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Abstract

This paper deals with theoretical and numerical investigations for the stresses induced in
circular plates with variable thickness and exposed by static loads. The effects of different types of
loads on stresses are considered. The radial and hoop stresses are obtained for stepped circular
plates widely used in industry. Two different forms of such plates are considered, one has a raised
central region and the other has an unraised one. The results are obtained by finite element method
using a tapered annulus bending element. The graphs presented in this work show the effect of the
different values of step radius, type of the applied load and the effect of the different boundary con-
ditions on the stresses from the point of view of design. When the step radius vanishes or equals to
the plate radius, the plate becomes of uniform thickness. Consequently, the results obtained can be
compared with the values of exact solutions. The limits of this simple finite element model for stepped
plates are investigated by a more advanced finite element model having three dimensional axisym-~
metric annular element.
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Introduction

A considerable work has been done for the calculation of stresses induced in
circular plates due to different loading and boundary conditions. The earliest research
work was done by Timosenko [1], who found the mathematical expressions required
in solving such problems for plates with different forms. The stepped plates are one
of these plates which are widely used in engineering applications. Therefore, a
complete stress analysis for such plates with different boundary conditions is carried
out using finite element method.

A computer program having a tapered annulus bending element [2] is used in
obtaining the stress results for plates with different step radii. Complete design charts
for the maximum stresses induced in each plate are presented in this work to provide
the designer with the optimal selection for plates which have minimum induced stres-
ses.

Geoverning equations

Figures 1 shows the cross section for two particular forms of such stepped circular
plates. These plates can be described by two zones I and II. Zone I represents a plate
with uniform thickness h;, while zone Il represents annular plate with uniform thick-
ness i,. The common radius r; between the two zones is called the step radius while
the radius a represents the outer plate radius.
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Fig. 1. Stepped Circular Plates
a) plate with central region raised; b) plate with central region unraised

Tapered Annulus Bending Element

The element used in computation is shown in Fig. 2. This element is qualified
for computing the nodal displacements and stresses in circular plates of varying
thickness under lateral loading. This loading can be a combination of uniform
pressure and concentrated load.
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Fig. 2. Tapered Annulus Under Lateral Loading

The element is defined by two nodal circles, one internal and one external.
It has two degrees of freedom per node, making a total of four degrees of freedom
per element. ‘

Since a linear variation in thickness of the element is assumed, the plate thickness
at radius r can be determined by

t =mr+ec, (1
where
t;R,—1, Ry

- _b—h -
171-R2_R1 and ¢ = Rk 2

The assumed displacement function for lateral deflection w is given by
W = oy oo 2o, 13 = [N ()] o], 3
and the four nodal displacements per element are expressed in the form
[U°] = [w,6,w,60,]7. @

The relation between the unknown coefficients ¢, ¢, ..., &, and the nodal dis-
placement is given by

Wy 1 R R Ry
16 _ 10 1 2R, 3R}| || _
W=l | |1 R B RE||s] =L ©)
0, 0 1 2R, 3R*||oy
then
[e] =[CI[U°]. (6)
Equation (3) can be written in the form
w(r) = [N(MITIC[T°]. M

The elastic strain energy in an element has the form [4]

R
2 , 2V 1
U=n= f D(w”“.-—w’w”—!——-—;—w’2 rdr, 8)
P P
Rl
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where
D = Er/12(1—v%).

By using the deflection expression given by Eq. 7. and its derivatives, the strain energy
will be of form

U= [Ue]T[ “IKAC0,

l\)|

where
. f 2 1
K] =2 [ D{WINT+ L NN T+ (VN T rar, )
Rl
and the )
K] = [C[KAC™Y

is the element stiffness matrix.

If nodal displacements are known, the largest radial and hoop bending stresses
can be computed by

6, =6M,[1%, o, = 6M,/ (10)
where the bending moments are
[Mr] =D [1 v] [w” ] =D [1 v] [BMICIMUT (1)
M, v Lilw'/r v 1
where
0 2 6r
w“n_[ /;23”'

Numerical results

Plates with single step as described in Fig. 1 are used to obtain the numerical
results of stresses at different values of the step radius. The computations are perfor-
med at different types of boundary conditions and loading. The two thicknesses
h, and h, for plates with central region raised are 4 and 2 mm, respectively. While
in plates with central region unraised, i; and /1, are 2 and 4 mm, respectively. The
outer diameter for all plates is 300 mm, hence the computation processes are executed
for plates with different step radius ratios ry/a of 0, .2, .4, .6, .8 and 1. These plates
are supposed to be made of steel with Young’s modulus of 2 - 10** N/m? and Poisson’s
ratio of 0.3. Since the regions I and II shown in Fig. 1 are of uniform thickness,
then 1, and 7, shown in Fig. 2 are equal for each element.

The applied transverse distributed load is taken 3500 N/m?, while the concentra-~
ted load is chosen to be equal to the resultant load applied by the distributed load
which is approximately 250 N. Two boundary conditions are considered, one for
simple support and the other for clamped outer edge. The numerical results for
plates are obtained by using 15 elements of uniform thickness.
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In the case of distributed load, Figs 3 and 4 show the radial bending stresses
induced in simply supported plates with raised and unraised central region, respective-
ly. Figs 5 and 6 show the hoop stresses for these plates. Figures 7—10 show stress
description as before, only for clamped supported stepped plates. In the case of
concentrated load, Figs 11 and 12 show the radial bending stresses induced in simply
supported stepped plates for the two forms of plates, while Figs 13 and 14 are con-
cerned with the hoop stresses. Figures 15—18 represent the stress description for
clamped plates.

Discussion and conclusions

Generally, the results shown in the figures are describing the stress distribution
induced in stepped plates. The relation between these stresses and the radius ratio
is divided into two behaviours. The first one shows the stresses in plate region I,
while the other shows the stresses in plate region I1. These behaviours are proportional
to the corresponding uniform plates which have the same thicknesses. It is known
that in case of concentrated load, the stress value at the plate centre is infinite and
its numerical computation is impossible. Therefore, the stress at this region is com-
puted at a radius of 10~% m, which is very close to the plate centre.

Fortunately, when the plate radius ratio vanishes or equals to one, the plate
becomes of uniform thickness.

The stress curves in this case are continous when these results can easily be
checked with those of exact equations (1) in order to satisfy the validity of the solution
procedure.

The stress curves are summarized here by very important graphs from the
point of view of design. In the case of distributed loads, Figs 19 and 20 show the
maximum radial and hoop bending stresses induced in the two forms of stepped
plates for simply and clamped supported plates, respectively. Similarly, Figs 21
and 22 are the corresponding curves for concentrated load. From these curves we can
see that there are critical points or critical step ratios which determine the optimal
plate form having minimum stresses. Hence in the case of distributed load and for
all boundary conditions, it is preferred to use plates with central region unraised
until step radius ratio of 0.8 and vice versa after this value. However, in the case of
concentrated load, the critical step radius for similar description is 0.1. Such resulis
can be obtained for other circular plates with variable thicknesses which have more
complicated forms.
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Fig. 3. Radial stresses in simply supported stepped circular
plates with central region raised for distributed load

bending stress MPa

Radiat

O 00
wmctee= 02
32 —-0-= 04 | step radius
i\ —-®— 06 ratio ry/a
;‘\ ~wh--- 08
28 [ N —f— 10 ‘
: A N P
! AN N >
24 ot SR
\:\D\‘i\ \
i AN
20 ; ALY
1 I NN
: ! \\\‘ A\
3\ m
16 : ' "D
t i A
1 H N
: i N
12 t ! \\\\‘: A
] i N
1 N \
| "\
R s
- E __-é T ! AN
R So wip - Ny 1 1NN
7 °~\~‘ —~ :I‘,J I \§x
. A--~_i\
—3
\.
0
0 02 04 06 08 10

Radius ratio r/a

Fig. 4. Radial stresses in simply supported stepped circular
plates with central region unraised for distributed load
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Fig. 9. Hoop stresses in clamped (supported) stepped circular
plates with central region raised for distributed load
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Fig. 11. Radial stresses in simply supported stepped circular
plates with central region raised for concentrated load
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Fig. 13. Hoop stresses in simply supported stepped circular
plates with central region raised for concentrated load
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Nomenclature

E modulus of elasticity,

hys hy  thicknesses of zones I and II of the stepped plate,
My, M, hoop and radial bending stresses,

F plate radius,

Ry, R, radii at internal and external nodal circles,

t plate thickness at radius 7,
t;,t,  thicknesses at internal and external nodal circles,
w transverse plate displacement,

wy, Wy nodal transverse displacements at internal and external nodal circles,
0., 0, angular displacements at internal and external nodal circles,

v Poisson’s ratio,

oy, 6, hoop and radial bending stresses.
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