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Summary

Place the end of a rod on your fingertip and move this lowest point of the rod to a degree
that the upper vertical position of it should be stable. It is obvious, that it is not possible to
equilibrate it if one’s reflexes are slow. The paper shows the determination of the critical delay of
the reflexes where this balancing is still possible.

Let us try to balance a rod in the following way: the end of the rod is
placed on the fingertip and this lowest point of the rod is moved to a degree that
its upper position should be stable. It is obvious that the rod cannot be
balanced if our reflexes are slow. This paper shows how to determine the critical
delay of the reflexes where a balancing is still possible.

The first figure shows the simplest model of the above described
dynamical system (m is the mass, Jg is the moment of inertia, g denotes the
gravitational acceleration). The coordinate x of point A is controlled by force F
(i.e. by the balancing person) according to the delayed value of angle ¢.

The linearized equation of the small motions is:

(Js+ml?)@+mlX —mgle=0 (1)
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Because of the constraint between x and ¢, ¢ may be considered as the only
coordinate of the system, so it has only one degree of freedom. Naturally, before
the stability investigation of (1), a suitable linearized constraint has to be
chosen. But first, let us see the stability criterion for these delayed (or retarded)
dynamical systems according to [1].

Let us consider the retarded functional differential equation

AG+ jf dB(9) 4(t +9)+ if dC(9) g(t+9)=0 )

where A is a positive, definit constant matrix of dimension n, B and C,,, are
functions of bounded variations, r is the length of time lag, ¢ denotes the time.
Let

0 0
D(A)=det (AA2+ [ 1e**dB(9)+ [ **dC(9)) (3)
where 4 is a complex number and let

M(y)=Re D(Gy),  S(y)=ImDGy), i=/—1 (4)

where y is a real number. y, >y, >...>y,,>0 denote the non-negative réal
zeroes of M. The q=0 solution of (2) is asymptotically stable if, and only if:

S(yk)¢0’ kzla e, m (5)
and

é(—l)"“sign S(e)+(—1yn=0. (6)

With the help of (5) and (6), a lot of statements can be proved for retarded
dynamical systems. For example, the theorems published in [2] imply that the
simplest possibility to balance the rod is to make the acceleration of point A
proportional to the sum of the delayed values of angle ¢ and the angular
velocity. By supposing that the delay of our reflexes is a distinct constant, 7, we
get the constraint:

X(t)=bypt—7)+boo(t—1). (7)

Of course, the parameters b, and b, have to be chosen in a suitable way.
Substitute (7)into (1) and use time T of the low oscillation of the rod whenitisa
pendulum hung up at point A:

1 Js+ml?

T=2n p—
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MODEL OF BALANCING

then the equation of motion is:

. 472 472 472
o)+ mblw(t—- )+ T2 boolt— r)——ﬁw(t)=0~

This equation can be transformed into (2) if r >t and

A=1,
0, —r<d< —1
B(9)=
47
ngbl, '_TS9<0,
0, —r<8<—1
47
CH)= ngbo, —1<3<0
472
m(bo—g), 3=0,

so (5) and (6) can be used for the stability investigation of the position ¢
the rod:

4n? _,  4n? _, 4n?
D(/{):lz“f— 5,,_251[)12 )'+ ?E—T b e l"“';f?fz,
4n’ : 4 4n*
M@y)=—y +———rb1ys1ny+ﬁr bocosy—ﬁr ,

2 2

47 4n° .
S(y)= %Tgrblycos y— ﬂf'bo siny.
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In this case, the degree of freedom n=1, thus (6) becomes

(—1)¥* 1sign S(y,)=1. (14)

s

k

With the help of the second figure it can be proved that (14) is equivalent to
inequalities

M(©0)>0, . (15)
M(y*)<0, (16)

where y* is the zero point of S in the interval <0, g) It can also be proved that

M(y*)<0 implies M(y**)<0, and so on. Let us see what (15) and (16) mean:

MO)>0 = by>g (17)
TZ
M(y*)<0 by < (47{212 y*2+1>gcos y*
= O<y*<§ (18)
*
S0=0]  b=bor Y

If the rod is 2I=1 meter long, Fig. 3 shows the stability regions on the plane of
parameters b, and b, according to inequalities (17) and (18). For example, if the
delay of our reflexes is 0.2 second, then we have to choose point (by, b, ) from the
shaded area. As it can be seen in the figure, the greater the time lag is, the smaller
the stability regions are; moreover if T =0.4 second, there is no region at all, so

Fig. 3
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the rod cannot be equilibrated. It is natural that the critical delay, where this
balancing is still possible, can be computed with the help of the equation (18):

db,
s >0. 19
dbo y*=0 ( )
After a short computation, we come to the conclusion that (19) is fulfilled if
d*b, d?b,
e >0 and >0. 20
dy*z =0 dy*z #=0 ( )
This means that
< V2 T. (1)
2

Let us see the result! For example, if the rod is 0.3 meter long, the critical
delay is 0.2 second according to (21), so after a short practice, anyone is able to
equilibrate such a rod because the delay of our reflexes is about 0.1 second.
Anybody can see that the longer the rod, the simpler it is to equilibrate it,
according to (21), because in this case oscillation time T of the pendulum is
greater, so the critical delay is also greater. Finally, if one is a bit tipsy, the rod
can not be equilibrated, because the delay of the reflexes becomes greater than
the critical value.
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