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Abstract

Necessarily, investigation of the possibility of constitutive equations assumed to be of differen-
tial equation shape leads to the conclusion that, in addition to the assumed functions, the constitutive
equations contain also so-called intrinsic variables.

In conventional material testing, the use of intrinsic variables permits a constitutive equation
taking into consideration also the dynamic load to be wriiten.

1. Necessity of intrinsic variables on the basis of mechanical fest

In given material, the possibility of existence of the acceleration wave can be
ensured if the material compatibility condition is satisfied [1].

With x,, p=1, 2, 3 being the position co-ordinate, x, the time, 03, &, 0p;, &4
co-ordinates of stress and strain tensor, respectively, and (3, ¥, ..., y=1, ..., 6 and
P, dg=1, ..., 4) their derivative with respect to x,, the material compatibility con-
ditions can be written, as follows: -

Let F(0pp, 8,45 G35 &> X =0 (2=1,2,3,...,6) be the mass equation and
o(x)=0 (i=1, ..., 4) the acceleration wave front, F, and F, the substitution value
of constitutive equation before and after the wave front, respectively.

Accordingly, the material compatibility condition will be

f.=E—F=0.

i ... 0 . .
Jo(@;5 x5)=0 contains derivatives %E(pi and thus it is a nonlinear partial diffe-
Xt

rential equation system of the first order with respect to . Investigation of the
integrability conditions of this equation leads to the conclusion that introduction of
intrinsic variables is necessary.
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The integrability conditions can be derived from the algebraic equation relating
to deg.
Introduce notation

_ % o,
fae = foo = g

The algebraic equation:
Jugdop+fpdx, = 0.

Let 4,.=f; and dB,=—f,; dx,. Then,
Ay ... Ay dB,

Ca)= |

where g=1, ..., 5. ,
C,yand A, are of equal rank that is inhomogeneous algebraic equation
./415 dQDR - dBa
is compatibie.
Let rank (4,;)=4 thatis det (4;;)=0. Denote det (4;;)=4 and let adj (4) =K.
Thus A4 K;,=A5,, and accordingly,

A dog = Kie dB;.
But
_ 00
d(DE = —aTﬁ dxﬁ
while
o
de = —a,—Yﬁ d B
that is
A ?@g = _Km_@i
0x; 0x;5
and thus
Aogy =—Ki fip-
The condition of integrability is that ¢, be symmetric. This means that
Kiefip = Kip fie- (1.1)

Let (1.1) be multiplied with 4, and then with A,y
Assfis— A fix =0,
T Sis—JarSie =0,
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that is
(5 =0, (1.2)

Poisson bracket zero being the integrability condition.
Hence, there exist two relations between df, in compliance with what has been
said, such as e.g.

Hl(fla ~ﬁ;) =0 and HZ(fl: ,fé) =1 O’
Hy(f2)=0, (4=12).

that is

O0H
8fA df,=0 will be the two relations to be found if the

2. Thus 8 equations shall be satisfied instead of 6 equations to be

Namely, in this case,

H
rank of

@

found originally. Assume for this purpose that the number of unknown functions
can be increased by addig 4y and k.. Thus in £, also /2, and £, will appear in addition
to the variables that have been existing so far and H(f,, 5)=0 where (4, B=1, 2).
Functions f; with variables /1 added satisfy the Poisson bracket zero equation
invariably. That is
(fi f&" =0.
In detail:

[f‘“’ ‘ alf h"“’) (f“’ o hBP] (Jrﬁ'ﬁgz— hcm] [ﬁ?""a?/'zﬁ; hDﬁ] =0,

that is

37’; Ofh Ofe

(o f i O O+ (i i)+ g S (e B 20, (1)

here (f1, fz) =0.

Since f, and h, can be selected optionally, equations (1.3) will be satisfied if
(hy, fp)=0 and (h,, hz)=0. The number of equations involved is 2.4+1=9 with
also the number of unknowns in them being 9.

h, is expressed from Hg, and substituted into the equations, by means of f,.
Thus a homogeneous algebraic equation system with nonzero determinant is obtained
for unknowns (/. fy.) and (fy. 4, fi.p) and therefore the unknowns are zero.

If the Poisson bracket zero condition is satisfied by f of number » from among
the six # and the number of functions /4 is N, then the number of equations will be

4

71N+(§) = N(71+ N;l] while (1.4)
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the number of unknowns

. —1
13—(’;) = 15—?53;—-)_. (1.5)

The valae of n can be 4, 3, 2. Let us see how many equations and unknowns
are assoclated with these values.

n N Number of equations Number of unknowns
1 4 9
4 2 9 9
3 15 9
2 7 12
3 3 12 12
4 12
3 9 14
2 4 14 14
5 20 14

h of number N for which the Poisson bracket zero condition is satisfied by total
function system f, can be found for any possible 7, these & being called intrinsic
variables of the constitutive equation. Thus the number of intrinsic variables will be
2, 3, 4 if the Poisson bracket zero condition is satisfied by 4, 3, 2 constitutive equa-
tions, respectively.

These intrinsic variables permit different mechanical or other physical inter-
actions to be taken into consideration. For example the effect of thermodynamical
processes upon motion can be taken into consideration, whereas thermodynamical
processes are affected by motion.

2. Intrinsic variable in conventional material testing

The conventional method of material testing which has found wide use so far,
is based on plotting of the ¢ ~¢ diagram or the tensile curve. The curve of 6=¢(s)
curve so obtained serves to determine the different material characteristics. In the
test, stress ¢ and specific elongation ¢ can be determined as a function of one
single variable that is as a function of time only. Restricting ourselves again to
mechanical interaction, the o ~¢ diagram appears to change with the rate of tension
in case of more materials. The idea of using o=0(8, §) as the constitutive equation
obtained in the test has, therefore, arisen. Hence, stress is a function of also rate of
strain & in addition to specific elongation &. It can be shown that this function
o=0c(e, & can not be a constitutive equation [2].
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However, the change of the o~¢ diagram with the rate of tension is a fact
proved experimentally. Let this fact be taken into consideration with an intrinsic

variable 7. Thus
o = c(g¥), 2.1

n=MWea.,ze). (2.2)

or

Assumptions are required to determine variable . Assume on the basis of [3]
that the material equation of dynamic tension takes in general the following shape:

F(o,,&,0,8) =0. (2.3)

However, according to [3], equation

oF OF
R W, 2.
B do, + 0s; @4
will be associated with (2.3) if B>0 (¢,=¢ and ¢,=¢ at present).
Taking into consideration (2.4), the differential of (2.3):
oF oF
—_— i = 2
7, (do,—Bds ,)—r da % de = 0. (2.5)
With this compared with differential
06 il
dn+—-— =0
3’7 n+ 9e de—do s
dn = do,— Bds, (2.6)
provided also
OF _ 0o
=2 7
00, I @7

is satisfied.
A short calculation satisfies us on the basis of (2.6) that identity (2.7) is correct.
Considering now the differential of (2.2):

ng + W g, 2.8)

dy = 58

which is zero along lines 7 =const. Along these lines,

oW ow
%-dﬁ't-*-gé—d&'t = O. (29)

However, also the left side of (2.6) is zero along these lines. Comparing equations
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(2.6) and (2.9),
ow
e
= 2
B 3_W (2.10)
oo
Thus the constitutive equation to be found:
ow
e
6 =0 |s 0,+ det . (2.11)
9o

Using the experimental results, (2.11) can be used in case of given material.
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