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Introduction

The singularity method as a means for caleulating blade profiles and
stationary or rotary cascades of blades is generally well known.

The flow induced by a blade profile may be constituted by the singularity
distribution located either along the profile contour or over a singularity carrier
curve appropriately selected. In practical design usually the latter possibility
is made use of, The singularity carrier curve may be represented by a physically
feasible curve section, that is, entirely within the profile contour [1] or by one
of its approximations such as its chord [2], a logarithmic spiral [3], ete. These
latter ones can, of course, represent only a close approximation. if the curve
was not contained in the region of the profile.

culation-technically advantageous if physically unfeasible singularity ecarrier
curve (not within the profile in every case, of arbitrary profile thickness)
in a manner equivalent to the employment of the physically feasible one.

The objective of the present paper is to introduce, on grounds of the
Feindt theorem, the existence conditions for the correct employment of physi-
cally feasible auxiliary singularity-carrier curves very advantageous from
caleulation-technical aspects. With the requirements of these conditions satis-
fied, the flow induced by the singularity distribution over the auxiliary singular-
ity carrier curve would (theoretically) agree with that produced by the blade
profile,

The first part of the paper deals with the theorems derived from the ge-
ometry of the auxiliary singularity carrier curve, whereas in the second part
the conditions of combining the auxiliary curve and the physically feasible
singularity carrier curve are discussed.

The statements of the paper are only of theoretical significance. The
practical application of these theorems and the presentation of applied ral-
culation methods will be dealt with in a following associated paper.
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Prineipal symbols

&, 1 = Co-ordinate system in the blade lattice plane

¢ = The conjugate of velocity (c)

q = Linear source distribution (normal direction velocity difference)
¥ == Linear vortex distribution (tangential direction velocity difference)
ve¢ = Auxiliary function characteristic of y

ge = Auxiliary function characteristic of ¢

I = Blade circulation

k = Arch length of curve K

5 = Arch length of curve S

¢, = Undisturbed flow at the blade lattice

¢, == Part of the induced velocity corresponding to the Cauchy value

¢, pertaining to g, *

1. Basic theoretical relations

Let us assume over curve K of Fig. I a conjugate velocity difference of
g(&) = ¢; (£) —cq(9)

Thereby, the conjugate of the induced velocity in point {, is known [4] as

- 1 7 g ,. 1 rq+iy ..
6 () = — | 2L ar = Pl b 1
2ai ) §— 2n ) Ly — ¢
K K

where g and y represent the normal and tangential velocity component differ-
ence, respectively:

4= Crr — Can
and

V=0 Gy

or, as is usually called, the source and vortex distribution, respectively, along
the singularity carrier curve.
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If point {,, approximates a certain point of curve K beyond any limi-
tation then, as shown by CziBere [1],

I o

- e I { A 1 1 3 )
¢ (lop) = Ii%)_‘i‘—_):’—?——*—/— Idf (2)
- K
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where the positive sign refers to the side of curve K marked “f” and the negative
sign to that marked “a”, and where a conditional limit value, that is, the
Cauchy’s principal value should be calculated for the right-hand side integral.

According to (1),

igd = (g +iy)|df|

that is

50 = [0 — ] 2L ®)

Assuming that the carrier curve K’ of Fig. 2 and the pertaining source/
vortex-distribution ¢’ -+ iy’ is given, and the zone function g({) is holomorphic
which means g(s) is given at each point of K’ determined by the chord (s),
and in the neighbourhood of the point there is an analytic continuation. In this
case each K curve having its {; and {, terminals coinciding with those of curve
K’ and being contained in the region where g ({) is holomorphic, may carry a
g’ + i 9" distribution so as to induce, in the closed external region enclosed by
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the two curves, a velocity distribution identical to that induced by the distri-
bution imposed on curve K. In terminals Z,

&L < (4)

where 7 < 1 and M > 0 are permissible (4). With the intention of making use
of this theorem, the extent of the region should be determined whereon the
function Cg(i) defined by means of the given curve K and the associated distri-
bution ¢ -+ iy might be continuable.

By means of function @(x ) where @(x ) is real-analytical in the open inter-
val J (0 <7 & <7 x,) and continuous at the terminals, let us assume curve K

of Fig. 3 as given by the funection
) o p
L =x +1D(x). i5)

At this curve, the function

g() = [r() = iqlx)] —

dx

i.e., considering the roots with a positive sign.

e (0) = () I L]

dx

E

g¢ (x) = q(x) l 1+ [ e ()

dx |
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and by substituting the function

gla) = 20— *d(gli(—‘) (6)
1022 ()
dx

is analytical in the open interval J(0 < x < x,), if functions gg(x) and pg(x)
are analytical in the interval J and diverge to oo at the terminals maximum
in the order of 1/x” where y <C 1. The characteristics of @ (x), ¢s(x), and 7:(x)
render a proper basis for the determination of region T in the neighbourhood
of curve K where function (6) may be continued.

Since functions @(x), g«(x), and y:(x)are analytic, expanding in Taylor's
series for real x values, then substituting » with the complex variable
z = x + iy, the D (z), g:(2), and y.(z) complex variable functions holomorphic
in T will he obtained. Finally, Equation (5) will be replaced by the mapping
funection

{=z+iD(x) (7)

whereby the 0 < x < x, interval of the real axis of plane (z} and the region T,
woeuld be mapped into the curve K of plane [ and to region T, respectively.
Let us assume T, in the complex plane (z) as a region
1. simple connected with function (7) singlevalued in T:, and
2. JcT:
3. @(z), q:(z), and ys(z) are holomorphic in T: and

l&3

[
P =141 ke (5)5=0 in T..
Z az

Due to the conditions the inverse function z == f({) will be holomorphic

in T:.

Theorem I

I the region T': meeting the requirements under 1—4 is mapped by func-
tion (7) onto the region T then, within this region T, function

(o) e GE) g (D) @

L AP
)

is holomorphic, and would render the analytical extension of g(x) given by
expression (0).

Itis readily understood that, if z == x, then expression (7) represents
point {p = x -~ i D (x) of curve K and, after substitution, Equation (8) would
pass into (6), thus Equation (8) actually represented the extension of Equation
(6). Since, according to condition 3. the functions in Equation (8) as the funec-
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tions of (z) are holomorphic and as the functions of ({), due to the holomorphic
nature of the inverse function z = f({), are similarly holomorphic and, finally,
as the denominator of (8) does not equal zero owing to condition 4, the complex
function (8) is also holomorphic thus, actually representing an analytical
continuation.

Assuming curve S of Fig. 3 contained in such a region where function
g(&) is imposed on curve K and characterized by distribution q -+ iy is
holomorphic. In this case, the conjugate of the velocity induced at any ¢,
point of the external region enclosed by curves K and S [4] can be determined
by using the expression

1 G T -+ w
I { - _ — d d‘\ pamced
£ () = & (G) = j il
K
o J 95 i I/S kd:} (““) (9)
27 “0 gq
s

In the internal region enclesed by the two curves, ¢ and ¢;; do not
coincide any longer [4].

Theorem IT

If curves K and S of plane { having coincident terminals are in such a
region where function g({) defined by Equation (8) is holomorphic then, con-
sidering any of these two curves as singularity carrier curves, the ¢;{(() distri-
bution produced by this curve according to Equation (1) may be analytically
continued, via the other curve, to the singularity carrier curve.

Had ¢;({) exhibited singularity within the range between the selected
singularity carrier curve and the other curve, Equation (9) could not hold true,
that is, g({) would not prove holomorphic within the internal region enclosed
by the two curves which, however, would contradict the set preconditions.

Theorem III

If region T': is simply connected and satisfies the requirements under
1—4, and z, represents such a point at the boundary of T, where d®/dz(z,),
ve (#p), and gq: (z,) are interpreted, and

dz
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moreover y:(zp) =0 and g«(sp) = 0 then, in case when

80)) ==

1O\=

The validity of Theorem I1I should be readily understood on grounds of
Equation (8).

Theorem IV

If curve S in region T where g({) is holomorphic tends to poeint {,
defined by Theorem III then at the point of curve S tending to I,

le;s (§) = oo

The validity of this Theorem can he understood on grounds of Theorem
ITI and Equation (2).

2. Application of the auxiliary singularity carrier curves in calculating straight
plane cascades of blades

Assuming at any point within the cascade of blades of (¢) pitch, as shown
by Fig. 4, a singularity carrier curve S is entirely within the profile regardless of
blade thickness. Accordingly, the magnitude of the velocity component normal
to S, can be but as g¢/2.

Let us assume, furthermore, that K as a curve having terminals coinciding
with those of curve S, where the complex singularity distribution is defined
according to (6), which is continued in the neighbourhood of K according to
(8), and where S is entirely in the region where g({) appears holomorphie.

Using the symbols of Fig. 4 k and s are the arch lengths as parameters
of K and S, respectively, the precondition of a closed profile contour may he
expressed by the following formulae:

k, S
{ gxdk=0 and (g ds=0. (10)
0 0
The terminals of curves K and S will coincide, if along the f-side of curve K
ks
[ crndk=0 (11)
]

that is, after substituting ¢ = v, -+ q+/2 and taking (10) into consideration

k.
{ opdk =0 (12)

0
where, if the equation of curve K is i = n(£), then

:7———-——————-——.77;((;)_ —'—v——————l———- 12/a
S ey A 52 ae

(3
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Since after substituting v: = c_: + ¢;: and v, = ¢, + €y, (where
and ¢, represent components of the velocity given by the integral of Equa-

Cing

y( bve

Iig. 4

tion (2) with the lattice arrangement taken into account), then

(13)

v
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if '
k,
‘ — )/I (E) - (H
N 1 1+ i (:)
Moreover
k,
).“7“—:} —= 175 (5) (e + i) — Cicy] e
1+ 7 (£)?
g . (14)
(lk
‘ | ( )’
0
if
i 52__(&__-,“_." 4 {}
N
Denoting:
re
Cic ==
t
where
I"= [(6377 - Ct')n)
would render
1 .
e - — 5 (§) cwg) dk
] 1/1 + 7/1 (é‘)
] (15)
) dh

___J_A,_[_—— 5 (775 (&) €fpe — €

g

where the denominator cannot equal zero.
Finaily, be the vortex distribution along K characterized by v
where the introduction of a non-dimensional oI, would lead to y =

ks
and j v¥ dk = 0. With the part given by 7:, of the integral in Equation (2)

indicated by ¢,
T Cien T ﬁ7;\: (E) (Cc:-, -
(16)

lcOn] dk

o= k,
1 ,
[7} (5) Cicng

e

where the denominator does not equal zer
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On grounds of the aforesaid theorems, coincidence of the terminals of
the auxiliary singularity carrier curve and of singularity carrier curve S physi-
cally feasible and entirely within the blade in every case, this may he provided
for in more than one way:

by the appropriate selection of the initial flow (c_)

by the appropriate selection of blade circulation, and

by the appropriate selection of circulation distribution.

To summarize

o) Let us assume K as curve in plane { produced by using the complex
function { =z - iD(z) through substituting z = x,

5) Assuming the conditions under 14 in the previous section as satis-
fied, and

v) Assuming singularity carrier curve S entirely in region T, where
g({) as defined by Equation (8) making use of curve K appears holomorphie.

Theorem ¥V

With the conditions o, p, and y satisfied, curves K and S of coincident
initial points will exhibit similarly coincident terminals, if either ¢_; satisfies
Equation (13) and

~ 0 £
| 1 Ry
!" 1 47y (‘:)“

or ¢, satisfies Equation (14) and

i

Ky
V1 ;. (8)?

The validity of this Theorem is readily understood with the explanation
of Equations (12), (13), and (14) in mind.

Theorem VI
With the conditions under «. 3, and y satisfied, curves K and S of coin-

cident initial points will have coincident terminals as well, if the blade circula-
tion satisfies the requirements of Equation (15), and

K,
) 1

J VT g (5)2

0

(74 (&) cfes — ok dE £ 0.
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The validity of this Theorem can be directly understood on grounds of
the explanation of (12) and (15).

Theorem VII

With the conditions under «, 5, v satisfied, curves K and S of coincident
initial points will have coincident terminals as well, if in the distribution
Ve = ye + #yk along K

S‘cz yhdk=0

b

and » satisfies the requirements of Equation (16), and if

1 ‘e /
-Tl——-*l-——;f?‘t;)j [m (£) Cicoe + Cicnn] dk 0.

N T UE\S)T

0

The validity of this Theorem is understood on the basis of Equations (12)
and (16).

With any of Theorems V—VII satisfied, curve K and the associated
distribution gi({) may be used to substitute S in blade calculations.

Summary

The paper studies the possibilities of making use of singularity carrier auxiliary curves
physically not feasible. In the course of this study some existence theorems are composed,
a procedure conforming which would make the employment of the physically unfeasible
singularity ecarrier auxiliary curve equivalent to that of the physically feasible singularity
carrier always entirely within the profile in case of arbitrary profile thickness.

References

]

. CziserE, T.: Berechnungsverfahren zum Entwurf gerader Fliigelgitter mit stark gewdlbten
Profilschaufeln. Acta Technika XXVIII, (1960) Budapest.

. Scrorz, N.: Stromungsuntersuchungen an Schaufelgittern VDI Forschungsheft, 442,

. GRUBER, J.: Die Konstruktion von Schaufelsternen mit riickwirts gekriimmter Beschaufe-
lung. Periodica Polytechnika, 1, (1957) Vol. 1.

. FEinDT, E. G.: Beitrag zu den Grundlagen des Singularitiitenverfahrens der Stromungs-
mechanik. Z. fiir Flugwissenschaft 10, (1962).

(L &)

'S

Dr. Olivér Ftizy, Budapest XI., Sztoczek u. 2—4. Hungary






