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Abstract
A simplified model of gearbox lubrication flow is investigated. 
A metric gear with module size 4 mm, tooth number 38, tip 
radius 80.25 mm and width 40 mm, is partially immersed and 
rotated between 0–12 1/s frequencies in room temperature dis-
tilled water. Flash and laser sheet visualizations of the global 
flow field and the boundary layer are presented. Resolved mass 
flow distributions in the fluid sheet above the water surface are 
obtained with in-situ liquid trapping (bucketing). The relation 
between the circumferential velocity and integrated mass flux 
of the fluid sheet is found to be linear above a critical speed, 
for which an analytical formula is given. Using dimensional 
analysis, we show that the relation between the mass flux and 
gear speed signifies a Reynolds-number independent behavior 
of the boundary layer around the immersed part of the gear.

Keywords
dip lubrication, gearbox, two-phase, fluid sheet, Reynolds-
independent, boundary layer

1 Introduction
Investigation of the flow in a gearbox of dip-lubricated 

transmission is a challenging task both numerically and experi-
mentally. Such flows include two or more phases: the lubri-
cant liquid, air and solved and insoluble additives, bubble and 
drop formation and coalescence, thin films, turbulence, heat 
and mass transport; viscoelasticity and drastic changes in other 
transport properties of the lubricant due to heat flash and pres-
sure rise in the vicinity of the contact region.

Despite the complex flow phenomena the designer of the 
transmission may very well be interested only in the power 
losses due to churning of the oil and the effectiveness of the 
dip-lubrication by verifying that the splashing oil reaches some 
specific locations, a gear or a bearing, which was originally not 
immersed in the oil bath in standstill.

Several authors report successful simulations. In [1], single-
phase FVM VOF k-ε simulations using dynamic mesh in a two-
gear transmission gearbox fully immersed in oil are presented. 
The authors of [2] show a two-phase flow simulation in a jet-
lubricated bevel gear-pair in auxiliary equipment of a jet engine 
using FVM, VOF and a dynamic mesh. Two-phase FVM VOF 
k-ε simulations are presented in [3–7], and CFD simulation of a 
full 7-speed dual clutch automotive transmission including jet 
and dip lubrication is presented in [8]. Having such a task as an 
industrial problem in the early design phase, a great difficulty 
is encountered when one would like to simulate such complex 
two-phase flows reliably within realistic time and computational 
constraints. In [9], the authors use a moving reference frame to 
obtain a quasi-steady CFD simulation of a single phase flow 
around a single gear. in order to have a 50-fold reduction in 
computational demand. In [10], a method of dimensional 
analysis to determine the dominant heat generation mechanism 
between contact heating or churning losses and then a 
computational method for thermohydrodynamic simulation 
decoupling the time scales for heat conduction in the gear 
and the unsteady turbulent two phase flow around a single jet 
lubricated gear are presented.

In the above examples, mesh or turbulence or two phase 
model independence studies are usually not shown. This brings 
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up the general question: which simplifications are justified to 
meet constraints while keeping solution uncertainties below an 
acceptable level when simulating gearbox lubrication flows. 
The real difficulty is encountered while one would like to vali-
date the simulation in detail, using experimental measurements.

The experimental investigation of oil flow in transmission 
housings has a longer past than CFD since bed tests were the 
usual method before the advent of numerical simulations. For 
such a test, the gearbox would have to be manufactured and 
then modified to enable access for optical and/or other meas-
urement methods. While this method is extremely labor- and 
cost-intensive, in case of a new design which exists only on the 
drawing table, it is impossible.

Many measurement results are available for simplified geom-
etries for the churning power losses in direct data form [11–13], 
or in the form of correlations, based on dimensional and/or non-
dimensional parameters. A review of the older literature in this 
regard is found in [14]. More recent investigations on the power 
losses on a partially immersed single spur gear in a rectangular 
tank show that the previous correlations can bear several hun-
dred percent of relative errors compared to experiments [15]. In 
[16] the authors investigated the effect axial and radial clear-
ances on the dimensionless torque coefficient and showed that 
above a critical Reynolds number formulated with the pitch 
line velocity and the face width of the gear, the torque coeffi-
cient becomes Re independent, while Fr independence remains. 
While We number dependence was said to be negligible in the 
previous two works, it was reported in [17] that aeration of the 
lubricant can occur in the form of very small bubbles, and gives 
a simple dimensional engineering model to calculate the result-
ing increase in power losses, indicating We number dependence. 
In [18] the authors introduced a special dimensional parameter 
in order to give a set of better correlations for the different para-
metric regimes, also possibly indicating We dependence.

While the hydrodynamic power loss is an important global 
characteristic of the flow, other, more detailed data may be also 
needed to validate a flow field obtained by CFD simulation, 
especially regarding the features where two-phase effects dom-
inate, such as in the case of fluid splashes generated by the gear. 
Such measurements can be visualizations of the two-phase 
global flow field or any quantitative field data, such as bound-
ary layer thickness distribution or volume flux of the splashing 
fluid, injected by the gear.

Unfortunately the literature on these is scarce, however some 
authors successfully made measurements on simple geometries 
which can serve as a simplified model of a gearbox flow yet the 
experimental accessibility is better, providing information on the 
above mentioned features. The authors of [19] used flash flow 
field visualizations and PIV on a single smooth gear and a mesh 
gear partially immersed in fluid in a closed large rectangular 
tank. Apart from the few shown visualizations, the comparison of 
momentum thickness distributions in the boundary layer around 

the immersed parts showed that for large Reynolds numbers, the 
momentum thickness distribution of a gear and a cylinder do not 
differ significantly. On a similar geometry, the authors of [20] 
measured the integrated volumetric flow rates of the fluid sheet 
splashed by the emerging side of the gear, above the shaft height. 
The authors used a single gear in a rectangular cavity and col-
lected the splashed fluid by a single container placed in the tank 
with an entrance window always positioned above the axis height, 
collecting oil which was ejected by the gear. The authors investi-
gated the influence of geometrical parameters, rotation speed and 
fluid properties and gave a set of correlations for the flow rates 
in a semidimensionless form. The authors also explained the key 
mechanism of the generation of the fluid sheet. According to their 
theory, the fluid entrained in the boundary layer developing on the 
submerged part of the gear surface is expelled by the centrifugal 
forces above the surface, and this material forms the fluid sheet.

Although this basic mechanism seems to be evident from 
the visualizations of previous authors, comparison of the mass 
flux delivered by a hypothetical flat plate laminar boundary 
layer around the gears and the actual mass flux measurements 
showed significant differences even in the basic trends; how-
ever the negative result can come from the laminar boundary 
layer assumption. On a different geometry, where the laminar 
assumption is valid, the hypothesis can be applied with suc-
cess. The subsurface boundary-layer, the surface film flow 
and the ejected fluid sheet was both successfully characterized 
experimentally and described quantitatively by [21] around a 
partially submerged, spinning sphere, and the mass flux meas-
urements were matching with the results of boundary layer 
theory. The laminar assumption for the boundary layer is also 
contradicted by the Reynolds-independent torque coefficient 
measurements by [16] and the later cited results.

2 Experimental apparatus and methods
2.1 Test rig

The experimental setup used in our investigations is shown 
in Fig. 1. The rotating spur gear (1) is situated in the upper tank 
(2) which is partially filled with the working fluid. The gear is 
fixed on one end of a mechanical transmission (3) consisting of 
a shaft supported by two Y-bearing units and a coupling with 
a DC servo motor (4) providing the driving torque. The rota-
tion rate is precisely controlled by a digital control unit using a 
4000-step optocoupler. The elements (5)–(9) (lower reservoir, 
heater, centrifugal pump, piping, and aquifer) form a hydraulic 
circuit providing the option of elevating the temperature of the 
working fluid. During our experiments, the upper tank was dis-
connected from these parts of the system. The electronics are 
situated in a dedicated box (10) while the driving signal for the 
servo motor is generated by a signal generator. The entire setup 
is built on a rolling rack (11).

We used distilled water as working fluid instead of oil for 
its perfect optical transparency and for its well known and 
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controllable physical properties. While water itself is not a real 
gear fluid, and has a substantially lower viscosity at room tem-
perature than that of gear fluids, the Reynolds number regime 
in our experiments (86000 < ReD < 1000000) was similar to the 
experimental conditions of the work of Changenet and cowork-
ers [18] (8800 < ReD < 1200000). Moreover, water is thought to 
be a suitable reference fluid for validating computational models. 
The setup has been frequently cleaned with alcohol and refilled 
with fresh distilled water in order to remove any adsorbed film 
from the liquid-gas interface which could alter surface dynamics, 
especially surface tension and dissipation of surface waves.

Fig. 1 Picture of experimental setup. For identification of 
different functional units see main text

2.2 Mass flow distribution measurement
The mass flow distribution has been measured using a small 

container placed in the free jet, intercepting flying water par-
ticles on their path and capturing them by a rectangular verti-
cal window. We call this measurement method in-situ bucket-
ing. The measurement procedure was as follows. Before the 
measurement, the measurement container was made empty and 
installed in its frame positioning it horizontally and vertically 
in the tank. The container window was covered with a vertical 
plate, enabling to turn gear rotation on and to reach steady flow 
state without collection of water. When the flow became steady, 
the metal plate was quickly drawn out and the jet started to 
fill the container. The time needed to fill the container between 
a minimal and a maximal marked level was measured manu-
ally using a chronometer. In order to reduce the human error, 
the measurements were done by a single person at one session. 
This method could be later improved by taking high definition 
vido records and analysing them.

The mass flow rate was calculated as the sum of collected 
water masses Mi over the sum of collection times ti:

q
M
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i
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i
N
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We carried out uncertainty quantification of the derived 
mass flux using classical uncertainty propagation on the first 
order Taylor-series expansion of the mass flux function with 
collected mass and measurement time assumed as independ-
ent variables. For both, we estimated uncertainties by carrying 
out five consecutive measurements with some selected settings 
then calculating mean and empirical variances of the collected 
mass and measured time. This led to a constant expected value 
and uncertainty for the mass measurements. The time uncer-
tainty model was found to be fit with a logarithmic function 
of the expected value. Systematic errors were minimized by 
requiring the observer to start the time measurement when the 
water reached a lower level mark already higher than zero, and 
to stop at a higher level, therefore reaction time and systematic 
level reading errors were subtracted from each other. Backflow 
from the top of the tank was reduced by inclining the top of the 
tank and intrusiveness or upstream influence of the measure-
ment container to the flow was minimized by the sharp and thin 
leading edges of the window walls.

2.3 Visualizations
For the comparative flow visualization photographs, we 

used a digital camera on a tripod. During the laser sheet vis-
ualizations, 1 second exposure time photographs were taken 
using two 100 mW laser sheet sources for illumination, aligned 
with the vertical symmetry plane of the gear. During the flash 
visualizations, a 4 Joule Xenon flash stroboscope with a single 
flash per exposure was used.

2.4 Experimental parameter matrix
During the experiments reported herein, only the water level 

and the gear rotation speed was varied. Figure 2 illustrates and 
Table 1 gives all the relevant geometrical parameters of the 
gear, tank and the physical parameters of the environment and 
the working fluid under which the experiments were carried 
out. For the mass flow measurements, the h/m = 3 immersion 
depth was selected and the measurements were done at 2.25, 3, 
4, 5 and 6 1/s rotation frequencies. The measurement plane was 
located 100 mm from the left wall, and X=150 mm from the 
center of the gear. The lowest measurement location was close 
to the water level and the highest close to the upper wall of the 
tank. For the comparative visualizations, the immersion depth 
of the gear was chosen to h/m = 3, 4 and 5. At each of the three 
water level settings, the following frequencies have been used: 
1, 2, 3, 4, 5, 6, 7, 8 and 12 1/s.

(1)
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Fig. 2 Schematic sketch of tank, gear and measurement container with 
relevant geometrical parameters indicated

Table 1 Physical parameters of the setup

Tank: uncoated aquarium borosilicate glass

H Height 304.0 ± 1 mm

W Width 150.5 ± 0.5 mm

L Length 500.0 ± 1 mm

h0 Shaft axis height 150.0 ± 0.25 mm

Spur gear: metric, primer and black acrylic spray coating

R Tip radius 80.25 ± 0.25 mm

w Width 40.25 ± 0.25 mm

m Module 4.0 mm

Z Number of teeth 38 -

Pressure angle 20°

Pitch diameter 152.0 mm

Root diameter 142.0 ± 0.5 mm

Working fluid: distilled water

t Temperature 290.15–293.15 K

ρ Density [22] 0.998774–0.998203 kg/m3

η Dynamic viscosity [23] 1.0761∙10-3–8.988∙10-4 kg/(m∙s)

σ Surface tension [23] 0.0732–0.0728 kg/s2

Environment

ta Air temperature 291.15–294.15 K

g Gravity 9.81 m/s2

2.5 Dimensionless groups
We describe our experiment by the following selected subset 

of dimensional parameters: R, h, X, m, ω, g, ρ, ν and σ. The 
circumferential velocity of the gear is calculated as

u R= ω

where R is the tip radius of the gear.
The semivertex angle of the immersed section of wheel α is 

calculated from the immersion depth h as

α = −





arccos 1

h
R

and with this, the immersed arc length s is calculated as

s R= 2 α.

The following formulation of dimensionless groups is pro-
posed. The Froude number is defined as

Fr R
g

=
ω2

capturing the significance of centrifugal forces compared to 
gravitational force.

The physical significance of the immersed arc length as well 
as viscosity is captured by the Reynolds number defined with 
the immersed arc length of the tip cylinder, and the viscosity of 
working fluid:

Re = =
vs R s
ν

ω
ν

.

The effect of surface tension both in the immersed and in the 
upper part of the flow field is described by the Weber number: 
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The Weber number is viewed here as the ratio of dynamic 
pressure (pdyn ) and the pressure jump (psurf ) on the phase inter-
face of a bubble (or droplet) with a characteristic size commen-
surable to the module size m.

Our formulation of dimensionless groups differs from 
previous works that we propose to use the global length scale R 
in the Fr number, for the global phenomena is primarily affected 
by gravity, while for the Re number we use the immersed arc 
length s instead of R, and instead of neglecting the effect of We, 
the proposed formulation of the We number uses the peripheral 
velocity of the gear and the density and surface tension of 
working fluid and, most importantly, the gear module size as 
the characteristic length scale of the tooth geometry, which 
primarily influences interfacial phenomena. Nevertheless exact 
similarity rules imply identical tooth geometry paremeters, 
such as adendum and dedendum.

In our experiments, fluid properties and geometry (except 
immersion depth) were kept the same, therefore two dimen-
sionless numbers – dependent only on geometry and fluid prop-
erties but not on speed – were also constant for each immersion 
depth. One possible choice for these are the Ohnesorge and 
Eötvös numbers.
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This also means that during our experiments, there was a pro-
portional relationship between Fr, Re, and We:

We Oh Re Eö Fr= ⋅ = ⋅2 2 2
.

During the discussion of our visualization results, we choose 
to mention the dependence of the flow pattern on the dimen-
sionless number we felt physically more appropriate to com-
pare the results with, however our choices are arbitrary as the 
above relations must be taken into account. At the discussion of 
quantitative results however, we argued which dimensionless 
number is appropriate as it clearly follows from dimensional 
analysis and our quantitative results.

3 Results and discussion
3.1 Laser sheet and flash visualization of the typical 
global flow field

The features found in a setting typical in our parameter matrix 
are shown in Fig. 3. The water surface (1) divides the global 
flow field into an upper part (2) dominated by the gas phase and 
a lower (3) part dominated by the liquid phase. We find the fluid 
flow in two different forms around the gear: the thick, unstable 
and dense ejected liquid sheet (4) and the low-density atomized 
region characterized by droplets (5). The gear boundary layer 
(6), visualized by the entrained air bubbles, is the exciting motor 
of the whole flow. In the vicinity of the emerging point of the 
wheel, the matter in the boundary layer is dragged above the 
water surface, where it separates from the gear and continues its 
path as the liquid sheet. A weak subsurface continuation of the 
boundary layer (7) is indicated by some bubbles from the bound-
ary layer traveling forward just below the surface. The fluid sheet 
splashes on the vertical wall facing the emerging side of the gear 
and forms the primary wall flow (8). The same splashes occur 
with lower intensity, forming secondary wall flows at the upper 
(9) and opposite vertical walls (10). The primary wall flow re-
enters into the pool, turns back towards the gear and forms a 
back-flow (11). This back-flow feeds the boundary layer with 
fresh liquid, therefore the boundary layer, the fluid sheet, the 
primary wall flow and the back-flow form a closed stream tube. 
The flow directions in this closed stream tube are visualized by 
the entrained bubbles in the long exposure photographs. The 
bubbles entrained at the by the boundary layer continue their 
way entrapped in the fluid sheet, some of the largest bubbles 
still present in the re-entrant wall flow and in the back-flow. 
Likewise the pathlines of the droplets in the atomized region are 
clearly seen. Sometimes we see falling droplets from the sec-
ondary wall flows hitting the gear or the water surface (12). A 
good indication of the closed stream tube is that at large Weber 
numbers the backflow region of the lower part becomes opaque 
due to very small bubbles (13) while the remaining region of 
the lower part remains clearer. As very small bubbles follow 
streamlines with very good accuracy, this shows that stream-
lines do not connect the left and right part of the tank.

Fig. 3 Identification of typical flow features on laser sheet (above) and flash 
visualizations (below). Rotation clockwise.  
h/m = 4, Fr = 3.41, We = 499, Re = 2.92 105

3.2 Flash visualization of the typical boundary layer
In Figure 4, a typical appearance of the boundary layer of 

the immersed part of the gear is shown. The rotation of the gear 
is clockwise, so a tooth submerges in the fluid at the right side. 
The boundary layer is clearly two phase as many air bubbles 
are entrained in the liquid phase. It is interesting to see that 
typically most of the air bubbles reside around the curved side 
of the gear, while around the flanks only a very few can be seen.

Another important phenomenon which can be clearly seen 
on almost all photographs is that as the teeth submerge after 
each other from the air into the water, the gaps between them 
remain filled with air, and these air gaps are stable.

It is interesting to compare the driving mechanism of the 
boundary layer on the whole flow in case of our experiments 
and in case of gear pumps and water turbines. Opposed to the 
flow in a gear pump, here the tooth gaps are not filled with the 
liquid, therefore the working principle of volume conservation 
can be rejected in our case. The excitation mechanism then must 
be momentum exchange between the gear and the fluid. Together 
with the solid surface of the gear, the phase boundary of these 
gaps forms an almost perfect cylindrical boundary which is sta-
ble, and impermeable for the fluid. This means that the stream-
lines are parallel with the wall in the vicinity of the boundary, 
therefore teeth do not act like individual blades on a water tur-
bine, where momentum exchange is done by pressure gradients 
during blade impact. We arrive to the conclusion that our system 

(9)
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behaves like a viscous pump and the momentum exchange 
between the gear and the fluid is done by the shear stresses.

In our experiments the flanks of the gear and the tips of the 
teeth are not covered with air and remain wetted by the fluid. 
This interleaving air-solid surface weakens the no-slip bound-
ary condition on the boundary layer, and imposes a periodic 
slip-no slip boundary condition instead. One may assume that 
the weakened boundary condition significantly reduces the 
driving efficiency of the gear compared to a viscous pump of 
full solid cylinder. This is not the case, as measurements by 
other authors, like [19] and [20] show that for large speeds, the 
boundary layer momentum thickness and the driven mass flow 
does not differ significantly between a gear with teeth and a 
smooth, solid cylinder which has the same width and diameter 
as the gear tip diameter.

Fig. 4 Close-up of the boundary layer on the immersed part of the gear. 
Rotation clockwise. h/m = 4, Fr = 2.27, We = 222, Re = 1.68 105

3.3 Variation of boundary layer structure with We
On Figure 5 we can follow how the air cavities and the two 

phase layer forms with increase of We number. At We = 0, there 
are already small bubbles trapped between the submerged 
teeth. At We = 13.9, we find several elliptical bubbles in each 
tooth gap and almost no bubbles in the boundary layer. At 
We = 55.4, there are incomplete cavities on the leeward side of 
the teeth with several irregular bubbles in some tooth gaps as 
well as bubbles around the gear flank. At We = 125, the air cavi-
ties are completely filling up the tooth gaps, the bubbles travel 
around the flanks as well as in the side boundary layer, which is 
intermittently populated with bubbles. From We = 222, bubbles 
around the flank and the intermittent presence of bubbles in the 
side boundary layer disappear. Despite the 9-fold increase in 
speed, there is no dramatic difference in the shape and thick-
ness of the boundary layers between We = 222 and We = 2000. 
The observable change in the established mixing layer due to 
We number is that the bubbles become smaller and more evenly 
distributed with increasing We. The left side of the images for 
We > 679 becomes grey due to very small bubbles convected 
by the backflow which make the fluid opaque, making the gear 
and the bubbles in the mixing layer seemingly disappear. There 
was no noticeable difference between the boundary layers for 
the same We for different immersion depths in our experiments.

3.4 Global flash visualizations and evolution of fluid 
sheet with We number

While its time-averaged shape and extent can be seen on the 
laser photographs, the morphology of the fluid sheet can be seen 
on the flash visualizations in Fig. 6 and 7. Below We = 55.4, a 
thick and stable fluid sheet takes place at the emerging side of 
the gear. At We = 125, the sheet is already unstable and liga-
ments are formed on the upper edge of the sheet, atomizing 
it to droplets. Because of this, an overlap region between the 
droplets coming from the atomizing fluid sheet and the droplets 
coming from the teeth appears and remains to be present for 
higher speeds. From this We on, the ligaments become larger 
in vertical extent, thicker, and the whole sheet becomes more 
opaque due to large entrapped bubbles. From We = 887, in the 
overlap region close to the gear, a periodic pattern appears, 
possibly indicating separation of fluid from the gear in the form 
of ligament-type instability.

3.5 Variation of atomized region with Fr-We and 
immersion depth on laser sheet visualizations

The visualizations can be seen in Fig. 8 and 9. The atomized 
region appears between We = 55.4 and 125, when fluid starts to 
be ejected from the teeth due to the breakup of bubbles trapped 
between the teeth, visible in low speed photographs. From that 
point, pathlines of the individual droplets are clearly visual-
ized except for the region where the fluid sheet takes place. 
At Fr = 1.70 the atomized region occupies both sides and the 
space above the gear for all investigated immersion depths. The 
shape and extent of the atomized region correlates well with 
the speed and immersion depth of the gear, the smaller immer-
sion depth resulting generally in wider as well as taller extent, 
while increasing speed resulting in larger extent in both direc-
tions. It is interesting to see that the pathlines can be traced 
back to the gear perimeter where they are started being tan-
gential to the gear surface. It is also noticeable that as the gear 
speed increases and droplets have increasing speed and kinetic 
energy, the pathlines converge to straight lines. This can be 
explained with a simple oblique free fall in the gravity field as 
well as with the fact that for large Fr numbers, the influence of 
gravity on pathlines vanishes. For the largest Fr numbers, the 
pathlines form a plethora of different intensities. The slope of 
the edge of the largest intensity region, that is, the fluid sheet 
is around the slope of the tangent to the emerging point of the 
gear, increasing with increasing immersion depth. Again, the 
visualization of boundary layer by entrained bubbles and the 
opacity of the backflow region for large Fr are clear.
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Fig. 5 Instantaneous view of boundary layer of gear for immersion depth of 3, 4 and 5 modules (left, middle and right 
columns) and for different cycle frequencies (rows): 0, 1, 2, 3, 4, 5, 6, 7, 8 and 12 1/s. Rotation clockwise.
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Fig. 6 Instantaneous view of whole flow field for immersion depth of 3, 4 and 5 modules (left, middle and right columns) 
and for different cycle frequencies (rows): 0, 1, 2, 3 and 4 1/s. Rotation clockwise.
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Fig. 7 Instantaneous view of whole flow field for immersion depth of 3, 4 and 5 modules (left, middle and right columns) 
and for different cycle frequencies (rows): 5, 6, 7, 8 and 12 1/s. Rotation clockwise.
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Fig. 8 Laser sheet visualizations of the whole flow field for immersion depth of 3, 4 and 5 modules (left, middle and right 
columns) and for different cycle frequencies (rows): 0, 1, 2, 3 and 4 1/s. Rotation clockwise.
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Fig. 9 Laser sheet visualizations of the whole flow field for immersion depth of 3, 4 and 5 modules (left, middle and right 
columns) and for different cycle frequencies (rows): 5, 6, 7, 8 and 12 1/s. Rotation clockwise.
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3.6 Mass flow distributions for different velocities 
and comparative flow visualizations

Figure 10 shows measured mass flow distributions deliv-
ered by the fluid sheet and the atomized region compared using 
long exposure laser sheet and instantaneous flash photographs 
(inverted) for increasing Fr numbers. The vertical line on the 
photographs marks the measurement plane location. 

For the two lowest Froude numbers, the quantitative meas-
urements and the photographs agree in the local vertical extent 
of the free jet, above which zero mass flux has been measured. 
The measured distributions have their maximum close to the 
water level, in the region which has been identified by its mor-
phology as the fluid sheet, while above the maxima, a continu-
ous decay is found in the atomized region. As we can see on 
the measured distribution, the transition between the atomized 
region and the fluid sheet is gradual, indicating an overlapping 
region between them both quantitatively and in behavior. As 
the pathlines of the two highest Fr number pictures are close 
to straight lines, we may expect an asymptotic behavior of the 
tails of the distributions.

3.7 Integrated mass flux measurements and 
Re-independence

Integrating the measured mass flux distribution along the 
measurement plane from water level to the tank top for and 
plotting the resulting mass fluxes against rotation speed we get 
the diagram on Fig. 11. The linear function is found to fit with 
remarkably good accuracy. The only outlier (omitted from fit) 
is the first measurement point which was found where a few 
of the most far-reaching droplets just started to reach the con-
tainer, thus marking the speed where the fluid sheet reached 
the measurement pane. This happened at the lowermost point 
of the measurement plane, that is, at the water level. We will 
call this speed the critical speed. During this series of meas-
urements, all other parameters were fixed except for the gear 
speed. Therefore this experiment shows the influence of gear 
speed only on integrated mass flux, separated from the influ-
ence of all other parameters. Let us consider what implications 
the measured functional form of mass flux-gear speed func-
tion bear when dimensional analysis is considered. Our func-
tion can be described quantitatively by three values: the critical 
speed ωc ; the intercept speed of the asymptote line ω0  which 
can be considered an approximation of the critical speed itself; 
and the slope of the line, A.

The limiting frequency and the intercept are two fixed speed 
values. Therefore, while these parameters can be functions of 
the parameters fixed in our experiment, it is clear that none of 
these functions can have the gear speed, ω itself, as an inde-
pendent variable:

ω ρ ν σ ω
ωc
cf R h X g= ( ) ∂

∂
=

1
0, , ,..., , , , , , 

ω ρ ν σ ω
ω0 2

0
0= ( ) ∂

∂
=f R h X g, , ,..., , , , , . 

This also means that if we apply dimensional analysis on 
these functions to find their dimensionless forms, when finding 
a suitable dimensional scale of speed, we must rule out rota-
tional velocity. This leaves us with gravity g, kinematic vis-
cosity ν and surface tension σ containing time scale. Picking 
any of the allowed choices, after nondimensionalization, we 
arrive to a function in which none of the dimensionless param-
eters contain velocity. Since simple algebraic rearrangement of 
these dimensionless functional equations must give back their 
dimensional form, in which ω did not appear as an independent 
variable, it means that introducing some power of ω at both 
sides is mathematically allowed however such an alternative 
form can be always rearranged to a dimensionless form in 
which only dimensionless numbers independent of ω appear.

This means not only that the dimensionless critical speed and 
the dimensionless asymptotic speed intercept are independent 
of Reynolds number, but also from Froude and Weber num-
bers. The independent dimensionless variables of these func-
tions depend, therefore, only on the setup geometry (including 
measurement plane) and the properties of the fluid. Apart from 
the geometric ratios, we can make two of such dimensionless 
numbers from our original set of dimensional parameters. One 
possible set is the Ohnesorge and Eötvös numbers.

After stating these general but strong considerations, let us 
try to formulate a concrete functional from of these speeds first 
in dimensional then in dimensionless form. We noticed that 
the mass flux at the critical speed consisted of small individual 
droplets flying on ballistic arcs. We assume that the starting 
point of these particles is the emerging point of the gear while 
the speed is equal to the circumferential speed, and the initial 
path angle is the tangent angle of the emerging point. Since 
the speed of the droplets was low, we neglected drag and kept 
gravity only, and determined the pathline of the droplets as the 
parabolic arc under the influence of gravity only. With these 
assumptions, the horizontal distance traveled by a droplet 
becomes:

x R
g

=
2 2

2
ω αsin .

And from this, we find the critical speed when x is equal to 
the distance between the emergence point and the measurement 
plane calculated as xm = X − R sinα:

ω
αc

mgx
R

=
2

2sin
.

(10)

(11)

(12)

(13)
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Fig. 10 Measured mass flow distributions delivered by the free jet compared with long exposure laser sheet and instantaneous flash photographs for different 
cycle frequencies. Vertical line on photographs marks measurement plane location.We = 70.2, 125, 222, 346, 499 from top to bottom, respectively.

location.We
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Fig. 11 Measured mass flow distributions delivered by the free jet integrated 
on the whole measurement section as a function of circumferential speed of 

the gear. A linear function (omitting the first point) fits data remarkably.

The numerical calculation of the critical speed based on 
the model gives 13.546 rad/s while the actual measurement is 
14.137 rad/s which can be considered a good agreement. We 
note that the bucket edge was slightly above the surface in this 
experiment for avoiding false flux from wave splashes, never-
theless the elevation was no more than 5 % of the distance from 
the ejection point and comparable to the droplet size. Therefore 
we neglected the bucket elevation in Eq. (13).

When finding the nondimensional form of the above equa-
tion, we see that our only possible choice to form a dimension-
less number is to use the gravity as the natural speed scale, 
resulting in a critical Froude number criterion: 

Fr x
Rc
m= sin .2α

We see that according to the physical model, the critical 
Froude number depend only on kinematic conditions, and not 
on fluid properties, therfore Frc does not depend either on Re 
or We. In fact it is even independent from the fluid properties 
that is, from Oh and Eö.

In case of finding a physical model to the intercept speed 
correlation, the argument can be similar to the one for the criti-
cal speed however in this case the parabolic pathline should 
belong to the limiting path of the thick and contiguous jet. A 
correction for the real fluid properties of the jet is necessary:

Fr Fr f x R Oh Eöc m0
1= + ( )( )α , / ,..., , .

Alternatively, a different physical consideration can connect 
the intercept speed to another, “stronger” critical speed, deter-
mined by a potential energy barrier for the flow starting as a 
subsurface jet to come above the surface. Since such a potential 
energy barrier would be proportional to g and to some height 
difference scale such as h, following this argument we arrive 

to a time scale formed with g and a functional form giving a 
Froude number criterion, leaving the original speed independ-
ence argument unchanged.

Now let us turn our attention to the linearity of the measured 
mass flux as function of gear speed, notably to the constant 
nature of the slope of the line fit. The linear function may be 
formulated with the intercept speed as a natural bias as:

q AM = ≡ −∆ ∆ω ω ω ωwhere
0
.

Here the dependence of  qM  on  ω  is explicitly written in 
the linear term, therefore A must not depend on ω. The ques-
tion arises again what to choose as time scale. Once we argued 
for the fact that  ω0 is strongly connected to gravity and the 
choice of the measurement plane distance, subtracting it from 
the speed, we can argue that  Δω  can be considered an inde-
pendent variable, giving the time scale itself. Now dividing 
both sides with Δω gives us a formulation where only A stands 
on the right side as a function of independent dimensional vari-
ables, ω excluded again. 

q A R h X g AM

∆ω
ρ ν σ

ω
= ( ) ∂

∂
=, , ,..., , , , , .0

For finding a proper dimensionless form of the above equa-
tion, which also shows the influence of the underlying physi-
cal phenomena, we must consider what physical parameters we 
can use for normalization of A. 

In order to choose the proper scaling parameter group, we 
will stand on the experimental findings of [20] as well as our 
own results.

Firstly, as A has the dimension of [kg], we must include 
either ρ or σ. Since we multiplied our measurement results 
with ρ only during the postprocessing of the measurements, 
we must choose ρ here as well, providing [kg] with the proper 
first power. With this, σ is ruled out, which is also reasoned 
by the fact that the influence of σ is found negligible in [20]. 
From this, it comes that we must furthermore include one or 
more of the dimensional parameters containing [m], giving an 
[m3] group together. The selection of these is a key point in our 
argument, as there are several geometric parameters with the 
dimension [m] as well as several remaining physical param-
eters of the fluid and the environment containing [m], and not 
ruled out by the previous arguments. These are the following: 
R, h, X, m as well as other geometric parameters describing 
the gear geometry, such as its with W (not used in the previous 
discussions). Among the environmental parameters, we have 
the environmental gravitational force field strength g, and the 
fluid viscosity ν.

Now, it is evident from our own visualizations as well as 
from the previous work that the mass ejection is induced by 
the gear boundary layer, therefore the measured mass flow 
rates above the water level must be strongly influenced by the 
physical dimensions of the stream tube constituting the gear 

(14)

(15)

(16)

(17)
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boundary layer and the velocity distribution of in this stream 
tube. The boundary layer is forced and turbulent, and therefore 
dominated by inertial effects. The descriptive velocity scale 
is the gear peripheral velocity Rω. To represent this, we must 
include the tip radius, R in the scaling factor of A. It was found 
in [20] that the mass flux is also directly proportional with very 
good accuracy to the gear width, W, therefore it is reasonable to 
include it in the scaling factor as well. With these choices, we 
can rewrite Eq. (16) as

q RWhM = −( )ρ ω ω
1 0

which is recognized as a simple but descriptive model for the 
mass flux, with R (ω − ω0 ) the effective average velocity and 
the product Wh1 being the effective area of the rectangular 
stream tube. The introduced new quantity h1 with dimension 
[m] is defined as the effective displacement thickness “respon-
sible” for the mass flux above the water level, at the measure-
ment distance from the emerging point of the gear. Combining 
Eq. (17) and (18), the linearity of our measurements can be 
now stated as

∂
∂

=
h

1
0

ω

Indeed, we have shown before that our choice for the scal-
ing factors are motivated by experimental evidence and that 
these scaling factors, namely  ρRW  were constant, then  h1  must 
have been also constant during our measurements, during which 
only ω changed. Therefore Eq. (18) is the only statement we 
can have about h1 . If this is true, then we can also multiply 
Eq. (18) with any group of parameters which were constant dur-
ing the measurement, which includes the kinematic viscosity 
ν and any geometrical parameter arbitrary. With this, with an 
arbitrary normalizing scale for the displacement thickness, our 
final result is

∂

∂
≡
∂
∂

=

h
R
Rs

h
Re

1

1
0ω

ν

.

That is, during our experiments, the dimensionless effective 
boundary layer displacement thickness was Reynolds-number 
independent.

As a final note, the above argument can be used to show that 
the displacement thickness is also independent of Froude and 
Weber numbers,

∂
∂

=
∂
∂

=
∂
∂

h
Re

h
Fr

h
We

1 1 1
0.

and, similarly to the dimensionless critical speed, the functional 
form of the dimensionless displacement thickness can also 
include only geometric ratios and the dimensionless numbers 
not including ω, that is, the Eötvös and Ohnesorge numbers:

h f x R Oh Eöm1
= ( )α , / ,..., , .

4 Conclusions
In this work, we have presented measurements in a two-phase 

flow generated by a single rotating gear in a large rectangular 
tank, serving as a minimal model for the dip-lubrication pro-
cess in gearboxes. By using water as a working fluid instead of 
high viscosity oil, the necessary gear speed in has been reduced 
in order to investigate the phenomena in the relevant Reynolds 
number region. High quality flash light and laser sheet visuali-
zations has been presented of the global flow field as well as of 
the vicinity of the gear for different gear speeds, showing the 
evolution of the different flow features, which are: the dense 
ejected liquid sheet above the water surface, and the two-phase 
boundary layer induced by the gear. It has been shown that the 
ejected sheet is the continuation of the induced boundary layer 
and that the momentum exchange between the gear and the 
fluid is a viscous pump mechanism, driven by the shear stress.

Resolved measurements of the mass flux distribution of the 
ejected fluid sheet have been done in a vertical plane at a dis-
tance from the gear, between the water surface and the tank top, 
with a novel experimental apparatus.

It was found that the integrated mass flux at the measure-
ment plane is zero below a critical speed and it is linear in the 
function of gear speed above the critical speed. It has been 
shown that the critical speed is Reynolds number independent 
and a simple analytical formula, based on the parabolic path of 
first droplets reaching the plane, has been derived to predict its 
value with a good agreement.

The linear mass flux measurements have been explained 
using a boundary layer stream tube model. Dimensional analy-
sis has been used to find the proper scaling parameters of the 
mass flux in the boundary layer. As a final result of this anal-
ysis, it has been shown that the linearity is equivalent to the 
Reynolds independency of the boundary layer displacement 
thickness in our measurements.
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