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K. Ya~o has given the global description of the relationships between
a manifold M and its tangent bundle T(M). He has defined derivational map-
pings of the algebra §(M) of temsor fiels of a manifold M into the algebra
F(T(M)) of tensor fields of the tangent bundle T(M) of M. First the definition
of the vertical lift and the complete lift [2], then that of the horizontal lift of
tensor fields [3] have been given. In [4] metrics and connections in the tangent
bundle have been considered.

In this paper three further metrics will be discussed, which can be defined
on T(M). The base manifold, the tensor fields and the affine connection will
be supposed to be of class C*, further M will be assumed to be a connected
Riemannian space. Notations and terminology of the quoted papers will be
followed.

Let («') (i = 1,2, ...,n) be a local co-ordinate system in a co-ordinate
neighbourhood U in M and let @ be the projection T(M) — M. Denote the in-
duced local co-ordinate system is #~Y(U) < T(M) by («,y") 6 =1,2,...,n)
or by () (I =1,2,...,n), where & = x’ and & = &+" = y', That is, if

- .0
x = b’-é—-; €T (M) and x € M is a point with co-ordinates a?, a% ... a" with
x
respect to (x'), then x has co-ordinates al, a2, . . ., ", b%, b2, . . . b" with respect
. .0
to(x,y). X=X ’5—; is a local vector field on M, then its vertical, complete
x

and horizontal lifts in terms of the induced local co-ordinate system are

@ — xi 2
oy
G oXt . 8
= Xyl 1
o | o ’ oy' M
o xi 0 _ r;;yfxsl
oxt ay*

* The results of this paper are taken from the author’s doctoral dissertation, submit-
ted to the Eotvos Lordnd University in 1973.
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respectively, where I’J‘A denote components of the affine connection defined on
. 38X’ | . .
M with respect to a local co-ordinate system (x'). Be Py ¥ =08X"and Iy =
x

= I',, then the local expressions for the various lifts of the vector field are in

short:
%V:[ O,J, %C:[X',], %H:[ X } 0
X ax! X

Let G be a Riemannian metric on M that is a tensor field of type (0,2)
with components with respect to (x') given by gj (.j=1,2,...n). It has
been customary to write ds? = g;; dx’ d+/. The complete lift of G may be ex-
pressed in terms of the induced local co-ordinate system (x', ¥') of T(M) by a

(2n X 2n) matrix [2]:
Og;:
ail]i yk gij
GC : . 2)
8ij 0

In 1958 [5] S. Sasak1 defined on the manifold T(M) the Riemannian
metric G- as follows:

ds® = g;;dx’ dx/ + g;; 8y' Oy (3)
a8 \H 8\vV -
with respect to the lifted base vectors ¢; = (—6-—‘—) 6 = ('é;;) =144 n),
x
where 0x' = (dx')V and &y’ = dy’ 4+ I'l y® dx™ = (dx’)H. Then G* can be ex-

pressed by a (2n X 2n) matrix

K @

The components of this metric with respect to (x', y) are

. st Sg. .
élj:[glj + Ffpsgsi ng.s‘j:’ . (4)

IAT- 8ij
The metric G satisfies the following conditions [4]:

GL(XH, YH) =g(X,Y)om,
GL(XY, ¥V) = g(X, V) o =, (5)
GH(XH,YV) = GL(XV,YH) =0,

where g(X, Y) represents the inner product in M itself. S. Sasakr calculated
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the corresponding Christoffel symbols:

1
ry= 5 (Rés I3 + Ry I + I

- 1
9 — — RY..
Ij;.-j 9 ji
— 1
q = — RY..
P”— 2 R()l]
;e — 0
7 (6)
o 1
Iy =8F?,——2-—F?(R5isl’f—l~ Rjs I7)

e 1
PZ;:= Ij +—2—R6?ipgn

FL=20
ij

with respect to the induced local co-ordinate system (', y') of T(M), where
i =i+ nrefer to y’, I'{ = y/I'%; and if R;; denote the components of the cur-
vature tensor then R§;; = y*R{,.

In a similar manner as S. SAsAgi1 did in (3'), we define three metrics on

(M) by
[0 gij] [gij gij] [0 gij]
& 0 g O &ij 8ij
with respect te the basis ¢;, e;.
Proposition 1. Suppose a Riemannian metric on T(M) to be given by

ds* = g;;da’ Oy' + g;; Oy da (7
or else by the matrix
g&; 0
9 \H v
with respect to the basise; = (—é—xl—] , € = (—5;] (i= i+ n). Then this metric

coincides with the complete lift of metric G defined on M.
Proof. Substituting 8y’ = dy’ + I'},,y'dx™ into (7), an expression of the
form ds? = G, deI ds) (I,J=1,2,... 2n) is obtained. In terms of the induced
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local co-ordinate system, the components G, ; are seen immediately to be:

EU : [gis F}s -+ 8sj Ff gij:l (8)
&ij 0

where I'f = y'I'};. For the Riemannian connection Vg = 0 implies
’——."“ hzgmj l Illr&njgim

therefore by (2) the matrix (8) coincides with the matrix of G,
The metric G¢ has the following properties [4]:

GS(XV,YV) =0
GO(XV, YH) = GS(XH, YV) = g(X, Y) o =,

GE(XC, YO) = ((g(X., Y))C, 9)
GE(XH, YH) = 0.

Proposition 2. The components of the torsion-free Riemannian connection
of the metric G on the manifold T(M) coincide with the components of the com-
plete lift of the linear connection defined on the manifold M.

Proof. Components of the connection are calculated with respect to the
local co-ordinate system (x', y) of the manifold T(M)

gl a&/ 9K

rf) = -6+

5 (10)

where I, J, K,Q =1,2,.. ., 2n. G, is replaced by G from (8), and GX? by
the contravariant components of the metric GS, obtamed from G GQK

= 5K Hence
oK :[ o g

], (1)
g _I9gh —I%ge

where g% are the contravariant components of the metric given on the mani-
fold M. o

Using the expression for the components of the curvature temsor

q q
Ry =2 ST\ pmre rpre, (12)

where R{;; = y*R{;; and Fq ¥ I
For the indices g, i, (10) becomes

2l — ¢ [86‘ .___aﬁk_g,.j}=o
y! 'y
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and similarly
5]

] =
Substituting the components of the indices g, 7, j into (10), we have

- 9 9 0
- A I
2l fj—g"“’[ayi (grs 1+ 2 T) + 5 8 — 55 g”]

¢}
q
2Fif—_ RQ{—a—ngk —

{ a 6 L
—(I'ig* 4 I'i g¥) [ oy _éy_k‘gij} = 8" (gks I + gt 13)) = 2%

For the indices a, i, } we obtain

o gia] 2
i B

0
8xj - (gzs -Fh -+ 8k -Fs) - _"_ng:I

E} 5}
(9 gk L TEoSY ™ g g | =
(ngs T Fsg)[angm— aykgzj]
= &g I + g 1)) = 21y,
Now f"fj will be caleulated as follows:

o~ 9 5]
2F‘Jz'j"gkq[ ~8ky gik—"—gﬁ(gisp;"}"gsjp?)]:
= 8" (grs Iy + g I5)) =

ox/

In a similar way:

5} .
27 — ﬁﬂ (g10 5+ 8, T8 + — 5 (g T4+ g TH —

1

(ols 7+ gSJPS)j'

ak
FIE P e L. R NI
oxi O pxl T gyk OO
0 ol
~g*“"[ S —£?+P2F$i—Fffkagsj+

ors ol
+[k- f+mm~mm%4+

ox’ Ox*
] Z’S orf
':— gkq gkrf'gi I’i‘:— grlc]tjpz§ : 8ks 'IL' axl gsk] -
j /

k
— Fggs 2gkrpfj =
= R§; + Ri; -+ 2IY;.
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Summarizing

Fg NE____, ~§ ] ~7 N q
MYy=T% =1L =1y, I = ory,

_ (13)
9 __ 79 __7ie __ e __
P =Tt =FL=Tl=o0.

These components coincide with the components of the connection V€ defined
in [2] as:
Ve Y= (V )"

Proposition 3. Suppose the metric G° on the manifold T(M) to be given by

ds® = g;; dx’ dx/ + g;; dx’ 6y + g; 0y d (14)
or else by the matrix
[gij gij]_ (14")
&ij 0
8 \H 8 \V
With respect to the basis e; = (——) s € = |——=1 . Then the covariant and con-
o« ox' |
travariant components of G in terms of the local co-ordinate system (x, y') are:
f~ 8ij + 9g;; gij]
G ;[ (15)
Y 8ij 0
and
ok
e i : ] (16)
qu _ qu ‘T" aqu
. g, et
respectively, where g;; = —2L y* and 03g¥ = 2_4',
P Y 8ij = Yy g o ¥

Proof. The covariant components CIJ can be calculated in a similar way
as the G;; in Proposition 1, and the contravariant components GO from
G 1o G = oK.

Proposition 4. The metric G° defined on the manifold T(M) has the following
properties:

G(XV, YY) =0

GS(XV. YH) = G5(XH, YY) =g(X, Y)oumn

GS(XH, YH)=g(X,Y)o=n 17
GS (XC, Y = g(X,Y)oxm + (g(X, Y))C.

Proof. To prove (17) the left sides in a local coordinate system (x, y7)
of T(M) will be calculated, e.g. the last inner product is the following:

[X? 0X'] [gy;+ 08y gy Y] _ VI LAl XIVI
o ayj]_ginY + 8(g, XIY).
Making use of f€ = f;y, f€ 34 (M) (see [2]), leads to the stated result.
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According to Proposition 4, in the metric G° the vertical vectors are zero.
The vertical lift of a vector is orthogonal to the horizontal lift of another if and
only if the vectors themselves are orthogonal with respect to the metric (g;)
in M. The length of a horizontal vector equals the length of the vector obtained
by the projection .

Proposition 5. The componenis of the torsion-free Riemannian connection
of the metric G® on the manifold T(M) are as follows:

j—'q qu qu :ﬁqu q__—_(),
lj Ik i ij i (18)
P =olf, Py =DL=Ty, Pi=

Proof. The components can be calculated from (10) similarly as in the
proof of Proposition 2.

By Proposition 5, components of the connections of the metric G5 and
G€ coincide, consequently the geodetics are the same in both cases.

Proposition 6. Suppose the metric G on the manifold T(M) to be given by

ds? = gy da’ Oyl + g;; 0y dxl + g;; 6y Sy (19)

or else by the matrix

[ 0 gff] (19

8ij  8ij

. G M .
with respect to the basis e; = [F) ) €0 = _8—‘) - Then the covariant and con-
x x

iravariant components of G in terms of the local co-ordinate system (x',y') are

. [agij +ItTigs &g+ I‘?gsj} (20)
1 Y 8+ I'gis &ij
an
GQK _qu qu + I’ngsq (21)
g T4g Ogit — T4} g
respectively.

Proof. Similar to that of Prop051t10n 3.
Proposition 7. The metric G* defined on the manifold T(M) has the follow-
ing properties:
GHXV, YV)Y=g(X,Y)oum,
GHXH, YY) = GHXV, YH) = g(X,Y) o =, (22)
G4(XH, YH) = 0.

Proof. Similar to that of Proposition 4.
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By words, in the metric G° the length of a vertical vector equals the
length of the vector obtained by the projection . The horizontal lift of a vec-
toris orthogonal to the vertical lift of another if and only if the vectors them-
selves are orthogonal in the metric(g;;). Moreover, each horizontal vector is zero.

Proposition 8. The components of the torsion-free Riemannian connection
of the metric G* on the manifold T(M) are as follows:

(

1
= F?j“‘”z_(RgifT}‘{‘jotPf‘)

ij
- 1
F‘;Zj =-——R0U
< 1
F?T=E“joi
[L=0
Fif (23)
— 1 1
I = ory; +—2—T31(F§ o+ TERTY) “I*E‘ (R I+ RE;, IY)
o= 1
ng = Pl‘qj+_9—(joi + I't, Rgj)
1

Zv’?j-z Fz'qj"'l"j(Rgij + I'l, Rgy;

“

Proof. Similar to that of Proposition 2 by a somewhat longer calculation.

Summary

Three metrics are discussed which can be defined on the tangent bundle T(M), where M
is a connected Riemannian space.

Components of the torsion-free Riemannian connection of these metrics GS, G° and G%
on the manifold T(M) are calculated.
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