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1. Introduction 

The structures dealt with in this paper consist of a general kind of bars 
(often called finite elements), connected by constraints. The actual position 
of the structure is described by the co-ordinates of the nodal points in a global 
orthogonal system x,y, z, furthermore by the directions of the local co-ordinate 
systems ~ ~, ;], fixed to the connection points of the bars. (The analysis may 
obviously be performed by the use of other consistent co-ordinate systems, too.) 
The response of the structure will be described by the generalized displacement 
(u) of the nodal points related to the initial position and by the generalized 
constraint forces acting at the connection points of the bars, viz. the generalized 
stresses (s). The structure may be loaded by generalized Jorces (q) acting either 
at the nodal points or directly on the bars, and also by the initial strains of 
the bars (t). The latter are independent of the stress resultants of the bars. 

The equation of state-change of the structure expresses the relationship 
between the infinitesimal increment of the generalized load and the response 

[
D (u, s) 
G (u) 

G* (U)] . [d ul + [d q] = 0 
F (u, s) d s d t 

F (u, s) being the flexibility of the system belonging to the actual position 
and response, and D (u, s) the matrix defined by 

D (u, s) 
8G. . 8G*(n) 

[Dj,k] = _l_,} Si = = s. 
8u" 8n 

2. Bars 

The structure is composed of a general kind of bars i.e. finite solid bodies 
with unambiguous geometry and strength characteristics, for instance a com­
mon bar (a), a plate (b), a tetrahedron (c) or any other finite element (Fig. 1). 

* Inaugural lecture at the Hungarian Academy of Sciences, :\Iarch 17, 1971. 
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Fig. 1 

Some points of the bar or at least one of them, are to be designated as joints, 
their number being fiuite. The bar may be connected to other bar(s) merely 
at the joints. To each joint there is fixed a local frame ~, 17, ; which may be 
oriented arbitrarily yet it is advisably directed into the actual principal direc­
tions of strain. One of the joints of the bar, e.g. that of the lowest serial number 
must be distinguished and considered as a point of origin. The local frame 
(~, 17, 0 and the global one (x, y, z) are interconnected by orthogonal transfor­
mation. One and the same vector described in the global frame and denoted 
by a(X) may be transformed into the local system ~;, f];, ;; belonging to the 
point i, by means of 

a (5;) = Ti;o . a (X), 
where 

holds. (E = unit matrix; transposing is indicated by an asterisk). 
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2.1. Equilibrium condition of a bar 

The bar shown in Fig. 2 is acted upon by generalized stresses s, consisting 
of three forces and three couples. The stress Si, for instance, acting at point 
i (Fig. 2) is as follows: 
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Fig. 2 Fig. 3 

The bar may be acted upon by forces (e.g. mass-forces) q( Eh), at arbitrary 
points besides its joints, described by the local frame belonging to its point 
of origin, say the point h in Fig. 2: 

q(Eh) = -Rx(Ehn· 
Ry (Ell) 
R z (EIz) 
Nx(Eh} 

iVy (.2 h) 
lVz (Eh) 

The bar acted upon by forces at the joints and its other points must be 
In equilibrium, hence 

(1) 

(in the case of the bar sketched in Fig. 2). 
The symbolic equation (1), expressing the equilibrium condition of the 

bar, is equivalent to the matrix equation 

(2) 

described in the frame X. 
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~Izi' 1)lzi, :Iz; being the co-ordinates of point i in the co-ordinate syS1 (~ .. 

2.2. Relatil'e bar displacements 

In case of rigid body moYement, and assuming small displacements, 
the displacement Yectars of the joints of the bar may he related to each other 
by the simple transformation 

where 

If the bar undergoes elastic deformations due to forces acting at the 
joints i, j, k and to other direct forces q (-=Iz), furthermore there exist some 
initial strains to (-=Il) along it, the compatibility equations "alid for the bar 
may be assembled into a single matrix equation: 

Gu Fs t = 0, (3) 



where 
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i: 
~II 

G 

~lIi 

'::oil == ,=,hi 

s* = [S~S*s*] I J le , 

[

FIUll FII'll FllI16 j' 
~:J:2: , . ~:J:2.2 .. ~1I:2.6 
FII'Gl FII'G2 F'lIGG 
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... , 

to being the Yeetor of the initial strains of the bar, which are independent 
of the forces. Each column of FiJi contains the displacements of the point i, 
due to a unit load vector acting at a point ~Il' Ji", :iI of the system Eh' 

The elements of Flli may he computed at the prescribed accuracy by 
means of energy theorems, 

It is especially easy to determine the flexibility matrix F of the prismatic bar (Fig. 4) 
If the shear deformations are neglected. 
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3. The structure 

The structure is built up by the connection of bars. The connection of 
two bars involves the identity of at least one of the corresponding displacement 
co-ordinates of at least one of their joints. If all generalized displacements of 
the interconnected points agree, the joint is a rigid one. The connecting points 
of the structure are called nodes. The dimension of the nodal displacement 
vector corresponds to the sum of the numbers of the independent displacement 
co-ordinates belonging to the connecting points of the bars coupled at the node. 

For example. the displacement Yectors of the bars shown in Fig. 5 are 

The conditions 
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mean that three joints of each bar are rigidly connected to one of the nodes so the entity of the 
nodal displacement vectors of the structure (a. b. c) may be expressed by the vector 

u= 

[ ;~ 1· u;) 
U 7 

Un 

5 

Fig. 5 

3.1 Compatibility equation of the s'tructure 
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The compatibility equation of the structure agrees formally to (3) and 
what regards to its content, it may be composed from the matrices belonging 
to the separate bars according to the following rules: The coefficient-hyper­
matrix G of the structure contains the factor-matrices G of the separate bars 
as blocks beneath each other, the columns of the matrices G of the bars belong­
ing to common displacement co-ordinates of the joints situated below each 
other. The flexibility matrix F of the structure must be assembled from the 
flexibility matrices F of the bars, while the yectors sand t of the structure 
are composed as hyperYt:'ctors containing the corresponding Yectors sand t 

of the bars, respectiyely. 

For the case shown in Fig, 5. the compatibility equations of the separate bars are 

GaUa Fasa"';-ta=O. 

Gbub -'- F bSb tb 0 . 

Geue Fcse -;- t~ = 0 . 

while the equation valid for the structure as a whole: 

Gu Fs-'-t=O. 
where 

G= 

[~] 
F= 
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u = 

l 
:~ 1 ; u" 
U 3 
U 7 
U ll 
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5= 

provided the conditions of joining quoted aboye hold. 

3.2 Equilibrium equation of the structure 

t= 

The forces acting at the nodal points of the structure must be balanced 
in eyery node by the inyerses of the stress result ants acting at the joints of the 
bars. The entity of the equilibrium equation of the nodes constitutes the 
equilibrium condition of the structure. It is easy to understand without 
further instructions that the equilibrium. equations of a structure containing 
a single bar (e.g. that shown in Fig. 2) are: 

(See also Fig. 6) 

-Tt"" s, 

qh;O == 0 

qi;O =·0 

qk;O = O. 

__ 0---­
-- qi 

Fig. 6 

Thus, by considering (2), the equilibrium equation of the structure may 
be written in the shorthand form 

G*s -!- q = 0 (4) 

q denoting the Yector of the reduced nodal loads. 

<I = rqh;O..L ~ThBhThq (-=h)~ . 
qi;O 
qj;O 
ql-:;o . 
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The character of the equilibrium equation of a structure composed by 
joining several bars together, agrees formally with (4), the hypermatrix-factor 
(G*) of the equation equals the transpose of the hypermatrix G of the overall 
compatibility equation. The order of the vector of the reduced nodal loads is 
equal to the number of the independent force and couple elements acting at 
the connected joints. 

3.3 Small displacement state equation of the structure 

H yperequation 

(5) 

constructed by assembling the equilibrium equations of the nodes and the 
compatibility equations of the bars, is related to a real structure only if it 
meets prescribed boundary conditions, that is, if some of the nodal displacement 
co-ordinates are specified. 

Let us distinguish a vector containing the prescribed displacement co­
ordinates and another one containing the remainder. Denoting the first of 
these vectors by up and the second one by u (not identical to the former vector 
of the displacements), and rearranging the columns of the factor G simul­
taneously, the hyperequation of the structure could be written as: 

Taking in mind, however, that the vector GpUp IS a straightforward 
computable one, i.e. practically of the same kind as t, and in what follows, 
denoting t + Gpup by t, the equation of the structure agrees once again with 
(5), apart from the fact that a separate equation 

(6) 

arises. The latter serves to compute the nodal forces corresponding to the 
character of the prescribed displacement co-ordinates, i.e. to the determination 
of the reactions. 

3.4 Static and kinematic description of the structure 

Eq. (5) of the structure invoh-es the joining specifications, and the 
boundary conditions, the equilibrium equations of both the bars and the nodes, 
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as well as the compatibility equations of the bars in a concise form. It is valid 
for the range of small displacements i.e. for any case where the relationship 
between the loads 

and the response 

x = [: ] 

of the structure yields a correct result within the specified limit of error. The 
hypermatrix-coefficient of the response vector Eq. (5) is symmetric provided 
F = F*. In consequence of the heuristic choice of the reference frames, the 

b 

Fig. 7 

symmetry may be recognized easily. It is also easy to understand that the 
static and kinematic features of the structure depend merely on the rank of 
matrix G, that is. on the numher 

Q = Q (G). 

Considering a matrix G consisting of m rows and n columns, there are 
two possibilities. 

a) If Q (G) = Min' (m. 11) 
m.n 

then 

I. for m>l1 the structure 

f 
hyperstatic 

n. m =11 i:; staticallv and kinematically 

l determinate 
Ill. m < 11 hyperkinematic 

b) Q (G) < }lin (m, 11) 
m,n 

holds and the structure is both hyperstatic and hyperkinematic. ~on-singular 
minors separable from matrices G for each of the cases are shown in Fig. 7. 
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3.5 Solution methods 

In the range of small displacemeuts (primary theory), procedun>s of 
general validity can only be giYen for cases a/I and a/II in the previous item. 
--\. general presentation of the procedures may he read in [l]. Solution methods 
of case a. II (hyperstatic structure) can be interpreted by partitioning the 
hypermatrix coefficient in Eq. (5). Tv,-o main groups of the more familiar pro­
cedures inyoh·e partitioning of Eq. (5) as follows (repl't'senting each block on 

the scale) 

j :j l : j = 0: 
G* 

G F 
origin,t1 ('quatioll 

l ~: .. G* 

G; j r II j 0: 
I: q 

- ~ ---

F" Sf- tl: force mpthorl 
FT -s: ts 

l G,G, 

G* o : " Ul; q,: 
G; US qs 

F 
displacement mpthod s t 

subscript s indicating stresses viz. nodal displacements to be treated as fre.· 
parameters in the procedure that have to meet compatibility conditions 
defined by the appropriate part of the hyperequation. 

4. Equations for large displacements 

Eq. (5) is valid for small displacements ,v·here it is tacitly taken for 
granted that during the state change of the structure the matrix G involving 
position parameters may be considered inyariable. In case of large displace­
ments, Eq. (5) is only valid to an infinitesimal change of state and even tlwn 
with the following supplement. 

If loads q acting at the nodal points cause stresses s and nodal displace­
ments u (related to a certain initial position), the equilibrium equation may ]w 

written as 

G*(u)s + q = 0 

emphasising G* as a function of the displacements. 

5 Periodica Polytechnica )1. XVllfl. 
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Postulating that the infinitesimal increase of the load causes just an in­
finitesimal increment of the response, and referring to (5), a simultaneous 

system of equilibrium and compatibility equations 

G* (u + au) (s as) + q + aq = 0 , 

G (u) . au F (u, s) . as + at = 0 

holds. Assuming matrix G to be a continuous function possessing derivatives 

with respect to u, and neglecting terms small of the second order, on the ground 
of this latter system the differential equation of the state change of the structure 
was developed. It belongs to the gross-deflection theory (tertiary theory), 

formulated as 

[
D(U, s) G*(U)]' [dU} 
G(u) F(u, s) Lds. 

(6) 

w}1('re the elements of the matrix D(u, s) are defined by the tensor 

Assuming 

G = const., i.e. D = (u, s) = 0 and F(u, s) = const., 

Eq. (6) involves Eq. (5) as a special case. 
Eq. (6) is strictly valid only to infinitesimal increments nevertheless it is 

over and over applied to a fair approximate determination of the change in 
the finite surrounding of a prescribed initial condition. 

Equation 

f D(u, s) G*(U)]' [Llul + [LlqJ = 0 
L G(u) F(u, s) LIs LIt 

(7) 

describing this approximation is a state change equation interpreted according 

to the so-called secondary theory. 
The importance of Eq. (7) is increased by its applicability to the iterative 

determination of state change due to large displacements at the desired 
accuracy. Namely, if validity conditions of Eq. (6) are met, then it is always 

possible to apply the specified load q, t in steps Llq, LIt to the structure so 
that the load compatible with the condition defined by (7) differs by less than 

Llq, LIt from load q + Llq, t + LIt. 
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5. Applications 

Application possibilities of the state change equation are illustrated III 
[2]. Let us present altogether the following two examples: 

5.1. Large displacements of a rigid chain mechanism 

The plane chain mechanism traced with a continuous thin line in Fig. 3 is acted upon 
by a single concentrated load 2 H. The bars are supposed to be infinitely rigid, i.e. F = O. 
Nodal displacements due to the load are sought for. 

-'-------+---~--_r------'---_f_ 

Fig. 8 

In conformity with data of the initial position: 

u = 0, and s can be chosen arbitrarily. 
Assume e.g. 

Y2 
2 

-1 

112 
2 

S = Hp.,?], 
l1'2 

The load compatible with s may be computed as 

q t = 0, 

:Matrix D(u, s) belonging to the initial position and condition is: 

Since the specified load 

.5* 

D = 21 1 H[-1 1 
-3 

2 
-1 
-1 

2] -1 
--3 

t = 0 
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and the load compatible "'ith the initial condition differ by 

this increment will be used to solye Eq. (7): 

Ju = ~[ 1 l: 4 -1 
1 
1 

t = 0 

15=-- II . Hli [-1 ] 
-) 1 

The displacement of the chain mechanism obtained by this approximation is indicated 
by dashed line. 

Let us consider the position obtained by this first approximation as initial position, 
heing again n = 0 and choose 5 arbitrarily once more. Be e.g. the horizontal component (in 
direction x) of the stress equal to H, hence: 

5 Hr1.l6. 62]. 1.1180 
i 1. 9436 

In the ne"- position 

and 

G = lr -0.857.5 
0.89-14 

H [-0.4118 D = I 0.7529 
0.2 

-0.-1 

-0.5145 
(1.-1472 

0.7529 
-1.3882 
-0.4 

0.8 

The load compatihle with 5 amount" to: 

q = H [0 l: 0.1 

~.1667 

-0.89H 
-0.51-15 

0.2 
-0.4 
-1.1804 
-0.1882 

-0.-H72 J 
-0.8575 

-004 ]. 0.8 
-0.1882 
-1.1529 

t = [0.lI-1-30J 
0.1180 
0.0-1-3.5 

(t is obtained as the difference bet,,'een the bar lengths calculated from the position and the 
specified bar lengths.) 

The prescribed load and the load compatihle with the initial condition differ by: 

.Jq=Hl~O 1; -0.1 

-g.1667 

)Iaking use of this increment in solving Eq. (7): 

.In = I [ 0.0068]; 
-0.0959 
-0.1136 
-0.1190 

.It = r-O.OHO]. 
-0.1180 
~-0.0-135_ 

Js = H [ 0.1601]. 
0.2076 

-0.0171 

Displacements in the state from the second approximation are indicated by continuous 
thick line. Bar lengths corresponding to this position agree with the specified bar lengths to 
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three decimals. Stress Yector for this state is: 

s ..:.. _Is = H [ 1.3263 ]. 
1.3256 
1.9265 

69 

.-\s sho\\'n by the simple example outlined above. this procedure is rapidly conyergeut 
eyen for large displacemen ts. 

5.2 Stability of the change of state 

R~stricting ourseh'es to one-parameter loads, it is assumed that III the 
load vector 

h 

t = 0 and q = R . f (u) 

. f (u), = constant, 

that is, vector of nodal forces may be produced by multiplication of Yector f 
of constant norm by scalar R. Initial strain is omitted. For such loads, the 
response vector 

x = lu 1 
s./ 

defines a spatial curve (Fig. 9) depending on scalar R. Change of state is con­
sidered to he stable as long as to each value of monotonously increasing 

Fig. 9 Fig. 10 

scalar parameter R an unambiguously determined point of the spatial CUl'\'e 
x = x (R) belongs. Points of the stable interval of the spatial curve can be 
determined at the desired accuracy in an arhitrary density according to the 
secondary theory i.e. Eq. (7). Spatial curve point x = x (R) belonging to 
parameter R, directly adj acent to a point of response x + d x belonging to the 
same parameter R, is termed branching point of the spatial curve - i.e. of the 
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change of state. If the point belonging to parameter value R; within the small 
but finite surrounding of the branching point -- hence, the corresponding 
response characteristics U;, s; are known and accordingly, the charac­
teristics belonging to parameter value R = R; + JR; hence. belonging to the 
branching point are indicated by 

then equilibrium and compatibility equations for the branching point and its 
surrounding can be written as: 

G* (u) . s Rf(u) = 0 

G* (u -+- du) . (s ds) + R . f(u du) o 

ds) = O. 

These five equations - allowing the approximation according to the secondary 
theory for interval JR; lead to the homogeneous equation 

(8) 

an eigenvalue problem related to the scalar parameter R determining the 
branching point. From the equation it is apparent that the root of the eigen­
value problem is the function of the parameter value R; of a point chosen in 
the stable section of the spatial curve (Fig. 10). Thus, exact computation of 
parameter value R belonging to the branching point requires the determination 
of the intersection point of the planar curve R = R(R;) and the straight line 

R=R;. 
Examples on the analvsis of the state change stability have been devel­

oped in [2]. 

Summary 

Relationship between responses and loads of a structure composed of generally inter­
preted elastic or rigid bars is described by a linear differential equation of yariable hypermatrix 
coefficient. In case of suitably chosen reference co-ordinate systems, the hypermatrix coefficient 
is symmetrical and composed of blocks corresponding to the bars. by making use of the bar 
connection data. involving also boundary conditions specified for the structure. The rank of 
the geometry block of the coefficient indicates unambiguously the static and kinematic prop-
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erties of the ~tructure. Solution methods for hyperstatic structures can be interpreted by 
partitioning the coefficient hypermatrix. The state-change equation offers the large deflection 
theory of the structural analysis, involving the primary and secondary theories as special 
cases, and enable to deduce directly the eigem'alue problem of the branching phenomenon of 
the structure belonging to a one·parameter load. 
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