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The concept of reductive structure appeared for the first time in a basic
paper by K. Nomizu [7] where the up-to-date foundations for the theory of
invariant affine connections have been laid. The general importance of this
concept was recognized before long; in fact the first comprehensive work on
homogeneous manifolds by A. LicENEROWICZ [6] systematically utilized the
reductive structures. Since then results on and applications of reductive struc-
tures have considerably increased. It seems therefore justified to make an
attempt at a methodical account of some basic facts concerning this important
concept. Such an attempt is made below which in turn will bring about some
extensions of known results as well.

1. The basic concepts

Let G be a connected Lie group, H C G a closed subgroup and consider
the set M = G/H of left cosets aH, a € G. Let now

7w:6G - M and «:GXM — M

be respectively the canonical projection and the natural group action, then
M admits a unique analytic manifold structure such that both = and « are
analytic. Thus M becomes a homogeneous analytic manifold and all the homo-
geneous manifolds are obtained this way up to isomorphisms ([10]316—327).
Consider now the Lie algebra g of G which will be identified with the tangent
space T,G of G at the identity element e € G as usual. Then the subalgebra
) ¢ g corresponding to H will be identified with the subspace T .H of T,G.
Let m C g be a subspace such that the decomposition

g=mdh

into direct sum of subspaces is valid. Then the linear tangent map

T,ad(h): g—g

4%
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of the automorphism ad(h) : G — G maps §) onto itself for any h € H but, in
general, m is not left invariant by these linear tangent maps. If in particular

T,ad(h)m = m
holds for every h € H then the vector space direct sum decomposition
g=m®Y

is called a reductive structure of the homogeneous space M = G/H. Thus the
existence of a reductive structure is obviously assured in the case where repre-
sentation of H on g given by

T,adh):g—> g, h€H

is completely reducible. Consequently, provided G is a connected Lie group
and H c G a closed connected subgroup which is reductive in G, the corre-
sponding homogeneous space M = G/H admits a reductive structure.

Let g = m @ Y) be a reductive structure of a homogeneous space M =
G/H then by an obvious standard argument:

[, m] < m.

Conversely assume that G is a connected Lie group, H < G a closed subgroup
and m C g a subspace such that both

g=m@h and [hym]cm

are valid then m defines a reductive structure of the homogeneous space
M = G/H provided H is connected ([4] II, 190—191).

Some particular reductive structures with advantageous properties can
be introduced in special cases. In fact, let G be a connected reductive Lie
group and H C G a closed subgroup. Since G is reductive its Lie algebra g
has a commutative ideal ¢ and a semisimple ideal 8 such that

g=c¢D3

is valid in consequence of a result of J. H. C. WrHITEHREAD [9]. Let now 4 be a
negative definite bilinear form on ¢ and K the Killing form of 8, then

B=A®K

is a non-degenerate invariant bilinear form on g which will be called a quasi-
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Killing form of the reductive Lie algebra q([6] 66—70). Now a decomposition

g=m®@}h

into direct sum of subspaces is called a Killing structure of the homogeneous
manifold M = G/H provided
B(m, §)) = 0.

is valid. Some of the results concerning Killing structures below are extensions
of observations due to A. FLEIscHER [11].

The fact that a Killing structure is a special reductive structure is estab-
lished by the following theorem.

TeeoreM 1.1. Let G be a connected reductive Lie group, H — G a closed
subgroup and g=m @Y e Killing structure of the homogeneous manifold
M = G/H. Then this Killing structure is a reductive structure too of the homoge-
neous manifold M.

Proof. Let B be the quasi-Killing form of g which defines the given
Killing structure. The restriction of B to m is non-degenerate since X € m
and B(X, m) = 0 imply

B(X, g) = B(X, m @) = B(X, m) + B(X, ) = 0
and thus X = 0 is obtained since B is non-degenerate. Consequently
m— {X | B(X, ) = 0, X € g}.
On the other hand, the invariance of B yields that
B{m, §) = B(T, ad(k)m, T, ad(h)h) = B(T, ad(h)m, ) = 0
holds for h € H. Therefore the preceding two observations imply now
T,ad(h)ym = m

for h € H and consequently the given Killing structure is a reductive structure
as well.

2. Some results concerning the existence and uniqueness of reductive structures

The fact that there are homogeneous manifolds of geometric interest
which do not admit reductive structures at all was recognized by Nowmizu
soon after he had introduced these structures ([7] IT,190—200.) However, the
existence of a reductive structure of a homogeneous manifold M = G/H can
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be directly verified in such important cases where H is compact or H is connect-
ed and semisimple ([6] 50—51.) Recently the existence of reductive structures
has been discussed by W. KamBER and P. ToNDEUR using methods of alge-
braic topology [3].

The problem of the uniqueness of reductive structures seems to have been
relatively neglected in spite of the fact that even homogeneous spaces M = G/M
with H compact may possess more than one reductive structure. In what fol-
lows a necessary and sufficient condition will be given for the uniqueness of
reductive structures by generalizing a result of B. Kostant [5].

Some well-known basic concepts will be mentioned first. In fact let I, W
be finite-dimensional real vector spaces, H a group, and consider representa-
tions

v > @(h)v where v€V and h¢ H,

w — p(h)w where w€ Wand he H

of H on V and W, respectively. Then a linear map f: V— W is called an
R(H)-map ([1] 22—24) or an operator intertwining ¢ with y [5] provided the fol-
lowing diagram is commutative for every h € H:

f

|

| l p()

Vee—e—--ouW

f

The representations ¢,y are said to be equivalent if fis an isomorphism. Take
now representations g,y which are completely reducible and consider their
irreducible components; the representations ¢, y are said to be disjoint if there
is no irreducible component of ¢ equivalent to an irreducible component of .

The following lemma contains a simple but useful ohservation.

Lemya 2.1, Let G be a connected Lie group, HC G a closed subgroup
and g=m @ Y a reductive structure of the homogeneous space M=G[H.
Consider the adjoint representation

T,ad(h):q—g, he H

¢(h)

then its restrictions ¢ and v to nt and ), respectively, yield the representations
g(h) :m—>m, h¢ H,
p(h) :)—9, heH.

The reductive structures of M are in one-to-one correspondence with the operators
intertwining the representation ¢ with the representation 1.
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Proof Let g=71 @Y be a reductive structure of the homogeneous
space. Then for X ¢ m the unique decomposition X = Y -+ Z, where Y €¢
and Z € )), exists. Consequently a map & : m— ) is defined by

Xt §(X)=Z for Xem.

The map & is obviously linear; moreover the validity of T,ad(h)X ¢ m,
T.adh)Y €, Taad(h)Z ¢t and

Tad(h)X = T,ad(h)Y -+ T,ad(h)Z

imply &(T.,ad(h)X) = T.ad(h) §(X). Therefore £ is an operator intertwining
p with .

Assume conversely that an operator § intertwining ¢ with y is given,
Consider now the set ¢t < g defined by

={X—§X)| Xem}.

By an obvious argument g is a subspace which yields a reductive structure
g =1t @h of the homogeneous manifold M.

A necessary and sufficient condition for the uniqueness of reductive
structures is given by the following theorem.

TaeoreM 2.2. Let G be a connected Lie group, HC G a closed subgroup
which is reductive in G and ¢ = m @ § a reductive structure of the homogeneous
manifold M = G/H. Let ¢ and y be the restrictions of the representation

T,ad(h) :q—>q, he H

to m and 1), respectively, Then the given reductive structure of M is unique if and
only if the representations ¢ and y are disjoini.

Proof. In consequence of the hypothesis that H is reductive in G the
subspaces m, §) admit decompositions

m=@{mli=1...k and h = @ {§;|j=1.. .1}
into direct sums of irreducible components. Assume first that there is a reduc-
tive structure g = ¢ @ §) different from the given one. Then on account of the.
preceding lemma there is a non-trivial operator

E:m—]

intertwining ¢ with y. Let ; be the restriction of £ to m; fori = 1, ..., k then
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there is at least one of these maps, say §;, which is not trivial. The subspace
Emy) < B

is irreducible since m,; — mis irreducible. Consequently there is no loss of
generality by assuming &(m,) = §),. But then on account of Schur’s lemma the
map

g — By

is an isomorphism. Consequently the tepresentations ¢ and p are not disjoint.
Assume secondly that ¢ and y are not disjoint. Then there is no loss of general-
ity by assuming their restrictions to m,, and §; to be equivalent. Let now

& imy—by

be the intertwining operator which defines this equivalence. Let further &; be
the trivial map of m; into fy for i = 2, .. ., k. Then there is a unique linear map

E:m—)

such that the restriction of & to m; is equal to &, fori =1, .. ., k. Itis obvious
that £ is a non-trivial operator intertwining ¢ with . But then by the preceding
lemma there is a reductive structure g = ¢ @ § of M which is different from
the given one.

The problem of the existence and uniqueness of Killing structures is much
more accessible. In fact the uniqueness of a Killing structure of a homogeneous
manifold M = G/H is an obvious consequence of the fact already established
in the proof of Theorem 1.1 that

m= {X| B(X,5) = 0,X¢qg)

is valid where B is the quasi-Killing form of g applied in defining the Killing
structure. Concerning the existence of Killing structures the following theorem
is valid:

TreroREM 2.3. Let G be a connected reductive Lie group, H < G a closed
connected subgroup and B a quasi-Killing form of G. Then the homogeneous space
M = G/H admits a Killing structure if and only if the restriction of B to 1) is
non-degenerate.

P roof. Suppose first that a Killing structure g=m @ §) of M = G/H
exists. In order to prove by contradiction assume that there is a Z € ) such
that Z == 0 and B(Z, §)) = 0. Since B(Z, m) = 0 the assumption implies that

B(Z. g) = B(Z, m @) = B(Z, m) + B(Z.§) = 0.
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But then B is degenerate which is in contradiction with the definition of B.
Suppose secondly that the restriction of B to }) is non-degenerate. Consider now
the subspace §)* defined by

bt ={X|BX,h =0, Xeg}.

Since the restriction of B to }) is non-degenerate, § N §* = {0} is valid. Con-
sider therefore the subspace §* @ § of g. It is sufficient to show that

g=5hDY.

In order to prove by contradiction assume now that thereis a Y € g such that

Y = 0and Y ¢ §)*@ ). Thus a linear form is defined on §) by
Z—B(Y, Z), Z¢}

which is non-degenerate since B(Y, §)) == 0. Since the restriction of B to [j is
supposed to be non-degenerate there is a ¥ € ) such that

B(V,Z)= B(Y, Z) for Z¢}Y.

This implies that Y — ¥ € b* and therefore Y € §'@® 1, which is in contra-
diction with the definition of Y. Thus g = §*@ § is valid.

According to a well-known definition a homogeneous manifold M = G/H
is said to be effective if the only invariant subgroup of G contained in H is the
trivial one. In that case where G is reductive a necessary condition can be
easily derived in order that M be effective.

TeEOREM 2.4. Let G be a connected reductive Lie group, H < G a closed
subgroup and g = m @Y a reductive structure of the homogeneous manifold
M = G/H. If M is effective then §)  [m, m] is valid.

Proof. Put [m, m]y = 1§ N [m, m], then according to an observation
due to B. Kostant ([4] 1L, 200—216), an ideal a of g is given by

a=m @ [m, mlg.

Since g is reductive there is an ideal b of g such that g = a @ b holds. But the
existence of the reductive structure yields b 1) and the assumption that M
is effective implies b = {0}. Therefore §) = [m, m]; < [m, m] is valid.
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3. Homogeneous submanifolds and reductive structures

Homogeneous submanifolds are studied subsequently with the aid of
reductive structures. The methods applied and the results achieved are obtained
by generalizing earlier methods and results for 1-dimensional homogeneous
submanifolds, i.e. orbits of 1-parameter subgroups [8].

Let G be a connected Lie group, H — G a closed subgroup, M = G/H the
corresponding homogeneous manifold and « : GX M — M the canonical action
of G. A submanifold N of M is called a homogeneous submanifold if there is a Lie
subgroup K of G such that elements of K map IV onto itself and they are tran-
sitive on IN. Let IV be a homogeneous submanifold and consider the set 3 of
Lie subgroups K of G which leave N invariant and act transitively on V. If
K'.K"¢ 3 and K G is the subgroup generated by elements of K' and K”
then K € &1 is valid; in fact it is obvious that elements of K leave NV invariant
and that K acts transitively on IN; moreover, K is a Lie subgroup of G in conse-
quence of a theorem of H. Yamase ([4]I,275—276.) Considering the partial
ordering of { defined by ineclusion the Kuratowski-Zorn lemma applies and
yields that & has a maximal element K. The Lie subgroup K, of G will be
called the subgroup corresponding to the homogeneous submanifold N in the Lie
group G. The Lie algebra fy of K, will be called the Lie subalgebra corresponding
to the homogeneous submanifold in the Lie algebra g. Assumenow that o € IV
holds, then obviously N = «(Kj,, 0) = #(K,) and consequently TN = T,axfy.
Therefore a subspace n C f exists such that the decomposition

iv=n®q

into direct sum of subspaces exists where g is a subalgebra defined by q =
= {5y N §. Such a decomposition will be called an isotropy decomposition of the
subalgebra fy corresponding to the homogeneous submanifold V. The subspace
[y < g defined by I, = T ,z~YT,N) will also be applied in what follows.

The following lemma contains a simple but useful observation which
will Jead to essential comsequences.

Lemma 3.1. Let N < M be a homogeneous submanifold with o € N and

Iv=n®q

an isotropy decomposition of the corresponding subalgebra. If a C gis a subal-
gebra such that n C a < 1 holds then even a £y is valid.
Proof. Let A — G be the Lie subgroup defined by a. Since obviously
[y =1 @ } there is a canonical coordinate system of the second kind of 4
given by
g1(01) - - - prlon)ia(T) + - - Lil(wr)
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on a neighborhood U of e in 4 such that a canonical coordinate system of the
second kind of 4 N H is given by

Syl « - - G(m)

on a neighborhood of e in 4 N H ([10] 302-—307). There is a neighborhood ¥
ofoin N and U' of ein 4 such thatifx ¢ V and a € U’ then thereis a g¢ U
such that x = @(g) and ag € U. Assume therefore

a=¢(o1) . . - plor)lu(7y) - - - &(7) and g = 931(“1) el

then on account of the preceding stipulations the following equalities hold

w(a, x) = afa, 7(g)) = n(ag) =
= 7”(‘771((71) 2 (oA 11 €% BT 73 ) IO (Pk(“k)) =
= a(gy(01) - - - eula)Ea(7D) - - - Si(7D) = a(gu(o1) - - - palon)) € N

Consequently «(U’, V) ¢ N is valid and this implies that Ac K, is true as
well, by definition of K.
CororrARY. Let N < M be a homogeneous submanifold with o € IN and

Iv=1n®q

an isotropy decomposition of the corresponding subalgebra. Then I is equal to
the maximal subalgebra o of g such that n C a < [ holds.

The following theorem which yields another description of subalgebras
corresponding to homogeneous submanifolds exhibits some structural proper-
ties of these subalgebras.

TeroreEM 3.2. Let N < M be a homogeneous submanifold with o€ N
and

Iv=ndq

an isotropy decomposition of the corresponding subalgebra . Consider further
the decreasing sequence

h=q"D@D... DgDgHD...
of sets which are given by the following successive definition:
¢ ={Z|ad(Z)nC n @q~* and Z¢¢/-1}

where j = 1,2, . ... Then these q/ are all subalgebras of §) and if k is the first j
such that ¢/ = ¢+ then ¢* = q is valid.
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P r o o f. The assertion that the g/ are subalgebras will be verified by induc-
tion. Since q° is a subalgebra by definition assume ¢/~! to be a subalgebra for
j=1,2,.... In order to show that ¢/ is a subalgebra consider arbitrary ele-
ments Z'Z" €q/ and & n €R. Then Z',Z" €¢/~' and &Z' 4+ 4Z" €q/-1,
[Z',Z"] € g/~ since ¢/~ is supposed to be a subalgebra. Moreover

ad((Z' +nZYncéad (Z)n +nad(ZYncn@ g2
by definition of ¢/ and furthermore, in consequence of the Jacobi identity even

ad([2', Z')n = —[n[2". 2] < [2". [n. 2] + [2.[2". n]] c n @ ¢/

holds by definition of ¢/ and since g/~ is supposed to be a subalgebra. These
observations yield that ¢Z' + 7Z” € ¢/, [Z', Z"] € ¢/ holds. Therefore ¢ is a
subalgebra. Let now k be the first integer j such that ¢/ = ¢/+! is valid. Since
Iy =1 @®q Cn @ q holds for every j, by the above construction £y c 1 @ ¢*
is obviously valid. This yields

L]l cn® ¢

since Iy is a subalgebra. Consequently n @ ¢* is a subalgebra such that
ncn®gcly

is satisfied. Thus by the preceding lemma 1 @ q* < f,, holds. Therefore
n@q=Iiy=ndqg

Further q, ¢* < §) implies that ¢* = q is valid as well.

Let g= m @ 0) be a reductive structure of a homogeneous manifold
M = G/H where the closed subgroup H < G is connected. If 1 < m is a sub-
space and q C §) a subalgebra such that = 1 @ qis a subalgebra of g then

f=n@®q

is a reductive substructure of the given reductive structure g = m @ Y. In partic-
ular, a reductive substructure I = 1 @ q is said to be symmetric if [n, n] < q
holds.

The following lemma shows the importance of reductive substructures in
studying homogeneous submanifolds.

Lemma 3.3, Let g=m @ §) be a reductive structure of a homogeneous
manifold M = G/H such that the closed subgroup H G is connected. If N M
is a homogeneous submanifold with o € N such that an isotropy decomposition
fy = 1t @ q of the corresponding subalgebra with n C m exists thenfy =1 @ q
is a reductive substructure. Conversely, if f = n @ qis a reductive substructure of
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the given reductive structure and K C G is the Lie subgroup defined by f then
N = a(K) is a homogeneous submanifold and for the corresponding subgroup
K, if N is effective Ky, = K is valid.

P r o of. Consider first a homogeneous submanifold N < M withe € N
such that an isotropy decomposition Iy = 1 @ q of the corresponding subal-
gebra with 1 C m exists. Since f, is a subalgebra, fy, = 1 @ q is a reductive
substructure. Consider secondly a reductive substructure f= 1 @ q. Let
K < G be the Lie subgroup defined by f and IV the homogeneous submanifold
given by N = #(K). Then

ncn® qgcly

and therefore f = n @ q f, is consequence of Lemma 3.1. Consider now the
isotropy decomposition

Iv=1® qn

of f,,. Then q g, by the preceding observation. Since N = @(K) is effective
qy < [, n] is valid on account of Theorem 2.4 and consequently q, C g
holds. Therefore q = q, is obtained and this implies that K = K is valid.
The following theorem shows the importance of reductive substructures
in classifying homogeneous submanifolds by more geometric terms.
THEOREM 3.4. Let g = m @ ) be a reductive siructure of a homogeneous
manifold M = G/H where the closed subgroup H C G is connected. If

I=n®q

is a reductive substructure then the corresponding homogeneous submanifold is
totally geodesic with respect to the natural torsion-free connection. of the given reduc-
tive structure. Conversely if N < M is a homogeneous submanifold with o € N
which is totally geodesic with respect to the natural torsion-free connection of the
given reductive structure and all geodesics of N are trajectories of 1-parameter
subgroups defined by elements of m then an isotropy decomposition Iy = n @ q
with 1 C m exists.

Proof Assume first that a reductive substructure f = 1 @ qis given
and consider the corresponding homogeneous submanifold IV defined according
to the proof of the preceding lemma.If X € 1 — {0} then the corresponding
orbit

r—moesp(t X), T€R

is a curve of IV since @ o exp(n1) C IV holds. On the other hand this orbit is a
geodesic of the natural torsion-free connection of the given reductive structure
([4] 11, 190—200). Since TN = T, an this implies that the submanifold IV is
geodesic at the point 0. But the submanifold IV is homogeneous and the natural
torsion-free connection is invariant, therefore N is geodesic at all of its points.
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Consequently IV is totally geodesic. The proof of the converse of this assertion
is now evident.
Let g be a finite dimensional real Lie algebra and n < g a subspace such
that
[, [, n]]

Then the subspace 1 is called a Lie triple system in the Lie algebra g.

The geometric significance of Lie triple systems for Lie groups and sym-
metric spaces is a well-knownfact([2]189—191). The following lemma shows
that some of the concerned results generalize to Killing structures.

Lemma 3.5. Let G be a reductive connected Lie group, H C G a closed
connected subgroup such that a Killing structure g = m @ Y of the homogeneous
manifold M = G/H exists and that the restriction of the representation

Tad(h):g—¢q, h€H

to m is irreducible. Then a reductive substructure f = 1 @ q is symmeiric if and
only if n is a Lie triple system.

Proof The assumption concerning the irreducibility of the represen-
tation obviously implies [§, n] = m for any subspace 11  n1. Let B be the
quasi-Killing form of g which defines the given Killing structure. Then the
invariance of B yields

B(m, [, ) = B([f. n], [, n]) = B(D, [n, [n. n]])

for any subspace 1 < m. But these equalities yield that [n, n] C }is equivalent
to [u, [n, n]] < m. Assume now 1 to be given by a reductive substructure
f= 1 @ q. Since I is a subalgebra now [n, 1] C q is equivalent to [n,[n, n]]
C n.

TeEoREM 3.6. Let G be a connected reductive Lie group, H ¢ G a
closed connected subgroup such that a Killing siructure ¢ = m @ Y of the homo-
geneous manifold M = G/H exists and such that the restriction of the representa-
tion

Tadh):q—>g, heH

is irreducible. If 1 < m is a Lietriple systemthen N = sz oexp(n) is a homoge-

neous submanifold which is totally geodesic and symmetric with respect to the

natural torsion-free connection corresponding to the given Killing structure. Con-

versely if N < M is a homogeneous submanifold with o € N which is totally

geodesic and symmetric with respect to the natural torsion-free connection of the

given Killing structurethenthere is a Lie triple system 1 m with N = m o exp(n).
P r o of. Assume first that a Lie triple system n < m is given. Then

f=1n®[n, n]
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is a subalgebra and even a reductive substructure. Consequently the homoge-
neous submanifold defined by f is totally geodesic and even symmetric since
fis symmetrie([4] 11,222 —238). Assume secondly that a homogeneous submani-
fold N © M with o € N exists which is totally geodesic and symmetric with
respect to the natural torsion-free connection of the given Killing structure.
Then geodesics in IV passing through o are orbits of 1-parameter subgroups in
K and defined by elements of nt. Thus assumptions in Theorem 3.4. are satis-
fied and therefore a decomposition

Iv=u1®q

with 1 ¢ m exists. But f,, = 11 @ ¢ is symmetric since [V is symmetric. There-
fore 11 is a Lie triple system by Lemma 3.5.

4. Decompesitions of homogeneous manifolds and reductive structures

The decompositions of homogeneous manifolds are considered generally
under the existence of an invariant Riemannian metric ([4]IT,210—216). Here
the problem of decomposition of a homogeneous manifold will be considered
first in entire generality and then under the existence of a reductive structure.
Different kinds of decompositions will be introduced and studied.

The following lemma summarizes some simple facts basic for the decom-
position of homogeneous manifolds into homogeneous submanifolds.

Lemma 4.1. Let G be a connected Lie group H a closed connected subgroup

7:6—M=G/Hand o :GxM—>M

the canonical projection and the natural action respectively. If G',G" < G are
closed connected subgroups and M’ = 7(G'), M" = =(G") the corresponding
homogeneous submanifolds then the following assertions hold:
1.M= U {«(g’, M") | g’ €G'} if and only if G = G'G"H;
2. The validity of «(a,’ 0) = «(b’, o) implies that of «(a’, x") = a(b’, x"
for every " € M" if and only if g"-Y(H N G')g" = H N G’ for g" € G";
3. The orbits «(G', x") of different x" ¢ M" are disjoint if and only if
g’ ~*G'g" NG"H c H for g"€G".
Proof. 1. Assume M = U {«(g’, M")|g' €G'} to be valid then any
%€ M can be obtained as z(g) = x = a(g’, ") = w(g'g") where g€ G, g' €6,
x" = 7(g") and g”" € G"; consequently g = g'g"h holds for any g with h € H.
This argument yields the proof of the converse assertion, too.
2. Assume g"-YH N G')g" = H N G for g" € G" and «(a’, 0) = a(b’, 0)
for some a’,b’€G’. Then o' = b’h with some h¢ H. Consider x”" ¢ M”
with %" = 7(g") where g”" € G”". Then «(a’, x") = n(a’g") = w(b'hg") =
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= q(b'g"(g" ~thg")) = w(b'g"). Assume in turn that «(a’, o) = «(b’, 0) implies
ofa’, 2") = a(b’, £”) for everyx” € M”. This means in other words that a’ = b'h
with k€ H implies a’g” = b'g"h for every g" € G" with some h€ H. Then
a'g” = b'hg" = b'g"(g" ~*hg") = b'g"h yields h = g"-1hg”" and consequently
g HNG) =HNG for g"€G".

3. Assume g"~1G'g" N G"H < Hfor g" € G". In order to show that orbits
of different x” € M” are disjoint it is sufficient to see that y" = «(g’, x”
implies y” = x". Consider therefore a”,b” € G" with x" = z{a”) and y" =
= 7(b"), then b" = g'a"h with h¢ H. Consequently g’ = b"h~%a"~1¢
G'NG"Ha"*c «"H"~*and b" == a"h* a"~1a"h = a"h*h therefore y" = x” holds.
Assume in turn that y” = a(g’, ") withg' € G’ and 2", y" € M"” implies y" = x".
Then g'a” = b"h with a”, b” € G” and h € H implies ¢” = b”h with some h € H.
Consequently G'a”" N G"H < a"H and therefore ¢"~1G'a" N G'H < H for
every a’ € G".

The following theorem prepares for the introduction of a decomposition
of homogeneous manifolds into homogeneous submanifolds.
TeEOREM 4.2, Let G be a connected Lie group, H < G a closed connected
subgroup
w:6G—~M=G/H and a:GXM-—>M

the canonical projection and the natural action respectively. Let G',G" C G be
closed connected subgroups such that the following conditions are satisfied:

1.6 =G'G"H;

2.¢"~H NG = H G for g' € C's

3. 8" G'g" NG'"H c Hand G' N g"Hg"* — H for g" € G". Then a map
u:M' X M"— M is defined by the following prescription:

(&', 2") > u(x’, &) = a(g’, x") for (x', x") € M'xX M" where g'€G' is
such that ' = 7(g’). The map u is a diffeomorphism.

Proof. In order to see that the above definition of p justified consider
z' = g(a’) = a(b’) with a’, b’ €G’. Then a’' = b’h with h¢ H N G' and con-
sequently a'g” = b'hg" = «(b’, x") for " € M". The map y is obviously sur-
jective since G = G'G"H. In order to see that yu is injective assume u(x’, ") =
= u(y’, ¥") and therefore afa’, x") = a(b’, ¥") with o', b’ € G’ such that x' =
= n(a’) and ¥’ = z(b’). But then x” = y” must be valid on account of the
preceding lemma and consequently x” = «(a’~1’, x"). Consider now g" ¢ G”
such that x" = sz(g") then @'-%%'g" == g"h with some h¢ H. But then
G' Ng"Hg"~* — H implies o’ ~’ € H and consequently x' = ¥’ is valid.

In order to see that the map u is differentiable consider a point (x’, x”)
of M'x M" and a differentiable local cross-section ¢ : U —> G’ of the fibration
G’ — M’ defined on a neighborhood U of xj in M'. Then

px', 2") = «(o(x"), 2”)
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holds for (x', ") € UX M" consequently p is differentiable at the point con-
sidered. In order to show that u is a diffeomorphism now it is obviously suffi-
cient to show that

Teer sy pb (Txr oy M X M") = Tper oy M

is valid. Consider therefore the restriction u’ of u to M'X {x"} und u” the re-
striction of u to {x'} X M".Itis obviously sufficient to verify the following three
assertions:

L. Typ' : Ty M'— Ty M is injective;

2. Top” : TwM” — Ty oy M is injective;

3. Ty’ (Ts M') (1 Towrss” (T MY) = {0}
which are obvious consequences of the assumptions of the theorem.

On account of the preceding theorem the following definition can be
introduced: Let G be a connected Lie group H < G a closed connected sub-
group and M = G/H the corresponding homogeneous manifold. Let G', " < G
be closed connected subgroups such that the following conditions are satisfied:

1. 6 =G'G"H;

2. g//__l(H n Gl)glf = H n G’ fOI gll E GII;

3' gll,__ngfl n GI C H n GI for gll E G”;

4. G’"HNg'-G'g cH for g"€G".

Then the map u : M’ X M" is called a decomposition of the first kind of the homo-
geneous manifold M into homogeneous submanifolds.

The following corollary yields a less general kind of decomposition of
homogeneous manifolds into homogeneous submanifolds.
CoroLLARY. Let G be a connected Lie group, H — G a closed connected

subgroup
#:6G—>M=G/H and o:GXM-—->M

the canonical projection and the natural action respectively. Let G', G" < G be
closed connected subgroups and M’ = #n(G'), M" = #n{G") the corresponding homo-
geneous submanifolds, such that the following conditions are satisfied:

1. G =G'G'H = G"G'H,;

2. " HNGY) =HNG for g'€G" and
gl__l(H n G”)g’ — H n G” for gl E G’;

3. " *Hg" NG cHN G for g"€G" and
g tHg NG"cHNG for g'e€Gy
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4. G'HNg'-6'g" cH  for g’ €G" and
G'HnNg -6 cH for g'€G".

Consider the diffeomorphisms u,v: M'X M" — M given by
wlx', x") = afg’, £") and »(x’, ") = a(g", x')

respectively, where g' € G' and g" € G" with ' = n(g’) and x" = a(g"). Then
u = v holds if and only if the commutators of elements of G' and G are contained
in H.

Proof. Since p(x', 2") = v(x’, 2”) holds if and only if g'g” = g"g’h is
satisfied with some h € H, the assertion of the corollary obviously follows.

On account of the preceding corollary a more special concept for decom-
positions of homogeneous manifolds into homogeneous submanifolds seems to
be justified as well. Let G be a connected Lie group, H G a closed connected
subgroup and M = G/H the corresponding homogeneous manifold. If G', G" C G
are closed connected subgroups such that

1. 6 =G'G"H= G"G'H;
2. 8" HNG)E =HNH for g'¢
g/._l(H n G”) gl = H N G” for gl €
3. g *Hg" NG cHNG for g'¢
g *Hg' NG cHNG for g€ G
4. GIIH m g” _IGIgII C H for gII E
GHNg g cH for g'¢€
5. glgllgl_lg//_l € H for g: € G’ and g” ¢ G"
then the corresponding diffeomorphism p: M' X M” — M is called a decompo-
sition of second kind of the homogeneous manifold M into homogeneous submani-
folds.

In order to see that in spite of the abundant collection of conditions the
above concept is rather general a discussion for the case where a reductive
structure exists seems to be useful. Let g = m @ ) be a reductive structure of
a homogeneous manifold and ' = n’ @ q’, " = n” @ q” reductive substruc-

tures such that m = 1’ @ n” and n’, n” are invariant subspaces of the repre-
sentation

T.ad(h) :g— g, h€ H.

Then g=1n' @ n" @Y is called a decomposition of the reductive structure.
A more special concept is obtained by stronger requirements. If the reductive
substructures ' = n’ @ q’, " = n” @ q" are such that f’,{" are ideals of g
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and the decompositions

ngl@f”’ I)=ql®q”
into direct sums of ideals are valid then a decomposition of the reductive structure
into direct sum of reductive substructures is said to be given. Such decompositions

are obtained in case of naturally reductive homogeneous Riemannian manifolds

([4] 11, 210—216).

The following theorem yields another justification for the concept of
decomposition of the second kind.

THEOREM 4.3. Let G be a connected Lie group, H — G a closed connecied
subgroup and g = m @ N a reductive structure of the homogencous manifold

= G/H. If G',G" < G are closed connected subgroups such that their Lie

algebras g’, ¢” with their reductive substructures ¢’ =1’ @ q’, ¢"=n" ® q"
define a decomposition of the reductive structure § = m @ g into direct sum of
these reductive substructures then M' = 7(G') and M" = #(G") define a decom-
position of the second kind of M provided the occurring sets are connected.

Proof. The assumption that g = ¢’ @ g" yields a decomposition into
direct sum of reductive substructures implies that the following conditions
are satisfied:

Lg=g +g¢ +1b
2.09%95ng1={0} chng' and
"9 Nng'l={0} =hng’
3. 1g%01Nng ={0) chng' and
[g°01Nng" = {0} chng"
4. (" + 9Nl g7={0} b and
(g"+ 1) nlg"g"]= {0} < b
5. [g%.¢"1= {0} =}
Since the sets occurring are supposed to be connected the validity of these con-

ditions implies that the conditions on decompositions of the second kind are
satisfied too.

A reduction of the hypotheses in the above theorem is obviously possible.

Summary

A systematic account of some basic facts concerning reductive structures is given. In
particular, the importance of reductive structures for classification of homogeneous submani-
folds and for the decomposition of homogeneous manifolds is shown. Different kinds of decom-
positions are introduced and studied.

-

H*
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