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From the kinematical geometry of the plane figure moving in its own
planeitis well-known that four-bar linkages applicable to realize four arbitrary
positions can be designed by means of the centerpoint and circlepoint curves
of BURMESTER [l -—6]. The points of these curves are related in a mutually
unambiguous way. The distance between two corresponding points of these
two third-order algebraic plane curves may be the length of one link of the
required four-bar linkage. However. this link is a erank or a rocker, depending
on the length of all the four links of the linkage. It may become necessary to
construet these curves by finding the correlated points. The method. introduced
in this paper, does not only solve this problem but simplifies the usual plotting
method, making it quicker. easier to survey and thereby more accurate.

Asymptotes of the centerpoint and circlepoint curves

In Fig. 1 the intersection points of the circles G, and G, will be the points
of the centerpoint curve by geometrical definition: the centerpoint curve is
the locus of all points the visual angles of which are the same or the adjacent
angles to each two opposite sides of the pole quadrilateral [7]. In the ortho-
gonal normal coordinate system the origin of the coordinates coincides with
one of the intersection points of the opposite sides of the pole quadrilateral.
and the datum line x coincides with one of these very two sides. With the
svmbols in Fig. 1 (where always r < R):

Equation of the circle g,:

% 42— x(r - 2a) - @® -~ ar = 0.
Equation of the cirele G,:

—x(r+2a) = a®>+ar +2n,v=0.
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Equation of the circle g,:
2+ y2 — (R L 2b) (xcosg + ysing) + b5 4+ bR = 0.

Equation of the circle G,:

3

® + ¥y —x(2b - R)cos¢ — v (2b -~ R) sing - b2 +

+ bR —x2n,sing -~ ¥2n,cos¢ = 0.
Consequentlv:
Gilxy) =g () + 2y =0.

Golxy) =g (%, ¥) + Zpx + 25y = 0.

Substituting

/o= —12n,sing = — R ectgy sing

/5=2n cosq¢ = R ctg v cos ¢

into Eqs (1) and (2) and reducing Eq. (1) to

& (%)

ry

ctgy =

and putting it into Eq. (2), we get

s (Eyy v F g (. y) R[xsing—yceosg] =0,

(¥ 1)
g
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the equation of the centerpoint curve in the coordinate system O(x, y). Sub-
stituting expressions of g,(x, v) and g,(x.y):

yr [22 4+ y*— (R -+ 2b) (x cos ¢ -+ y sin¢) - b2 — bR] +

3

3
+ R(xsing—ycosqg) [2®2 +y?> —x(r - 2a) - a2+ ar]=0. (3)
F—) ¥ i

We are interested in the behaviour of the curve in the infinite, so we had
better turn to a homogeneous coordinate system.

Substituting them into Eq. (3) and multiplying by #3, then putting x, = 0
to it, we get:

(] - x3) [x; Rsing + x, (r—Rcos¢)] = 0. )
Besides the imaginary and so-called cyelical points — with coordinates
[x;. &+ ix;, 0] — Eq. (4) has a real solution, too, from the condition:

x;Rsing - x,(r —Rensqg) = 0.
The homogeneous coordinates of the real point in infinite are

. Rsin(/__ 0
. Rcosg —r |

The direction at which the real point is in the infinite is determined by
the equation:

Xy Rsing

x, Reosqg —r

Putting the equation v = mx - b into the Eq. (3) we get a third degree
equation:

WA (m) + x2B(m) +~ xC(m) +D = 0.

From the equations A(m) =0 and B(m) =0 the parameters m and b
can be determined. Now it is enough for us to solve the equation A(m) =0
as we are looking only for the direction of the real asymptote.

A(m)= (1 -+ m?)[Rsing —m(Rcosg —r)] =10
vielding
m—  RSng (5)
Rcosg —r

KXo

the same as we have got before for —= .
x
1
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The general construction of the direction of the real asymptote for
marking out the points, to bisect the diagonals of the pole quadrilateral, and
to draw a line through these marked points [7]is rather inaccurate, these mid-
points being near to each other. Fig. 2 shows the construction of the direction
of the real asvmptote based on Eq. (3).

m=tg i: o <7 907 if r-"Recosg
o = 90° r= Rcosg
o > 90° r>> Reosg.

The angle 6 can be constructed in several ways.
In Figs 2b and 2c¢ there are two hatched triangles and because of their
congruence: % == 3. Besides the intersection point of the opposite sides of the

pole quadrilateral can be choosen arbitrarily, so either angle ¢, with lengths

z

r, and R, or angle ¢, with lengths r, and R, can be used for the construction.
Finally, it can be established that any two neighbouring sides of the pole
quadrangle must be completed to a parallelogram and the 11ewly-constructed
sides of this parallelogram cut out a point which is in the line parallel to the
real asymptote. The second point to determine this line is the intersection point
of the two sides of the pole quadrangle, close to each other, which is the only

point not vet used for any other purpose.
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Replacing the pole quadrangle by the mirror pole quadrangle, the above
method is applicable for constructing a line parallel to the real symptote of the
circlepoint curve.

Construction of the centerpoint and circlepoint curves

The construction shown in Fig. 3 is known from the literature [8]. The
mark <{ S(BB’) is interpreted as an angle less than 180° rotated by which the
ray SB gets into the position SB’. In accordance with Fig. 3:

< S(BB) = < S(CC)
SB =SB’ and SC = SC’

therefore < S(B4) = < S(CD)

or < [S(BA) + S(CD)] = =
and < S(CB) = < S (D4)

or < [S(CB) + S(DA)] = =.

Consequently, the loci of points S fulfil the geometrical definition of the
centerpoint (and circle-point) curve. The points 4, B, C, D, E and F are the
points of the curve. After the general instructions, an arbitrary pole quadrangle
can be chosen (e.g. 4, B, C, D correspond to 0,;0,,0,,0,, and in this case E
and F correspond to (J,, and Q,; and applying the method shown in Fig. 3 we
can get the centerpoint curve, which contains the six intersection points
of the four sides of the pole quadrangle. After this the mirror poles can be

3 Periodica Polytechnica M. XVII/L.
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drawn and the whole process must be repeated with an arbitrarily chosen
mirror pole quadrangle (e.g. 4, B, C, D correspond to 0,,0,,05,03, and in this
case E and F correspond to Q;; and Q1,). So we can get the circlepoint curve,
which contains the six intersection points of the four sides of the mirror pole
quadrangle.

Instead of this arbitrary designation, it is expedient to arrange the
construction as follows:

In Fig. 4 the pole and mirror pole systems, determined by any four

prescribed positions, are seen. Consider the triangle 0,,0,,0,, to be motionless
and at the same time frame to the three possible four bar linkages formed from
the pole quadrangles. (0,,0,;0,,0,,: 0,,0,,0,,0,5: 0,,0,,0,,0,;). The mirror
pole system can be taken as a new position of the pole mechanisms, determined
above, because the next equations are fulfilled:

01,055 = Oy, O3; 0,05 = Oy 0343 0,: 05, = 023 034

01,0y = 01,005 01305 = 033035 050y = 03,0

0,0,y = 0y, 0%43 10,3055 = Oy 0%32 0,, 0,7 = 054 %3

hence:
< 012(0230;3) == el < 014(0240§4) = ¥ (7a)

< 045(0y §4) = T ¢127 < 013(034%4) = — {13 (7b)
< 014(02.10;4) G STt < 013(023033) = — T3 (7c)
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On the base of this statement not only the centerpoint curve but also
the circlepoint curve can be constructed by means of only one pole quadri-
lateral and both of them must be the same type (e.g. having a single branch
only or being be parted). (The pole triangles can be used for the general de-
termination of the mirror poles so none of the pole quadrilaterals is self-suffi-
cient). As the poles are the results of a previous process, the less of them are
involved in the subsequent construction, the more accurate the result will be.

There is a given pole quadrangle 0,,0,;0,,0,, in Fig. 5. Let us set down
the motion range of the four-bar linkage — 0,,0,,0,,0,,, — and the mirror pole
quadrangle — 0,,05,03,0,,. The l’—Ol; and 1” Oy, positions of the link 0,,0,; be-
long to 1 0,, which is one of the arbitrary positions of the link 034014’. So there
are two moving four-bharlinkages (0,,—1—1"—0,,; 0,,—1—1"—0,,) and two
unmovable pole quadrangles. Applying the method shown in Fig. 3, there are

two centerpoints (M’; M") and two circlepoints (K’; K”) belonging to point
¢l2

1. The midnormals m and k in Figs. 7a, b intersect each other at angles —

pld

4

and — . so K’ is the circlepoint to which M’ is the unique corresponding

centerpoint. This way the points M" K’ K” M” in Fig. 6 give a theoretically
possible solution immediately.

By means of this method of construction, the possible lengths of all
cranks and rockers can be determined, and easily plotted against the length
of arch of the centerpoint curve.

It is easy to see from this construction that the characteristic points
of the centerpoint curve and those of the circle point curve are corresponding

3*
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In Fig. 8 it has been supposed that the 0,,~1 —1"—0;, four-bar linkage
coincides first, with the unmovable pole quadrilateral, and then with the un-
movable mirror pole quadrilateral. The coincidence is possible only between
two corresponding links: one of the four-bar linkage and the other of the pole
quadrilateral (Fig. 9) or one of the four-bar linkage and the other of the mirror
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pole quadrilateral (Fig. 10). In accordance with Figs 8, 9, 10 it is seen that

every O}j — or Q,IJ — point on the circlepoint curve belongs to the @;; — or
0;; — point on the centerpoint curve — respectively.

In some special cases, without aiming at completeness, assume to have
12 links, given by the pole system, without constructing the centerpoint curve.

g.03
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Among them there are six four-bar linkages for which the Grashof condition
becames equality. In the mechanisms — belonging to every frame of type

0:; Q;j — length of the frame is equal to the length of one turning link, and the
length of the coupler is equal to the length of the other turning link, thus the
sum of the lengths of the longest and shortest links is equal to the sum of the
lengths of the other two links. If the vertex of 0;; Q;; contains the number 1,
the links with common length coincide (Fig. 11).

N

\
\ .

Fig. 13

It is expedient to examine how to construct, with this method, a link of
infinite length. There are two cases of infinitely long links: one is when the
centerpoint curve point is in the infinite (Fig. 12), the other when the circle-
point curve point is in the infinite (Fig. 13). In both cases it is possible to
construct a line parallel to the real asymptote of the centerpoint curve and the
circlepoint curve, Using the determination in Fig. 7. the m_and k.. correspond
to m and k midnormals. According to Fig. 12, 0,,1.. | m.,and by means of
point 1., points M., and K can be constructed. Point K moves on the straight-

line perpendicular to m. and M. K = ~. In Fig. 13, 03, 1. | k. and by

means of the point1l, points M and K. can be constructed and K. M = ~c.
It is necessary to know the M., and K. points, because the solutions in their
surroundings are useless for the very great link lengths.

This method is useful even as an auxiliary means for determining the
limits of parameters before computation.
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_ Summary

This paper suggests a transformation of the construction known from the literature,
making the usual plotting of the centerpoint and circlepoint curves easier to survey, quicker
and more accurate, By means of this method the correspondence between the characteristic
points of the Burmester curves is very clear, and it is shown that in some cases the Grashof

condition must turn to equality. There is an accurate construction method for infinitely long
links,
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