

where o, ....x=1,2,...6:p,q,...,i=1,2,3.4; ¢; and g, are coordinates of the
stress and strain, x,, X,, x; space coordinate and x,;=1 the time coordinate

aa'g
63[‘7 - €
dxp
The differential of F,:
a3 2 A} -
dF, = oF dog, oF; de.;+ oF, dau-'—aF“ de + 9E: dx; =
& Jo 8pT T qon AT A z () a1 .
793p Oyg 0o e, X

An acceleration wave may exist in the body thus F, satisfies the condition

OF, oF,
Lyt =0 :
dggﬁ 3vbd 38.,,,3 (M)
Thus dF,
()Fz (Lghﬁ(} d09ﬁ+d8}.q)+ 351 do"+%€i dsz—:-‘ ()Fa axi fread O

de.q

ox;
The form of the first term shows that instead of ¢35, and &,, only one 1,; can be used
as variable, thus the constitutive equation becomes:

Fo (55505585 %) = 0. (12)
The condition (1) in this case can be satisfied if

Mig;
()G’sﬁ

Mas
Ly 5L = 0. (13)
7d
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The differential of (12) is

!
B

oF, (aﬂm o.M dsyq] O 4 L OF 4
2

8175] 80'3!3 °r 88-‘ v 30';, i 36x
that is
_ Onpy Og;
dng; = 90, dog; + 9., ds,,
which is with (13);
0
ditgy = aZM (L3359 4055 +de;g)-

¥4

Equation (14) can also be used in calculating.
Special cases:
Let

g3 = Lagp; 0o+ 2p55
then
Lgps; = Logp; (0558, x3)
after some further reduction
Lggp; = Lop dp;
115, multiplied by dx; and after addition

d;]ﬁ = L‘I;B d0—3+d8ﬂ .

(14)

A) Let di;=0, so the differential form of the possible constitutive equation is

L\':‘ﬁ dGs-{-d&‘ﬂ =0
or
dog = DEP d,
where
Dgp ——15

B) Let dny;=B,df, now the differential form is

Lgp dG’g""f‘dep = B/;’ d[
or
dG"g = D;I;; d8ﬁ+dR9
where
§5 = —Lag

I
(15)
(16)

II.
(17)
(18)
(1)

Equations (15) and (17) permit to derive an incremental constitutive equation of a

more general form to describe small elasto-plastic deformations.
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4. Conclusion

Constitutive equations of small plastic deformations can be derived in incre-

mental form from one equation. The recapitulated theories of plasticity are special
cases of the theory based on the existence of a wave of acceleration.
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