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Abstract 

Lemon-bore bearings are quite popular in high speed applications. In this paper the effects ot 
bearing deformation on the performance characteristics of lemon shaped journal bearing systems 
are determined. Modifying the extent of film in each lobe with shell deformation, the results are cal
culated for wide range of operating eccentricity and different values of ellipticity ratio and defor
mation coefficient. This study reveals many favourable changes in performance characteristics of the 
journal bearing system if supported on flexible bearings. 

Nomenclature: 
The symbols with a bar represent dimensional quantities. 

bearing length 
clearances defined in Fig. 1 
Young's modulus of bearing liner 
film thickness, H L/ Cm 
subscript or superscript for lobe, = 1, 2 
critical mass of journal, Mc/((fioR)wj)(R)CIIY) 
pressure, fi/((fiowj)(R}C"Y) 
maximum pressure 
viscous frictional torque on the journal, f)((fiow)J..~)(R}Cm)) 
oil flow through sides, Qj(Cm R)'Jw)2rc) 
journal radius 
time, 'iWj 
bearing liner thickness, 'il,/ Rj 

bearing load capacity, Wr/(fio Wj R;/(R} C"Y) = W;- W~ 
load component in vertical direction due to Lth lobe 
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coordinate axes defined in Fig. 1 
journal center coordinates, (XJ, YJ)/Cm 

lobe center coordinates in undeformed state of liner (X Lo Y L)/ Cm 
z coordinate along bearing axis, z/Rj 

br radial deformation, 8r/ Cm 
o altitude angle, Fig. 1 
}, aspect ratio, B/(2Rj ) 

B eccentricity ratio, 8/Cm 

Bp ellipticity ratio, 8p/Cm 

v Poisson's ratio 
Vo (1+v)(1-2v)j(1-v), Eq. [2] 
ilo viscosity of lubricant 
!/J deformation coefficient, !/Jr/l'u 
!/Jr' !/J;=br/p, coefficients defined in Eqs. [1] and [2] 
r, e, z cylindrical coordinates 
{o} nodal displacement vector, {6ebr b=} 

1. Introduction 

The interest in elastohydrodynamic analysis of sliding bearings has grown only 
during the past two decades. Many investigations have now evidenced that the re
sponse of any rotating system supported on self-acting hydrodynamic bearings can 
not be predicted accurately, if design calculations are made by disregarding the 
deformation in the bearings. A noteworthy experimental study which successfully 
demonstrated the need of including deformation in plane journal bearings was 
due to Carl [1]. This pioneer study led to many theoretical and experimental 
investigations [2-8]. Amongst these, Higginson [2J presented in his famous paper 
a simplified formulation of ehd analysis of plane journal bearings. Relinquishing 
many assumptions of Higginson, O'Donghue et aI, Conway and Lee, Oh and 
Heubaer, Jain et al and Gethin have carried out rigorous studies to investigate 
effects of deformation on the performance characteristics of plane journal bearings. 

The work of this paper is concerned with ehd analysis of lemon-bore bearings. 
The interest in the study has arisen for the reason that such bearings because of their 
very suitability, often operate under heavy loads and high speeds leading to consider
ably large hydrodynamic pressures. The ehd analysis of journal bearings is proble
matic due to the iterative nature of problem and computation of bearing deforma
tion thorugh the solution or 3-dimensional elasticity equations. The analysis in this 
work is carried out using a simple elastic model in bearing liner. However, prior to 
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using this model, a detailed investigation on the basis of 3-dimensional ehd analysis 
is made to show the suitability of the model to the actual practical conditions. 

The results presented in the paper are intended to investigate the effect of liner 
deformation in lemon-bore bearings. These include the static characteristics and sta
bility margins of the bearings. 

2. Analysis 

The lobed bearing is considered as comprising a liner (flexible element), of usual 
bearing material (like babbit, bronze, etc.) securely bonded inside a housing (rigid 
element) of some harder material (steel or cast iron), Fig. 1. The deformation analysis 
of the bearing liner may be treated as a linear three dimensional elasticity problem of 
a shell subject to a hydrodynamic pressure field. As a consequence of minimum po
tential energy theorem, the displacement field of the linear may be expressed by the 

OJ - Journal centre 

O~ ,O~ - Lobe centre 

Ob - Bearing geometric centre 

Rigid housing 

Fig. 1. Symmetrical two lobe bearing geometry with bearing liner 

x 
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following set of finite element equations 

[K] {o} = {F} (1) 

where [K] is the stiffness matrix, {o} is the vector of nodal displacements, and {F} 
is the vector of nodal tractions due to external forces (pressure in the present case). 

The present ehd analysis is in reality a coupled problem requiring simultaneous 
solution of the lubrication equation and the three dimensional elasticity equations. 
The analysis is however, computationally expensive due to very iterative nature of 
the problem. In fact, solution of elasticity equations needed in each iteration, takes 
up the major share of total computation time. In the ehd analysis of lobed bearing, 
the computation time increases nearly in proportion to the number of lobes. There
fore, for the ehd analysis oflobed bearings it becomes imperative to look for a simpler 
model of elastic field of bearing liner. 

In the above regard, a simple model can be derived if the state of strain in bearing 
liner is assumed to be plain with axial strain (8:) equal to zero. This is taken on the 
basis that practical bearing liners are thin. With plain strain condition the radial 
deformation in a firmly bonded thin liner can be estimated with great accuracy by 
the linear relation 

Or(e, z) = tf;rp(8, z) = tf;op(e, z) (2) 
where 

tf;r= ( lio!}5j)(!!: )(~j)3[(I+v)(l-2V)] 
E Rj Cm I-v 

(3) 

is a constant independent of the spatial coordinates (I', e, z) and is written here as a 
combination of parameters representing the geometric and material properties ofthe 
liner and operating conditions of the bearing [6, 7]. 

As for the suitability of above model and finding the upper limit ofliner thickness 
for the applicability of model, it would be interesting to look into Fig. 2 in which 
some results of 3-dimensional ehd analysis of 1600 arc partial journal bearing are 
given. The case of partial bearing suits here as it is equivalent to a single lobe of a non
circular bearing. The operating conditions of bearing are taken as: 

Rj = 25 mm, 13 = 50 mm, Jio = 0.04 Pas, Cm/Rj = 0.002 

Wj = 2500 rpm, E = 120 GPa, v = 0.3 

with liner thicknesses rIJ equal to 0 (rigid liner case), 2.5, 5 and 10 mm. In the figure, 
2(a) and 2(b) show the circumferential distributions of radial deformation of liner 
(or) at film interface, film thickness (BL ) and pressure (ft), all three taken at bearing 
mid-span (z= 0). Dividing the radial deformation at a point (from Fig. 2( a») by 
pressure at the same point (from Fig. 2(b») the ratio tf;; is obtained and is plotted in 
Fig. 2(c). This figure also include the variation of tf;; at quarter span (z= ±}./2). As 
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Fig. 2a. Effects of bearing deformation Fig. 2b. Effects of bearing deformation 
on fluid film thickness on pressure distribution 
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Fig. 2e. Comparison of three-dimensional and plane strain models 
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may be seen, for a sufficiently large positive pressure zone tf;; is nearly constant. This 
zone of constant tf;; widens with decrease in liner thickness thus justifying the use of a 
linear deformation-pressure relationship given by Eq. (2). 

Fig. 2(c) also shows deviation oftf;;from IYr (as computed from Eq. (3)). As seen 
from the variation of tf;; in the circumferential and axial (from the values at z= 0, 
±}./2) directions, for liner thickness (ill) to journal radius eR) ratio less than 0.1, 
the difference between tf;; and IYr becomes insignificant. This conclusion is further 
justified from Table 1 where static characteristics as computed via three dimensional 
ehd analyses and via simplified linear model are compared for various values of liner 
thickness. 

Table 1 

Comparison of static characteristics calculated using 3-d model and plain strain model 

Three Plane strain Difference as 
Performance dimensional model percent of 3-d 

model values 

Pm,x CNjmm2) 7.6100 7.616 -0.0686 
2.5 mm 0.1 ~V(N) 7069.7 7073.1 -0.0463 

o (deg) 40.84 40.80 +0.0979 

Pm,x CN/mm") 7.2980 7.086 2.897 
5mm 0.2 WeN) 6927.5 6786.9 2.0302 

o (deg) 39.51 38.62 2.2526 

Pmox (N/lThll") 6.815 6.4780 5.0172 
10 mm 0.4 Wr (N) 6660.9 6521.9 2.087 

o (deg) 37.45 36.04 3.770 

With the simplified elastic model, the ehd problem of lobed bearing now reduces 
to finding the solution of Reynolds equation 

(4) 

where 
(5) 

is the film thickness in the lobe clearance. 
HL now being a function of pressure, the pressure equation, Eq. (4), of bearing 

with elastic liner is nonlinear as against the linear equation of the rigid counterpart. 
The solution, therefore, requires iterations. The finite element method with linear 
rectangular isoparameteric elements is employed for the solution. Brief details of the 
solution strategy are given in the next section. 
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3. Solution scheme 

Establishing the steady state pressure field is the prerequisite for computing the 
static and dynamic characteristics of the bearing. The solution scheme for establishing 
steady state pressure distribution in the flexible lobed journal bearing is devised by 
combining sequentially three separately developed programs. These programs are 
intended to perform individually the following three tasks. 

(1) Solving the steady state pressure equation (Eq. (4) with oHL/ot=O) for each 
lobe keeping fluid film boundaries fixed. Radial deformation required in the film 
thickness equation (Eq. (5)) is obtained on the basis of currently available iterations 
pressures by solving either Eq. (1) or Eq. (2). The iterations are terminated when 
individual nodal pressure in two successive iterations compare within certain limit. 

(2) Establishing the trailing boundary in each lobe satisfying Reynolds boundary 
condition. The Reynolds boundary is likely to eXi.st if the film terminates before the 
trailing edge of a lobe. This usually happens in upper lobe. The iterations in deter
mining Reynolds boundary are terminated by putting a limit on pressure induced 
flow at the boundary which should ideally be zero. 

(3) Establishing the journal center equilibrium position for vertical load support. 
Convergence criterion in this program is applied on the horizontal load component 
which should ideally be zero. 

In the solution of Reynolds equation (program (1)), problem of slow convergence 
especially at large eccentricities is often encountered. The problem is, however, 
effectively circumvented if the pressures for the calculation of deformation are taken 
as some weighted averages of current and previous iteration values rather than the 
currently available pressures only. Thus the nodal pressures for deformation calcula
tion after j-th iteration are 

w. i+(l HA i-I 
Pi = tPi - "tJPi 

where i is the node number and T1{ is weighting factor. Past experience with plain 
and partial journal bearings [6, 7] has shown T1{ equal to 0.6 to be a very suitable 
choice for wide range of parameters. This value of T1{ is found to serve well in the 
present calculations also. 

Expressions for the static characteristics and the calculation method for stiffness 
and damping coefficients, and hence the stability margins, may be found in relevant 
literature on lobed bearings [9, 10]. These are not being given here. However, the 
validity of the devised solution scheme was confirmed by close matching of the cal
culated performance characteristics oflemon bore bearing with rigid liner (tjJ=O.O) 
with those of Lund and Thomeson [101. 



202 S. C. JAIN et al. 

4. Results and discussion 

The validity of simplified elastic model has been amply justified in Section 2. 
The performance characteristics of the lemon bore bearings being presented here are 
computed using this model. The results given in Figs. 3 to 12, are for an aspect ratio 
).= 1.0, ellipticity ratios sp=O.4 and 0.5, and deformation coefficients ljJ=O.O, 
0.1 and 0.2. The chosen values of }, and sp are the commonly used values of these 
parameters in practical applications. The eccentricity ratios (s) are taken as high as 
0.9 to cover the operating range from a lightly loaded to heavily loaded condition. 

COlt 1 E = 0.25 
0.20 2 E = 0.75 

Ep= 0.50 

°l 
A = 1. 00 

ijJ 

0.16 0.10 
0.20 

0.14 

0.12 Lobe -1 

0.10 

0.08 

Lobe-2 

/'2' I \ 
I \ 
I \ 
I I 
I I 
I I 
I I 
I I , 
I 
I 
I 

: 2 , 
I 
I 
I 
I j , 
: " '\ 
, I \ 

:1 \ " \ " , 11 \ 
IJ ' , I 

, I , \ 
I 

I 
I 

Fig. 3. Radial deformation at bearing mid span (z=O) 

Fig. 3 presents the plots of liner radial deformation (or)' at the centre line of a 
bearing of ellipticity ratio 0.5 and journal eccentricities 0.25 and 0.75. These curves 
depict that in both the lobes radial deformation at any point increases with increase 
in deformation coefficient. The immediate effect of deformation in the liner is ob
viously found on the pressure distributions in the two lobes. Figs. 4a, b, and c repre
sent the change in pressure profiles (at the center line, z= 0) with liners deformations 
(ljJ~O) from that of its undeformed state (l/I=O) at selected eccentricity and ellip
ticity ratios. Against the increase in positive pressure zone and decrease in maximum 
pressure with liner deformation as found in circular bearings [6] it is interesting to 
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240° 
30002400 
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c) 

Fig. 4ab. Pressure distribution in flexible two lobe bearing (at z=O) 

60° 

d) 

Fig. 4cd. Pressure distribution in flexible two lobe bearing (at z=O) 
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note that in case oflemon shaped bearings this trend may reverse in the bottom lobe 
at higher eccentricities. Upto moderate eccentricities ( -< 0.7), however the similar 
changes as in the circular bearing due to liner deformation on pressure distribution 
are observed, Fig. 4a, 4b. Fig. 5 clearly shows above stated effect ofliner deformation 
on Pmax of various eccentricities. 

J. 
,; 1.4 0 
E 

0. W,! 
1 E:p:::0.5 2.0 
2 E:o=0.4 

A =1.0 
1.2 tjJ 

1 E:p=0.5 
1.8 2 E:p=0.4 

A = 1.0 
-- 00 (Rigid) 
---- 0.1 
-·-0.2 

1.6 tjJ 
-- 0.0 (Rigid) 
----0.1 

10 14 -·-02 

1.2 

1.0 

0.8 

0.6 

0.4 

0.2 

j ! ! 
::a 0.4 0.8 E: 1.0 

~--~--~~--~I~~~--~~. 
0.6 0.8 E: 1.0 

Fig. 5. Maximum pressure vs eccentricity ratio Fig. 6. Load capacity vs eccentricity ratio 

Fig. 6 presents the important results related to change in load capacity oflemon 
shaped bearing with liner deformation. Contrary to decrease in load capacity of the 
journal bearing system with increase in liner deformation as occurs in circular and 
partial bearings [6], load capacity of lemon shaped bearing usually increases with 
liner deformation upto common operating eccentricities (0.75) for both the selected 
ellipticity ratios (0.4 and 0.5) and deformation coefficients (upto 0.2). It is also seen 
that the increasing trend of load capacity with increase in deformation coefficient 
becomes opposite at higher eccentricity (>0.75) in case of the bearing with ellip
ticity ratio 0.4. 
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Fig. 7. Lobes contributions in bearing load capacity vs deformation coefficient 
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The variation of the load capacity with deformation coefficient may be under
stood more clearly from Fig. 7 which includes the separate contributions of the two 
lobes. The load component f1i,1 always decreases with increase in deformation coeffi
cient while the component 1~2 first increases upto a certain value of t/I and then starts 
decreasing with further increase in t/I. It may now be seen that for a bearing of parti
cular ellipticity and operating eccentricity a deformation coefficient can be selected 
which would give maximum load capacity. Thus, for instance, for the pair of para
meters (8p=0.5, 8=0.5) and (8 p=0.5, 8=0.75) values of t/I for maximum load 
capacity are 0.175 and 0.45 respectively. 

Fig. 8 shows significant change in attitude angle with bearing deformation. At 
any eccentricity ratio decrease in attitude angle with increase in deformation coeffi
cient in conductive to better stability of the bearing of flexible liner. 

Figs. 9 and 10 represent the quantitative effects of deformation coefficient on 
power loss and lubricant flow for the journal bearing system required to carry certain 
external load. At any load capacity, appreciable decrease in power loss with increase 
in deformation coefficient is found. This is an important factor in favour of designing 
a journal bearing system with flexible liner. 

Since bearing deformation modifies the film thickness along the axial length of 
the bearing and subsequently the pressure gradient, the flow through sides also 
changes. Depending upon the value of pressure gradient, the lubricant flow is 
resisted. Fig. 10 is devoted to such effect of bearing liner deformation to lubri
cant flow. 

Fig. 11 presents the critical mass ofthe journal bearing system with load capacity 
Cw,:). For the selected ellipticity ratios, it is found that upto certain load capacity, 
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Fig. 8. Attitude angle (0) vs eccentricity ratio (8) 
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Fig. 10. Side leakage vs load capacity 
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stability zone remains more for a flexible bearing with certain tf; against that of rigid 
one. This trend reverses with further increase in load capacity. A comparison of cer
tain load capacity reveals that critical mass first increases with increase in bearing 
flexibility and then may decline at higher deformation coefficient if load capacity is 
large. A clear demonstration to this effect is given in Fig. 12. In this figure curves are 
drawn between Mc and tf; for different eccentricity ratios. At low values of eccentric
ity ratios (0.1, 0.25, 0.3), increase in Mc is found for large deformation coefficient. 
At a large eccentricity, however, a value of deformation coefficients accordingly can 
be obtained to give maximum stability zone. 

Based on the analysis and the results presented in nondimensional form in the 
previous parts, a realistic and easily graspable qualitative comparisons of the dimen
sional performances of the journal bearing systems with and without deformable liner 
are presented in Tables 2, 3 and 4. The results in these tables are derived for the 
following operating parameters: 

Table 2 

Comparison of rigid and flexible bearing performance characteristics 

ep=.0195 mm ep=.0244 mm 
e e ill 'I' (ep=OA) (ep=0.5) 

mm mm 11fT 0 11fT 0 
kN deg kN deg 

rigid 0.0 16.57 80.0 21.90 84.00 
0.0244 mm 0.5 1.625 0.1 17.13 78.0 23.03 81.00 

3.250 0.2 18.25 75.0 24.15 78.15 

rigid 0.0 21.06 79.5 29.48 82.00 
0.0292 mm 0.6 1.625 0.1 22.75 76.0 31.17 77.90 

3.250 0.2 24.15 74.0 32.57 76.20 

Table 3 

Comparison of rigid and flexible bearing load capacities 

§ ih 'I' kN 
mm mm ep= .0146 mm ep=.0195 mm ep=.0244 mm 

rigid 0.0 19.23 31.17 45.77 
0.0365 mm 1.525 0.1 22.04 34.26 51.95 

0.200 0.2 23.87 36.51 51.55 

4 P. P. M. 32/3-4 
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Table 4 

Comparison of performance characteristics of rigid and flexible bearings acted 
upon by uniform load (117,=22.5 kN) 

in 
mm 

rigid 
1.625 
3.250 

16 

14 

12 

10 

8 

6 

4 

Bp= .019 mm (ep = 0.4) 

e 

0.58 
0.56 
0.54 

1 Ep=O.5 
2 Ep=0.4 

t.. =1.0 
ljJ 

Tj 
Nm 

.7429 

.7274 

.7119 

-- 0.0 (Rigid) 
---- 0.1 
-·-0.2 

2 
I 
I 
I 

Bp= .0244 mm (ep=0.5) 

Tj 
e Nm 

0.510 .7821 
0.495 .7746 
0.475 .7537 

Fig. 11. Critical mass vs load capacity 

B =65 mm, Rj =32.5 mm, jL=40 mPas, 
Wj = 15000, rpm, Cm/Rj =.0015, 
E =0.98 MN/m2 (Young's modulus for brass), 
rh = 1.625 mm. 

These parameters yield the deformation coefficient (ljJ) nearly equal to 0.1. 
A larger value of deformation coefficient approximately equal to 0.2 is obtained with 
a liner of 3.25 mm thickness. 
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Fig. 12. Critical mass (Mc) vs deformation coefficient (IjI) 

Table 2 shows that at the choosen eccentricity ratio 0.6, the attitude angle reduces 
from 82° to 79.5° if bearing with ellipticity ratio 0.5 is replaced by that of 0.4 when 
the bearing liner is rigid. More declination in attitude angle is further obtained as low 
as 14° if instead of rigid lobes (t/I=O), lobes with compliant liners of brass (t/I=0.2) 
are used. These results give primary indication that using a bearing with soft liner, 
better stability at any eccentricity ratio can be attained. Another important result 
regarding the load capacity shows opposite effects of ellipticity and deformation coef
ficient. Reduction in load capacity from 29.48 kN to 21.06 kN due to decrease in 

4* 



210 S. C. lAIN et al. 

eliipticity from 0.5 to 0.4 in case of rigid bearing is partialiy compensated ifrigid liner 
is replaced by deformable elastic liner. In this example, the load capacity increases 
from 21.06 kN of rigid case to 24.16 kN when bearing is allowed to deform. Table 3 
shows similar observation for the three ellipticities .0146 mm, .0195 mm and .0244 mm 
and a higher operating eccentricity (8= .0365 mm). 

Table 4 presents the difference in the performance of the lemon bore journal 
bearings with elastic and rigid liners under the condition of same load support (w,:)= 
=22 kN); the other condition like speed, viscosity and bearing geometry being the 
same as in the previous example. A higher eliipticity bearing runs at larger eccentric
ity. Moreover, a decrease in eccentricity of any journal bearing system, subjected to 
some load (22 kN) and of constant ellipticity, can be obtained by using the flexible 
liner. In the present case for 8p =0.4, eccentricity reduces from 0.58 to 0.54 as 1/1 
changes from 0.0 to 0.2. Use of flexible liner also reduces the resistance caused by 
fluid friction in running the shaft. The table shows that frictional torque on the shaft 
goes down from 0.743 Nm to 0.111 Nm with the change in 1/1 from 0.0 to 0.2. 

5. Conclusions 

The results presented in this paper lead to the following conclusions: 
(1) For liner thickness to journal radius ratio less than 0.1 deformation in the 

liner can be determined by a simplified elastic analysis. 
(2) For the selected ellipticity ratios, the load capacity at any 8 increases upto a 

certain value of 1/1. This increase in load capacity is quite significant. Further increase 
in 1/1 results in decrease in load capacity. 

(3) With increase in 1/1 line of centres of the journal and the bearing come closer 
to load line giving an indication of extended stability zone of the journal bearing 
system. 

(4) A bearing with flexible liner operates with considerably reduced viscous fric
tion torque and side flow from the bearing. 
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