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Abstract

In this work, the kinematics and stiffness of a planar tenseg-
rity parallel mechanism are investigated. The analytical solu-
tions to the forward and reverse kinematics were found using
an energy method. The singular configurations and workspaces
were detailed. Afterwards, the stiffness of the mechanism was
analyzed. It is demonstrated that the stiffness is at a local max-
imum when the mechanism is in stable equilibrium and at a
local minimum when the mechanism is in unstable equilibrium.
The stiffness distributions are approximately symmetric about
a certain line inside the actuator and Cartesian workspaces.
Large values of the actuator length should be selected for high
stiffness applications. The singular configurations, workspaces
and stiffness variations inside the actuator and Cartesian
workspaces lay a foundation for the use of the mechanism.
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1 Introduction

The term tensegrity was created by Fuller [1]. It seems that
he was inspired by Snelson’s sculpture [2]. Tensegrity structures
are formed by a combination of compressive components and
tensile components. A detailed history of tensegrity systems (i.e.
structures or mechanisms) was given by Motro [3]. Tensegrity
systems are completely researched for two mainly applications.
The first application is used as structures. For this application,
tensegrity structures have some attractive characteristics such
as light-weight, easily modeled, efficiency [4] and easily tun-
able [5]. Due to these characteristics, tensegrity structures have
been proposed to be used as bridges [6-7], antennas [8], domes
[9], etc. In addition, there are two main issues for the analy-
sis of tensegrity structures. One is the form-finding problem,
which corresponds to the computation of the equilibrium shape
of tensegrity structures for a given set of physical parameters. In
the literature, the form-finding problem has been researched by
many approaches [10-14]. Moreover, a review of form-finding
methods was provided by Tibert and Pellegrino [15]. The other
issue is the investigation of the structure behaviors under exter-
nal loads [16]. Furthermore, a review of the static analysis of
tensegrity structures was given by Juan and Tur [17].

The other application of tensegrity systems is used as mecha-
nisms. Oppenheim and Williams [ 18] were the first to consider
the actuation of tensegrity systems by modifying the lengths
of their components in order to obtain tensegrity mechanisms.
Afterwards, Knight et al. [19] showed that a triangular tenseg-
rity prism had instantaneous mobility. This is a characteristic of
all tensegrity prisms. Carane III et al. [20] performed the static
analysis of an antiprism tensegrity mechanism using the virtual
work approach. Mirats-Tur and Camps [21] studied the kine-
matics and statics of a three-bar tensegrity prism. Arsenault and
Gosseline [22] proposed an “X” shape tensegrity mechanism
and studied the kinematics and dynamics of the mechanism. In
the past decade, some applications of tensegrity mechanisms
have been proposed, such as tensegrity flight simulator [23], a
tensegrity space telescope [24] and a tensegrity robot [25-27].
The investigation of tensegrity mechanisms can be divided into
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two branches. First one is the study of tensegrity non-parallel
mechanisms, and the second one is the study of tensegrity par-
allel mechanisms. Up to present, many works have focused on
the analysis of tensegrity non-parallel mechanisms. However,
just a few works have devoted on the study of tensegrity paral-
lel mechanisms. A tensegrity parallel mechanism is composed
of two platforms (a mobile platform and fixed platform) con-
nected by a set of prismatic actuators and springs. The use of
springs allows the mobile platform to generate translational
and rotational movements with actuators locked. Due to this
attractive nature, tensegrity parallel mechanisms can be pos-
sibly used as rides at amusement parks. Regarding tensegrity
parallel mechanisms, the kinematics and dynamics [28-33]
have been extensively researched. Little literature however
has been found on the research of workspaces and stiffness
of tensegrity parallel mechanisms. The main objective of this
paper is to investigate the kinematics, workspaces and stiffness
of a planar tensegrity parallel mechanism.

2 Mechanism Description

A diagram of the mechanism considered here is shown in Fig-
ure 1. It can be seen that the mobile platform consists of three
struts D,D,, D,D, and D D, while the base platform consists of
three struts C,C,,
to vary the distance between nodes C, and D,. The constituent

C,C, and C,C,. The prismatic actuator is used

components of the mechanism connected to each other at each
node by 2-d rotational joints with frictionless and the whole
mechanism lies in a horizontal plane. In Figure 1, nodes C, C,
and C, are fixed to the ground and the Cartesian coordinate sys-
tem A(X, Y) is attached to node C..

KZ) L2

Fig. 1. A planar tensegrity parallel mechanism

As illustrated in Figure 1, the struts D,D,, D D, and D,D,
have the same length L while the struts C,C,, C,C, and C,C,
have the same length 2L. The angle between the X axis and
the prismatic actuator C D, is defined as 6, while the angle
between the X axis and the rigid strut D D, is defined as 0,.
The length of the prismatic actuator C D, is denoted by L.. The
springs are linear with stiffness K, and lengths L (i =1, 2). It is
assumed that the springs have zero free lengths. This hypoth-
esis is not problematic since, as was explained by Gosselin [34]
and Shekarforoush et al. [35], virtual zero-free-length spring
can be created by extending the actual spring beyond its attach-
ment point.

The mobile platform has in general three linearly independ-
ent instantaneous freedoms measured relative to the base plat-
form and is said to have three degrees of freedom. However,
when the mechanism is in equilibrium, its potential energy is
at its local minimum or maximum. Considering this constraint,
we may say that the mechanism has two degrees of freedom
when it is in equilibrium. Therefore, two descriptive param-
eters are needed to define the system. The variables of L, and
0,, controlled by the actuators, are chosen as the inputs of the
mechanism. The Cartesian coordinates of node D, are chosen
as the outputs of the mechanism. The y coordinate of node D,
is always chosen to be positive. For this reason, 0 < §, < n. The
range imposed to 6, is also chosen as 0 < 0, <.

If the prismatic actuator is replaced by a line generator, the
mechanism shown in Figure 1 can be used as a wave energy
harvester. Suppose the mobile platform D D,D, is connected
with a float, the mobile platform D ,D,D, can obtain kinematic
energy from water waves. By using the line generator, the
kinematic energy of the system can be changed into electric
energy. This possible application is attractive since the water
wave energy is clean and recycled.

3 Kinematic analysis

For a tensegrity mechanism, the kinematics and statics
should be considered simultaneously since the shape of the
mechanism depends not only on the mechanism’s geometry
but also on the internal forces in the springs. Therefore, it is
assumed that the mechanism is always in equilibrium.

3.1 Forward Kinematic analysis

The forward kinematic analysis consists in computing the
Cartesian coordinates of node D, for the given parameters (L,
and 0)).

From Figure 1, the coordinates of nodes C,, C,, C,, D, and D,
can be easily obtained as follows.
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L, cos 6, + Lcos(6, +%) 1)

(L, cos 01}
Py, =

D, .
"L 6 . .
L5 S L,sin6, + Lsin(6, +%)

Since the coordinates of node D, are chosen to be the output
variables, thus we have

x=L,cos6, +Lcosb,

2

y=L,;sinf, +Lsino, (3)
With the coordinates of all the nodes of the mechanism now
known, the lengths of both springs can be easily expressed as a

function of ,, 0, and 6,. As a consequence, the potential energy

371
of the mechanism can be written as follows.

U (5% + I} +23LL,sin6),)

_KtK
2
+(K, - K,)LL,cos6,

+H2K, - K,)[* + (% +K,)LL,cos0, + %KILQ sinf,]cos 0,

+[(% +K,)LL,sin6, — gKILL3 cosO, + \/§K2L2 ]sin6,
4)

When the mechanism is in equilibrium, its potential energy
is at a local maximum or local minimum. Therefore, by dif-
ferentiating Uwith respect to 6, and equating the result to zero,

we have
tan 6, = n (6))
m,
where
n, = (K, +2K,)L, sin 6, —3K,L, cos 6, + 2K,\3L (6

1, = 22K, —K,)L+ (K, +2K,)L, cos 6, +~/3K, L, sin 6,
(7

Due to the range imposed to 6,, computing the arctangent of
Eq. (5) generates a unique solution. By substituting the solution
for 0, into Eq. (2) and (3), a solution to the forward kinematic
analysis is found.

3.2 Inverse kinematic analysis
The inverse kinematic analysis of the mechanism corre-

From Egs. (2) and (3), the expression for tanf), can be derived.

tan 6, = y—L,sin6,

(®)

x—L;cos6,

Eliminating the variable 6, from Egs. (2) and (3), we obtain
EL+EL+E,=0 )

where

E =1 E, =-2(xcosf, + ysing,), E3=x2 Ly
(10)

Moreover, by combining the expression for tan6, (see Eq.
(8)) with Eq. (5), we have

RL+FL +F=0 (11)
where
F=\3KL
F,=L(K, +2K,)(xsin6, — ycos6,)
~V3LcosO,(K,x +2K,L) (12)

+[2(2K, - K,)L —~/3K,y]Lsin6,
F,=2K,’x-2(2K, - K,)L’y

Egs. (9) and (11) can be considered as two quadratics with
respect to L,. Furthermore, according to Bezout’s method [36],
the condition that Egs. (9) and (11) have a common root for L,
is as follows.

2

El E2
KL

EZ E3
KK

El E3
B

=0 (13)

Moreover, the common root for L, can be computed using
the following equation.

EZ E3

F, F,
L=—7— (14)
} El E3

K K

From Eq. (13), it can be seen that there is only one unknown
0, in Eq. (13). Therefore, the solution for ¢, can be found by
solving Eq. (13). By substituting Egs. (10) and (12) into Eq.
(13), we obtain

2
sponds to the computation of the input variables (L, and 6,) for (o +@,)tan” 6+, tan 6 + ¢, + ¢, =0 (15)
the given coordinates of node D,.
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where the coefficients ¢, through ¢, are detailed in Appendix
A. The expression for tanf, can be derived from Eq. (15) as
follows.

-¢, £ \/(022 -4+ o) +9,)
2o +o,)

(16)

tan 6, =

Since 0, is limited to the first two quadrants, computing the
arctangent of Eq. (16) generates two solutions for ,. By sub-
stituting these results into Eq. (14), two solutions for L, can
be arrived at. As a consequence, the solutions to the inverse
kinematic analysis are found.

4 Singularity analysis

4.1 Mechanism Jacobian

For tensegrity mechanisms, the relationships between the
input and output velocities can not be established since there
are more degrees of freedom than actuators. However, due to
the fact the mechanism is always assumed to be in equilibrium,
its Jacobian, J, can be defined as follows.

O ox

,_90 _| oL, o4 a7
ol | O
oL, 00,

where O =[x, y]" and I = [L,, 6,]". 31 represents the infini-
tesimal changes of the mechanism’s input variables while 60
represents the infinitesimal changes of the mechanism’s output
variables. Using Egs. (2) and (3), the elements of the Jacobian
can be derived as follows.

ﬁ:cosﬁl—Lsin@% (18)
3 3
ﬁ=—L3sin01—Lsin92% (19)
20, 20,
P _in 6, + Lcoso, 96, (20)
3 3
a—y:L3cos9] +Lcost92% (2]
26 20
where
99, _ cos’ 6, ltan6,) , 99, _ cos’ 6, Atanb,) (22
oL, L 06 )

We can compute the elements of J using Eqgs. (18)-(21). As a
consequence, the determinant of J can be obtained.

4.2 Singular configurations

The mechanism’s singular configurations correspond to the
situations where the determinant of J is zero, indeterminate and
goes to infinity.

According to Eq. (17), the determinant of J can be derived
as follows.

det(J) = Lfl

(23)

)
where
@, =[(K, +2K,)L,sin6,
—BK,L,cos6, + 23K, L1{[(K, + 2K,)L, sin6,
—3K,L,cos, + 243K, LT +[2(2K, - K,)L
+(K, +2K,)L, cos, + 3K,
Lysin®, '} +4L,Lsin 0,(K, + 2K,)[41*(K> + K> - K,K,)
+L(K! + K5 + K K,))+2L,LcosO,(K; - K3)

+2BL,Lsin0,(K? + K2)]
(24)
D, =[(K, +2K,)L,sinb,
—3K,L, cos6, + 23K, L1{[(K, +2K,)L,sin6,
(25)

—3K,L,cos6, +23K,LT +[2(2K, - K,)L
+(K, +2K,)L, cosO, + /3K, - L,sin6, '}

By analyzing the kinematic behaviors and examining Eqgs.
(23)-(25), the singular configurations and the corresponding
expressions can be extracted.

i L,=0

® Node C, is coincident with node D..

® Finite movements of node D, in a direction perpen-

(26)

dicular to the line joining nodes D, and D, are pos-
sible with actuators locked.
® Infinitesimal movements of node D, along a direction
parallel to the line joining nodes C, and D, can not be
generated.
® External forces applied in a direction perpendicular
to the line joining nodes D, and D, can not be resisted
by the actuators.
® The mechanism becomes uncontrolled. For this case,
the equilibrium configurations of the mechanism do
not depend on the value of 4.
ii.sin 6, = 0 (27)
® The node D, is located on the X axis.
® Finite movements of node D, perpendicular to the
line joining nodes D, and D, are possible with actua-
tors locked.
® Infinitesimal movements of node D, along a direction
parallel to the line joining nodes D, and D, can not be
generated.
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® External torques applied to the mobile platform can
not be resisted by the actuators.

(K, +2K,)L,sin 6, —3K,L, cos 6, + 23BK,L =0  (28)

® For this case, the determinant of J goes to infinity.

1il.

Moreover, the mechanism becomes uncontrolled.

iv. 0,= 0, 29
® Node D, is located on the line joining nodes C, and
D

-

® Finite movements of node D, perpendicular to the
line joining nodes D, and D, are possible with actua-
tors locked.

® [nfinitesimal movements of node D, along a direction
parallel to the line joining nodes D, and D, can not
generated.

® The external force applied to node D, along a direc-
tion parallel to the line joining nodes D, and D, can be
resisted by the prismatic actuator CD.,.

v.d, =0 (30)

@® For this case, the determinant of J is zero. When this
case occurs, infinitesimal movements of node D,
perpendicular to the singular curve in the Cartesian
workspace can not be generated. Generally, when the
end-effector (node D,) is fixed, the length L, and the
angle 0, can also be changed by the actuators due to
the use of springs. However, when & = 0, the input
variables (L, and ) can have infinitesimal changes
without changing the lengths of the springs for a given
position of node D,. The case @ = 0 corresponds a
singular curve inside the actuator and Cartesian work-
spaces, as shown in Figs. 2 and 3.

5 Workspaces

The workspace of a mechanism is usually defined as the
region that the end-effector can reach. However, it is interest-
ing to investigate the ranges that the actuators can operate. We
use the term actuator workspace to represent the ranges that the
actuators can operate and the term Cartesian workspace to rep-
resent the region that the end-effector can reach. In this section,
both workspaces have been studied respectively. The bounda-
ries of a workspace and the singular curves in the workspace
often correspond to the singular configurations of the mecha-
nism. Based on this principle, the actuator workspace of the spe-
cial tensegrity parallel mechanism can be mapped according to
the singular configurations discussed in Section 4.2. Then, the
Cartesian workspace can be obtained by mapping the bounda-
ries and singular curves of the mechanism’s actuator space into
the Cartesian domain.

5.1 Actuator workspace

From Section 4.2, it can be observed that the expressions to
which the singular configurations correspond can be considered
as functions of variables L, and 6,. In other words, the singular
expressions detailed in Section 4.2 represent singularity curves
or boundaries of the actuator workspace space. Therefore, by
plotting these curves for a given set of mechanism parameters,
the singularity curves as being part of the workspace boundary
or being located inside the workspace can be determined. From
Figure 1, it can be observed that the actuator workspace of the
mechanism is an open set since the value of L, can go to infin-
ity. However, this case (L, gose to infinity) is impossible when
the planar tensegrity mechanism is put to use. For this reason,
it is assumed that:

0<L,<2L 31)

It is assumed that L = 1. The plot of the mechanism’s actuator
workspace is shown in Figure 2.

0.7 T T T T T T

- —— Singularity curve

0.5} '

—— Workspace boundary

s 03} I‘. W— -
02t | ;' ? :
et/
0.1} oy T e _d, 1
( @ PR rutl

0f ' - =]

-0.1— ' ' ' ' '

0 04 08 12 16 2

L;

Fig. 2. Actuator workspace and singularity curves of the planar tensegrity

mechanism with K, =200 N/m, K, = 100 N/m.

Generally, in Figure 2, each curve can be identified according
to the expressions of the singular configurations listed in Sec-
tion 4.2. From Figure 2, it can be seen that curve vi does not
correspond to any singular configuration. Curve vi corresponds
to the limitation of the actuator length L, (see Eq. (31)). Further-
more, from Figure 2, it can also be observed that the singular
configurations i and ii correspond to the boundaries of the actua-
tor workspace while the singular configurations iii, iv and v cor-
respond to the singular curves inside the actuator workspace.
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In section 4.2, each singular configuration is expressed as a
function of the variables L, and 0, except the singular configu-
ration iv. Here, it is necessary to derive the expression for curve
iv as a function of the variables L, and 6. By substituting the
expression 0, = 6, into Eq. (5), we obtain

ang) = (K, +2K,)L,sin 6, —\3K L, cos 6, + 2K,\/3L
22K, —K,)L+(K, +2K,)L, cos 6, +~3K L, sin 6,
(32)
Simplifying Eq. (32) generates

2(2K, ~K,) Lsin6, - 23K, Lcos 6, +\3K,L, =0 (33)

Eq. (33) is the expression to which curve iv in Figure 2
belongs. Since the singular curves and the boundaries of the
actuator space correspond to the situations where the mecha-
nism can not generate certain velocities of its end-effectors and
actuators, the singular curves and the boundaries of the actuator
space should be avoid when the mechanism is put to use. Also,
the singular curves and the boundaries of the actuator space
are of major importance during the design of such mechanism.

5.2 Cartesian workspace

By plotting the boundaries and singularity curves of the
mechanism’s actuator workspace into the Cartesian domain,
the Cartesian workspace of the mechanism can be obtained.
When the mechanism is in singular configurations, the expres-
sions of the Cartesian workspace boundaries and singularity
curves inside the Cartesian workspace can be extracted by ana-
lyzing the behaviors of the end-effector. Figure 3 shows the
mechanism’s Cartesian workspace complete with the identifi-
cation of the different curves.

== Singularity curve !
Workspace boundary : RSN

Singular region

Fig. 3. Cartesian workspace and singularity curves of the planar tensegrity
mechanism with K, =200 N/m, K, = 100 N/m.
The expressions of the curves shown in Figure 3 are as follows.

i xr+y =L (34)

2 2 g2
i (L) Y=L (35)
0<L,<2L
iii: 233Kx— (K, +2K,)y+2\3L(K, - K,)=0 (36)
iv: x>+’ =90 (37)

From Section 4.2, we know that when the singular configu-
ration ii occurs, the node D, is located on the X axis. The only
possible movement of node D, is a rotation with respect to
node D,. Considering the range of L,, it can be demonstrated
that the singular configuration ii corresponds to a region which
is shown in Figure 3. Importantly, it should be noted that the
singular region contained the singularity curve i. The expres-
sions for all the curves in Figure 3 can be obtained by analyzing
the behaviors of the end-effector (node D,). The exceptions to
this rule are curves iii and v. For curve iii, by substituting the
expression for the singular configuration iii (see Section 4.2)
into Eq. (5), it is found that the value of 6, is equal to zero
when the mechanism is in singular configuration iii. As a con-
sequence, Egs. (2) and (3) reduce to

x=L,cos6,+L (38)

y=1L;sin6, (39)
By substituting Egs. (38) and (39) into Eq. (28), the equa-
tion corresponding curve iii inside the Cartesian workspace is
derived.
Substituting Egs. (2) and (3) into Eq. (5) and rearranging
yields

[(K, +2K,)y —/3K,x + 2:/3K,L]cos 6,

22K, — K,)L+ (K, +2K,)x +~/3K,y]sin6, + 3K,L = 0
(40)

By solving Eq. (40) for 6, and substituting the result, along
with Egs. (2) and (3), into Eq. (30), an expression relating x and
y for curve v is obtained. Due to its length, the expression for
curve v is not listed here.

6 Stiffness

The stiffness of a mechanism is defined as the ability to
resist the deformation caused by external loads. For the planar
tensegrity parallel mechanism, in order to study its stiffness,
the relationship between its deformation and the corresponding
loads should be firstly developed.

6.1 Stiffness analysis with L, and 6, kept constant
From Figure 1, it can be seen that the only possible move-
ment of the end-effector (node D,) is a rotation with respect
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to node D, with both actuators locked. Therefore, a relation
is sought between an external torque () applied to the mobile
platform D DD, and the corresponding deformation quanti-
fied by 0,. 7 is obtained by differentiating U (see Eq. (4)) with
respect to 6, as follows.

ou

T=—0o
00,

=K, -K,)L’ + (% +K,)LL, cos®,

V3

. . (41)
+ 7K1LL3 sin@, ]sin6,

+[(% +K,)LL,sin6, — ?IQLL3 cos 6,

+3K,I*]cos 0,

Moreover, the stiffness K of the mechanism can be obtained
as follows.

&
06?

=-[(2K, - K,)L’ + (% +K,)LL, cos0,

V3 .
+ B K,LL,sin6,]cos6, (42)

—[(% +K,)LL,sinf,

V3

~= KiLL cos0, + V3K, I*]sin6,

From Eqgs. (4), (41) and (42), it can be observed that the
potential energy, external torque and stiffness can be consid-
ered as functions with respect to 6,. Plots of U, v and K are
shown are shown in Figs. 4-6 with L=1m, L,= 6 m, K =100
N/m, K,= 10 N/m and 6, = n/10.

From Figs. 5-6, it can be seen that the case = 0 corresponds
to the equilibrium configuration. Also, the case 7 = 0 means
that there is no external torque applied on the mechanism. The
equilibrium configuration is identified by ¢, while the con-
figuration that the stiffness of the mechanism is equal to zero
is identified by 0, .. As a consequence, the range of 6, can be
obtained as 0, € [9_2 , ®| with the given parameters.

From Figure 6, it can be observed that the stiffness is at a
maximum when the mechanism is in equilibrium. By comparing
Figure 5 with Figure 6, it is found that an increase in the external
torque 7 led to a decrease in the stiffness of the mechanism. This
case is due to the fact that the configuration identified by 0,
corresponds to a stable equilibrium type of the mechanism. The
equilibrium types of conservative systems can be seen in [37].

3800

3600

3400

3200

U (Nm)

3000

2800

2600

2400
0

Fig. 4. The mechanism’s potential energy as a function of 6, with

L,=6m, K =100 N/m, K,= 10 N/m and 6, = 7/10.

400

200

————————

200 f----

7 (Nm)

-400

-600 -----

—fooofrm T

-800
0

Fig. 5. The external torque as a function of 0, with L,= 6 m, K, = 100 N/m,
K,= 10 N/m and 6,=n/10.

800

600

400

200

K (N/m)
[}

-200

-400

-600

-800

Fig. 6. The stiffness as a function ofb, with L,= 6 m, K, =100 N/m, K,=10
N/m and 6,= /10
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From Eq. (4), the following expression can be obtain

According to Eq. (43), we have
0K __oU__oUu (44)
00, 06, 00,
O’K _o'U  oU (45)

00 06;  06;

The quantities in Eq. (44) are always equal to zero due to the
fact that the potential energy is at its local minimum or local
maximum when mechanism is in stable equilibrium or unstable
equilibrium. Therefore, it can be demonstrated that the stiffness
is always at a local minimum or local maximum. When the
mechanism is in stable equilibrium, the potential energy is at a
local minimum. The second derivative of U with respect to 0, is
positive. For this case, it is found that the second derivative of
K with respect to 6, is negative. Therefore, it can be concluded
that K is always at a local maximum when the mechanism is in
stable equilibrium. However, when the mechanism is in unsta-
ble equilibrium, the potential energy is at a local maximum. For
this case, the second derivative of U with respect to 0, is nega-
tive. According to Eq. (45), we know that the second derivative
of K with respect to 0, is positive. As a consequence, it can be
obtained that the stiffness K is always at a local minimum when
the mechanism is in unstable equilibrium. This rule is of major
importance when such a mechanism is designed.

6.2 Stiffness distribution

In Section 6.1, the variation of the stiffness K along with the
external torque was discussed when the actuators were locked
(L, and 0, kept constant). It is demonstrated that the stiffness is
at a local maximum when the mechanism is in stable equilib-
rium while it is at a local minimum when the mechanism is in
unstable equilibrium. Moreover, when no torque is applied on
the mechanism, the stiffness K varies along with the actuator
parameters L, and 6,. As a consequence, it is necessary to study
the distribution of the stiffness K throughout the actuator and
Cartesian workspaces with 7= 0.

When the mechanism is in equilibrium, Eq. (5) should be
satisfied. Considering the range imposed to 60,, the following
expression can be obtained from Eq. (5).

mm
n+n, n,

m
2., 2
/)

(46)

sin@, = , cosf, =

where the coefficients #, and #, are shown in Egs. (6) and (7)
respectively. Substituting Eq. (46) into Eq. (42) yields

2
K= I\ 2771 Q2K - KL + (5 +K,)LL, cos6,
n +n, 2

NG} K

+ 2K LLysinG,] LER [(5+ K,)LL sind,

3

~~ KiLLcos6, + VK, 1}

(47)

From Eq. (47), it can be observed that the stiffness K can
be considered as a function of L, and 6,. For a given set of
mechanism’s parameters, an example plot of the distribution
of the stiffness K throughout the actuator workspace is shown
in Figure 7.
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Fig. 7. Stiffness distribution in the actuator workspace for the planar

tensegrity mechanism with K, =200 N/m and K,= 100 N/m.

From Figure 7, it can be seen that the stiffness varies con-
siderably throughout the actuator workspace. Furthermore, the
stiffness increases with L. It can be demonstrated that large
value of L, should be selected for high stiffness applications
with the given mechanism’s parameters. It can also be observed
that the stiffness distribution curves are approximately sym-
metric with respect to the line 6, = 0.3.

By mapping the stiffness distribution curves, shown in
Figure 7, into the Cartesian domain, the stiffness distribution
throughout the Cartesian workspace can be obtained. This can
be done numerically. An example plot of the stiffness distribu-
tion in the Cartesian workspace is shown in Figure 8.

From Figure 8, it can be observed that the stiffness distribu-
tion is approximately symmetric with respect to the line x = 0.
Moreover, when the x coordinate of the end-effector is specified,
the stiffness increases with the y coordinate of the end-effec-
tor. For a given x, the stiffness increases with the y coordinate
of node D,. It can be concluded that large value of y should
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Fig. 8. Stiffness distribution in the Cartesian workspace for the planar

tensegrity mechanism with K, = 200 N/m, K,= 100 N/m.

be considered when the mechanism is used for high stiffness
applications.

Here, it is also important to derive the expression for K
expressed by the variables x and y. Substituting Egs. (2) and
(3) into Egs. (5) and (42), respectively, yields

0,cos0, —0,sin0, + \/gKlL =0 (48)

K =[2K,-K,)[’ + (% +K,)Lx —gKlLy]cos 0, +

3

[(%Jr KLy ==K Le+ V3K, I*1sin 6, — (%+ K,

(49)

where
5 =(K,+2K,)y—BKx+23K,L (50)
8, =2(2K, - K,)L+ (K, +2K2)x+\/§K1y D

Solving Eq. (48) for ¢, and substituting the result into Eq.
(49), we obtain
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V3

K =[(2K,-K,)L’ + (% +K,)Lx - 7K,Ly]
5, +4/8) +6; —3K I’ )
VK,L-6,

J3

+[(% + Kz)Ly — TKILX

’ 2 2_ K2L2
+3K,*]sin(2 tan ™" 0, Y0+, ~3K, )
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-cos(2tan”'

(52)

—(% +K,)I

Eq. (52) gives an analytical expression for the stiffness as a
function of the variables x and y. Furthermore, for a given set of
mechanism’s parameters, the stiffness distribution in the Car-
tesian workspace can also be derived by plotting the stiffness
(see Eq. (52)) throughout the Cartesian workspace.

7 Conclusion

In this work, the kinematics, workspaces and stiffness of a
planar tensegrity parallel mechanism composed of two equilat-
eral triangular platforms are studied. The analytical solutions to
the forward and reverse kinematic analysis were found. After-
wards, the Jacobian of the mechanism was computed and the
singular configurations were discussed. The actuator and Carte-
sian workspaces of the mechanism were mapped respectively.
The singular curves inside the actuator and Cartesian work-
spaces were also detailed. The singular curves must be consid-
ered for mechanism designers when such mechanism is being
designed. The stiffness of the mechanism was researched. It
is demonstrated that when the mechanism is in stable equilib-
rium, the stiffness is at a local maximum and an increase in the
external torque lead to a decrease in the stiffness. However,
when the mechanism is in unstable equilibrium, the stiffness is
at a local minimum. For this case, the stiffness increases with
the external torque. In addition, the results of the analyses of
stiffness distributions inside the actuator and Cartesian work-
spaces indicate that large L, may be selected for high stiffness
applications. The stiffness distributions should be considered
when the mechanism is put to use.
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Appendix A. Details of coefficients ¢, through ¢,.
Coefficients ¢, through ¢, appearing in Eq. (15) are as fol-

low

S.

@, = LIL(* = x* — y*)(4K,L — 2K, L + K, x + 2K,x —\3K,y)

?,

—4L2y(K2y -2K\y+ \/ngx)]
(4K,L—2K,L+ K x+2K,x+~[3K,y)

(C.1)

=[4Ly(K,y - 2K,y + 3K,x)
+0(xX* +y* =) (4K, L -2K,L+ K x
+2K,x 3K, )]
(K,y+ 2K,y +23K,L — /3K x)
—L[4Px(K,y — 2K,y + 3K ,x)
—L(x* + Y = D) K,y + 2K,y + 23K,L + 3K x)]
(AK,L—2K,L + K x+2K,x +~3K,y)
(C2)
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