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Summary 

In suming up, it can be laid down as a fact that the law of heat conduction and state 
equation modified for an explicit, linear case can be used in the investigations of dynamical 
problems of thermoelasticity. 

Introduction 

The general problem ofthermoelasticity can be described by an equation 
system consisting of the following equations: kinematic equation, constitutive 
equation, equation of motion, heat conduction equation, first and second law 
of thermodynamics. After reduction, two equations are obtained with two 
unknowns such as displacement and temperature. These are also called 
generalized equation of motion and generalized equation of heat conduction. 

In case of special problems like stationary and simplified quasi-static 
problems these equations fall apart, the connection between the displacement 
field and temperature field discontinuing; the temperature can then be 
calculated independently and in the knowledge of temperature, also the 
displacement field can be obtained. In this way, the heat conduction problem is 
part of the investigations in the field of thermoelasticity. 

The one dimensional dynamic problem of heat conduction without 
intrinsic heat source is described on the basis of Fourier's law of heat 
conduction by differential equation 

(1) 

where the subscript indicates partial derivation. 

* Department of Mathematics of the Faculty of Electrical Engineering 



164 I. I'ARKAS-A. SZEKERES 

An investigation of the differential equation shows that the temperature 
disturbance propagates at infinite velocity, a phenomenon obviously contra­
dicting experience. To the best of our knowledge, Maxwell had been the first to 
direct attention to this contradiction in 1867, and many authours have dealt 
with this problem since [1 thru 10]. 

Our investigation has a double aim. On one hand conceptual - in the 
nature no infinite velocity exists; on the other hand practical- to increase the 
exactness of the solution of some problems. Danyilovskaja was the first who 
solved the dynamic problem of thermoelasticity in 1950. In her research it was 
demonstrated that there is a change in some characteristics even before the 
front of disturbance. The cause of this phenomenon according to Park us, 
Vogel, Barenblat is in the structure of the law of heat conduction. The 
mathematical model of Fourier's law of heat conduction is a parabolic 
differential equation and its investigation shows that the temperature 
disturbance propagates by infinite velocity. 

To overcome the contradiction, the use of the following hyperbolic 
equation is recommended in place of parabolic equation (1): 

(2) 

According to this equation, the velocity of propagation of temperature 
disturbance is obtained as 

(3) 

a finite value if r:f. O. 
In earlier investigations, [11], we ha·ve elaborated a method to 

accomodate the law of heat conduction and state equation to the nature of the 
problem, and tried to explain why in spite of its fundamental error the Fourier 
law of heat conduction had been one of the most effective model of physics. In 
our opinion, this is because a modification is significant only in case of rapid 
dynamical problems which, however, seldom occur in practice. 

The nessecity of the modofication has occurred in thermoelasticity.1t was 
not by chance. The elastic wave and its outgrowth: the velocity of propagation 
of thermodynamic phenomena is atleast by two orders of magnitude larger 
than the velocity of propagation of temperature disturbance. If the fluctuation 
of temperature is assumed to be harmonic in time, with 2to period, then in Eq. 
(2) the ratio of the terms consisting of derivatives with respect to time is rn/to. 
So in the case of internal combustion engine disregarding the term r7;t, gives 
8% of error, which depends on' r. 
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The frequent occurrence of high-speed processes are well-known. In the 
field of reactor-technics, space research, supersonic flight, modern weapons, 
magnetohydrodynamic generators and high-speed internal combustion 
engines, the variation in time is very fast. Because of the nature of the problems, 
some of the research is conducted in secret. The general researchers are not 
informed about the concrete problems or the results of these researches. 

Discussed below are a new method to modify the law of heat conduction, 
and state equation, in particular for the explicit, linear case, and, on the other 
hand, their expectable effect on dynamical problems of thermoelasticity. 

The modified law of heat conduction and state equation 
in an explicit, linear case 

With the mechanical interactions neglected, the one dimensional heat 
conduction problem is described by the first theorem of thermodynamics: 

(4) 

as weIl as by two constitutive equations: the state equation and the law of heat 
conduction. Using the conventional formula, these can be written as 

u=cT, 

h=KTx · 

(5) 

(6) 

Because of the wave nature of the problem, according to what has been said in 
[llJ, equations (5) and (6) cannot be used simultaneously and, with the 
modifications there and with (4), the phenomenon IS described either by 
equation pair (5) and 

(6') 

or by equation pair 
T T. (5') u=c +cr t 

and (6). With these equations a second-order hyperbolic partial differential 
equation is obtained for T (see (2)). 

With one of equations (5) or (6) remaining unaltered, let us now 
investigate what can we do to modify the other equation in such a way that we 
take a linear combination of all the possible functions (u, Up ux , h, hI' hx . T, Yr, 
Tx)· 
(a) First, the state equation is left unchanged as in (5), and we try to find the 
law of heat conduction in formula 

(7) 
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with real unknowns 0)1 ... 0)5 (U, Ut and Ux are not included in (7) because these 
can be expressed from (5) by means of T, T;, and TJ. 

From the system of equations (4), (5), and (7), we obtain the following 
partial differential equation for T: 

O)s Txx + 0)1 peT;t +(0)2pe + 0)4) T;x + 0)3 Tx- peT; =0 . (8) 

This will be a second-order hyperbolic equation (see (2)), if 

(0)2 pe + 0)4)2 > 4pe0)1 0)5 . (9) 

Sufficient conditions for this are e.g. 

sign (0) 1 0) S ) = - 1 (10) 

and 0)2' 0)3' 0)4 are arbitrary real numbers. With the introduction of symbols 
K 

0)1 = -r, 0)5=K, (r>O, K>O) and a= -we obtain 
pe 

h=KTx -rht+0)2 hx+0)3 T +0)4 T;. (11) 

Note that in this case the equation of heat conduction will take the 
following shape instead of (2): 

a Txx = T; + r T;I - (0) 2 + 0)4) T;x - ~~ Tx . 
pe pc 

(12) 

(b) Now we leave the law of heat conduction unchanged as in (6), and we 
write the state equation with unknowns a1 .•• a7 as follows: 

u=a1 T +a2 T; +a3 Tx +a4Ut+aSux+a6hl+a7hx. (13) 

Here h is not included because it is in direct proportion with Tx according to (6). 
From the partial differential equation system (4), (6), and (13) we obtain a 

third-order equation for T. If the coefficients of third partial derivatives are 
assumed to be zero i.e. a4 = as = a6 = a7 = 0, then the rest of the second-order 
equation will take the following shape: 

(14) 

This will be hyperbolic if 
4Ka2+pa~>0. (15) 

Sufficient conditions for this are 
a2 > 0 and a l' a3 are arbitrary real numbers. (16) 

With the introduction of symbols a1 = c, a2 = cr we obtain 

u = c T + cr T; + a 3 Tx , (17) 
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and 
(18) 

Note that equation (17) is a generalization of (5') while equation (18) a 
generalization of (2). 

The purpose of this basic research is to outline the possibilities and the 
direction of studies. In the first step practical applicability is not our aim. The 
physical interpretation of the modified law of heat conduction (11) and of the 
state equation (17) is the aim of a later work. This will be done by theoretical 
and practical methods both in mechanics and in heat technology. 

Since the equation system of thermoelasticity has to be written in a 
generalized shape i.e. in space, for inhomogeneous, anisotropic matter, it is 
necessary that identities (11) and (17)be produced under such conditions. 

In this case, the modified law of heat conduction according to (11) will be 

h.=K .. T.-rli.+w?h .. +w~T+w~T i,J·=1,2,3. (19) , ') ,) , ) ',)' '. , 
The summation convention is true to this case. Since in case of isotropic matter 

(20) 
therefore 

(21) 

Modified state equation (17) can be written to comply with the above 
conditions as 

• 3 
u=cT+crT +ai T,i' 

Since in case of isotropic matter at = a3 ei , therefore 

u=cT+crT +a3 eiT,i' 

Application of the system of linear equation to thermoelasticity 

(22) 

(23) 

According to what has been said introductorily, the problem of 
thermoelasticity in case of small deformations and reversible processes can be 
described by the following equation system: 

1 
s··= -(u .. +u .. ) ') 2 ',) ),l 

T 

sij=aijkl(Tkl+ ! lXijdT 

(24) 

(25) 
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1 " 
(J •• ·+q·=U· p')') 1 1 

(26) 

q'=W+(K . .y·) . 1) ,) ,I (27) 

(28) 

(29) 
where 

are functions of space and time, while material characteristics Gijk1 , (Xij' f3ij' p, c, 
and Kij functions of space and temperature. Equation (27) can be obtained on 
the basis of the following considerations (provided the intensity of heat source 
w is neglected): 

(27') 

On the basis thereof, using the modified law of heat conduction in (19) and 
the unchanged state equation in (5), we may write 

, '2 2 q=h .. =(K .. T.). -rh. ·+W· .h .. +w;h . .. + 1,1 I) .J.,1 1,1 ),1, lJ J 1,)1 

+w~·T+w~T. +w~·t+w~t·, 1,1 1 ,I 1,1 1 ,I (30) 

Taking into consideration that 

q" =h . . ' 
1,1 , (31 ) 

we obtain after reduction equation 

"+' ( T) 4 T' 4T' 3T 3 T rq q- Kij ,j ,i=Wi,i +Wi ,i +Wi ,i +Wi,i + 

+ 2' 2 h wjq,j+Wj,i i,j' (32) 

Hence, in accordance with the modified law of heat conduction, the equation 
system ofthermoelasticity consists of equations (24 thru 26, 32, 28, 29), Thus the 
modification had been introduced by means of a system formally most similar 
to equation system (24 thru 29), however, heat flux intensity hi has appeared as 
a new unknown and therefore we would need a new equation as a supplement, 
e,g, (27'/1), To avoid this, the following ways are offering themselves: 

Use hi as an unknown function in place of heat quantity q in the 
equations, In this case, the system of thermoelasticity will be given by (11) and 
(33) in addition to (24 thru 26, 28): 

(33) 
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Another method is to restrict the investigation merely to homogeneous, 
isotropic matter in accordance with the majority of problems encountered in 
practice. In this case, system (24 thru 26, 32', 28, 29) will apply where 

rij+q-KT,ii [W4 t,i+ W3 T,i+W2q,jJ ei' (32') 

Consider now the equation system of thermoelasticity with the modified state 
equation. In this case, the first theorem of thermodynamics can be written in the 
following shape instead of (28): 

(28/a) 

After completion of equations (24 thru 27, 29) ofthermoelasticity with this and 
with state equation (22), we obtain a system consisting of seven equations. Here 
intrinsic energy appears as a new unknown. 

Symbols 

u - intrinsic energy 
hi - heat flux intensity 
p density 
c - specific heat 
a - coefficient of thermometric conductivity 

-time 
x - space 
T - temperature difference 
To - temperature in normal condition 
Tj - instantaneous temperature 
r - relaxation time 
UT - velocity of propagation of temperature disturbance 
Kij - heat conduction matrix· 
K - coefficient of heat conduction 
a j ••• a7 - constants 
Wj ... Ws - constants 
wJ, wJ, wj - vector comprising constants 

( ) . = c( ) . ,) " oX j 

bij - Kronecker delta 
e"{=[l, 1, 1J 
at - vector comprising constants 
eij - strain 
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U i - displacement 
Qijkl - elasticity matrix 
(J kl - stress 
(Xij - heat conduction matrix 
gi - field strength intensity 
q - heat quantity 
w - heat source intensity 
s - entropy 
(3ij= - (3), + 211) (Xij 

),,11 - Lame's constants 
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