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Abstract

The research aims at analyzing the aggregate effect of possible errors related to the "textbook" method of present value calculation. 

Two main errors could stem from end-of-period convention and calculation according to expected lifespan. The magnitude of such 

errors depends on the cash flow pattern and the probability distribution of asset life, therefore the combination that may be regarded 

as the most typical in practice has been chosen as the subject of the examination, i.e., the continuous exponential cash flow pattern 

with exponentially distributed life. Based on the result of previous studies examining the errors separately, it seems possible that the 

two errors lead to a more accurate approximation – considering the absolute value of the relative error – compared to making only 

one of the errors. After the examination, I conclude that in the most typical cases of practice, it is not worth to take either the correct 

cash flow pattern or the life uncertainty into account beyond the "textbook" method.
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1 Introduction
There are several approaches to value cash flows gener-
ated by a financial instrument, i.e. an asset. This research 
will put under the microscope the Discounted Cash Flow 
(DCF) valuation, which is based on present value cal-
culation. The essence of the present value calculation is 
that the value of an asset can be determined by its future 
expected cash flows discounted to the present, consider-
ing the cost of capital as a discount rate, which reflects 
the riskiness of the asset. There are two main ways of the 
present value calculation: discounting discrete cash flows 
occurring at specified times with a discrete discount fac-
tor for a period with given length, or discounting cash 
flows in continuous time with a continuous discount fac-
tor for a given period (Eschenbach, 2011; Park and Sharp-
Bette, 1990; Remer et al., 1984). In this paper, only the 
continuous case will be considered, but with consistent 
inputs both ways lead to equivalent results.

There is a well-known form of present value calcula-
tion, that is referred to further on as the "textbook" method. 
According to the "textbook" method, the following inputs 
are needed to calculate the present value of an asset: length 

of the valuation period (usually a year); the expected life of 
the valued asset (in the same unit as the valuation period); 
the estimated cash flows aggregated to the end of each 
period; and the value of the estimated discount factor. 
These are mostly simplifying assumptions, which make the 
calculation easier, but also less accurate. The inaccuracy 
of the "textbook" method, i.e., its error could stem from, 
for example: the end-of-period convention (i.e., cash flows 
are aggregated to the end of the period in which they occur); 
calculation according to expected lifespan (i.e., neglect-
ing the uncertainty of the asset's economic life); estima-
tion errors in the expected cash flows and the discount rate, 
etc. Following related research (e.g., Fleischer et al., 1998; 
Lohmann and Oakford, 1984), the relative error will be 
applied to measure the inaccuracy of a method. It gives 
a better result than the absolute error used by Chen and 
Manes (1986), since the relative error has no dimension 
(i.e. does not depend on the volume of the cash flows). 
The relative error was first used by Andor and Dülk (2013a) 
to characterize the deviation between the approximate and 
the accurate present value for uncertain asset life.
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It is also important, that the magnitude of the error 
depends on the cash flow pattern and the probability dis-
tribution of life of the asset, therefore the combination that 
may be regarded as the most typical in practice, i.e., contin-
uous exponential cash flow pattern with exponentially dis-
tributed life is the subject of the examination. The possible 
correlations between the cash flows and the lifespan will not 
be considered in this research, but Van Horne (1972) dealt 
with its numerical approach in discrete time.

The relative error is defined as the deviation of the 
ratio of the estimated and the theoretically accurate pres-
ent value from one; in this case, its value depends on 
three parameters: the growth rate, the discount rate and 
the expected life of the asset. As a preliminary point, it is 
important to point out, that some restrictions must be 
made regarding these parameters in order to get mathe-
matically appropriate and interpretable results, the details 
of which will be discussed later.

Based on previous studies examining the errors sep-
arately, it can be established for the above-mentioned 
pattern-life combination that, for non-negative discount 
rates exceeding the growth rate, calculation according to 
expected life leads to overestimation (Andor and Dülk, 
2013a), while in general for non-negative discount rates 
the end-of-period convention leads to underestimation 
(Andor and Dülk, 2013b) of the present value of the asset. 
The idea behind this research is that making the two errors 
at the same time (i.e., in the case of the "textbook" method) 
may result in a more accurate approximation – consider-
ing the absolute value of the relative error – compared to 
making only one of the errors.

For all these reasons, the research aims at analyzing the 
aggregate effect of errors from the end-of-period conven-
tion and calculation according to expected life. In addition 
to the "textbook" method, two other methods will be exam-
ined, which individually dissolve its simplifying assump-
tions, i.e., the correct cash flow pattern method and the 
probability weighted cash flow method. After determining 
the basic analytical equations of the present values and the 
relative error of each method, I compare the absolute value 
of these relative errors to each other to decide whether the 
well-known "textbook" method of present value calcula-
tion gives a reasonably accurate estimation considering its 
simplicity or we should calculate the present value of an 
asset in a more complex way to get a better result.

Based on the results of the comparison, I conclude that 
in the most typical cases of practice, it is not worth to take 
either the correct cash flow pattern or the life uncertainty 
into account beyond the "textbook" method.

2 Methods and their relative errors
The main question is, should we calculate the present value 
of an asset in a more complex way and possibly get a bet-
ter approximation, or does the "textbook" method give 
a reasonably accurate result, considering its simplicity? 
To decide this, we should compare the "textbook" method 
to other methods where some of its simplifying assump-
tions have been resolved. The inaccuracy of a method can 
be measured with the relative error (ε) which is defined as 
the deviation of the ratio of the estimated (P̂) and the the-
oretically accurate present value ( Pa ) from one, such as:

ε = −P Pa 1.ˆ  (1)

When comparing the methods, the absolute value of 
the relative error will be mostly considered, because only 
the magnitude of the error, i.e., the absolute value of the 
relative difference compared to the theoretically accurate 
present value is important, its sign is not. The magnitude 
of error depends on the cash flow pattern and the probabil-
ity distribution of the life of the asset.

Fig. 1 illustrates the continuous exponential cash flow 
pattern, F t Ce tj( ) =[ ]  with exponentially distributed lifes-
pan, f T e T( ) = 

−λ λ  which is in the focus of this research.
The theoretically accurate present value ( Pa ) can be cal-

culated analytically in case of the assumed cash flow pat-
tern and lifespan combination (e.g., Zinn et al., 1977) as:

P E F t e t C j ra
rt= ( )[ ] = − + +( )−

∞

∫ d

0

λ ,  (2)

where C is a constant cash flow parameter, j is the continuous 
growth rate, r is the continuous discount factor, t is the time 
and λ is the parameter of the exponential distribution (i.e., 

Fig. 1 Continuous exponential cash flow pattern (dash-dotted lines 
illustrate the possibility of a positive, negative or zero growth) with 

exponentially distributed lifespan (t[year])
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1/E(T) where E(T) is the expected life of the asset). The cal-
culation of the theoretically accurate present value leads to 
a conditional expression, which means that there is a con-
vergence criterion, j < (λ + r) and it must hold further on, or 
else the improper integral would be divergent, i.e., the pres-
ent value would be infinite, in other terms it would not exist. 
I will only examine the interval of the parameters where this 
inequality holds, because the theoretically accurate present 
value is the basis of the relative error, which is used to the 
comparison of the methods, therefore it must exist.

The estimated present values of the methods are also 
needed to be able to calculate the relative errors. In the 
following, I will show the basic analytical equation to cal-
culate the present values, starting with the "textbook" 
method and then the other two methods, which individ-
ually dissolve the two main simplifying assumptions of 
the "textbook" method, such as the end-of-period con-
vention (i.e., cash flows are aggregated to the end of the 
period in which they occur) and the calculation according 
to expected life-span (i.e., neglecting the uncertainty of 
the asset's economic life). Further on, the second one is 
called correct cash flow pattern method and the third one 
is called probability weighted cash flow method.

The analytical estimation of the present value of the 
"textbook" method (Pt̂ ) is the following:
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The second case is calculation according to the correct 
cash flow pattern (Pp̂):
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= −
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0

.ˆ  (4)

The third case, i.e., the probability weighted cash flow 
method (Pŵ) is where the end-of-period cash flows are 
weighted by the period ends' probability of occurrence 
associated with the life uncertainty, thereby approxi-
mately taking into account second and higher moments of 
the distribution of the lifespan. It is worth noting, that this 
method has the same logic as the calculation of the theo-
retically accurate present value, and it can be easily imple-
mented in Excel by simple multiplication.
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The relative error depends on three parameters: 
the growth rate ( j), the discount rate (r) and the expected 
life of the asset (E(T) = 1/λ). The examined interval of 

the growth rate is between 0 % and 20 %, the examined 
interval of the discount rate is between 0 % and 30 % and 
the examined expected lifespan is 5, 10, 20 and 40 years 
(sometimes only 5, 10 and 20 years will be presented 
graphically). Negative growth rate would be a possibility 
in the real world, but it is assumed that every corporation 
strives to generate increasing or at least non-decreasing 
cash flows from time to time. Andor and Dülk (2015) show 
in their study that a negative discount rate is also a possi-
bility through negative betas in the Capital Asset Pricing 
Model, for example in case of energy efficiency projects, 
but I settle with covering the cases that are the most typical 
in practice. A negative discount rate can be a consequence 
of a negative risk-free rate too, which nowadays is quite 
common, but mostly the negative risk-free rate is increased 
by a larger positive risk premium, thus the discount rate is 
typically positive. I also maximize the examined interval 
of the discount rate at life-like 30 % (in related studies (e.g., 
Andor and Dülk, 2013b; Horvath, 1995; Lawrence, 2009) 
the maximum was mostly 50 %).

Some formula resulting from the above-mentioned ana-
lytical equations cannot be interpreted when j = 0 and 
j = r, so these subcases need to be examined in the case 
of every method in order to get a fully consistent compar-
ison. In the following, I will analyze the relative error of 
the methods in different subgroups, first when the growth 
rate is not equal to the discount rate and not equal to zero, 
then when the growth rate is equal to zero and finally when 
the growth rate is equal to the non-zero discount rate. 

Fig. 2 shows the plot of the relative errors in cases 
when the expected lifespan is 5, 10, 20, 40 years and when 
the growth rate is not equal to the discount rate and not 
equal to zero. There are shades of two colors, blue and 
red on Fig. 2; shades of blue are used when the method is 
underestimating the theoretically accurate present value, 
i.e., the relative error is negative and shades of red when 
the method is overestimating, i.e., the relative error is 
positive, respectively. The scale of the error can be seen 
at the bottom of the figure, it starts with the darkest blue, 
when underestimation is more than 50 % and it ends with 
the darkest red when overestimation is more than 25 %. 
However, the white areas on the plots refer to the violation 
of the convergence criterion, in this case, when j < (λ + r).

Fig. 2 is mostly useful to graphically illustrate the 
nature of the relative errors over the lifespan. The cor-
rect cash flow pattern method, which measure the error 
of the calculation according to expected life was exam-
ined by Andor and Dülk (2013a) and they established 
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that based on the Jensen-inequality, the method gener-
ates underestimation when the convergence criterion 
holds, and the growth rate is greater than the discount 
rate, while it generates overestimation when the growth 
rate is smaller than the discount rate. Jensen-inequality 
means, in the framework of probability calculation, that 

when an X variate and a φ convex function exists, then 
φ(E[X]) ≤ E[φ(X )] is true. They made their plot of this 
method using the absolute value of the error and with dif-
ferent range of the intervals, but recreation was necessary 
to illustrate the difference between the nature of relative 
errors in this paper.

Fig. 2 Relative errors of the methods when the expected life is 5, 10, 20 and 40 years (colored intentionally)
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The underestimation generated by the probability 
weighted cash flow method is decreasing with increas-
ing lifespan (ceteris paribus), just as expected, since the 
increasing uncertainty in the asset's life is now so to speak 
considered in the present value calculation. This view is 
reflected in Andor and Dülk (2013a) studies, where they 
used Taylor's linear approximation to conclude that the dif-
ference between the theoretically accurate present value 
and the present value calculated according to expected life 
is increasing with the increasing variance of the expected 
life, which variance is equal to the square of the expected 
value in case of exponential distribution.

Naturally there is a different relative error when the 
growth rate is equal to zero. In this case the relative error 
depends only on the other two parameters, the discount 
rate and the expected life of the asset. Fig. 3 shows the 
absolute value of the relative errors when the growth 
rate is equal to zero. The scale at the bottom of the figure 
shows which type of line belongs to which expected life. 
I also recreated the plot which belongs to the correct cash 
flow pattern method examined by Andor and Dülk (2013a) 
to illustrate the difference between the errors. As it can 
be seen on Fig. 3, there is a local maximum in the case of 
each expected lifespan, and its level is greater when the 

expected life of the asset is longer in the case of the "text-
book" and the correct cash flow pattern methods, while 
it is smaller in case of the probability weighted cash flow 
method. The local maximum on the examined interval is 
27.12 % in the case of he "textbook" method and 29.84 % 
in the case of the correct cash flow pattern method, 
when the expected life is 40 years, while the probability 
weighted cash flow method has a local maximum when the 
expected life is 2 years and it is more than 50 %.

Finally, Fig. 4 shows the absolute value of the relative 
errors, when the growth rate is equal to the discount rate. 
The relative error of the "textbook" method only depends on 
the discount rate, which means that it looks the same in the 
case of each expected lifespan and it has a maximum value, 
13.606 % at the end of the examined interval, when the dis-
count rate is 30 %. In Fig. 4 it is marked with the black thick 
line. The relative error of probability weighted cash flow pat-
tern method depends on the discount rate and the expected 
life, the magnitude of the error is seemingly high (the min-
imum of the error is more than 36.7 %) in the case of every 
expected lifespan and increasing when the discount rate is 
increasing. In Fig. 4, the different types of gray lines corre-
spond to the various expected lifetime of the asset in the case 
of the probability weighted cash flow method. The correct 

Fig. 3 Relative errors of the methods in absolute sense when the growth rate is equal to zero

Fig. 4 Absolute value of the relative errors of the methods when the growth rate is equal to the discount rate
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cash flow pattern method is equal to the theoretically accu-
rate present value in this case; thus, it has no error as it was 
stated by Andor and Dülk (2013a) as well.

3 Comparison and results
The goal is to see how the relative errors behave compared 
to each other on the examined intervals of the parameters 
and decide whether the "textbook" method is sufficient or 
one of the other methods gives considerably better result. 
I define the deviation between two methods significant if 
the difference of the absolute values of the relative errors 
is more than 5 %. The chosen limit is mostly based on the 
typical level of tolerance in practice. Whenever the "text-
book" method's relative error gives less than 5 % deviation 
compared to one of the other two methods, then it will be 
preferable on that interval of the parameters due to its sim-
plicity. Fig. 5 shows region plots (i.e., preference diagrams, 
which show the range of the parameters where a method 
has the minimum of the absolute value of the relative error 
compared to the others) by 5, 10 and 20 years of expected 
life. The legend at the bottom of the figure indicates which 
marker pattern belongs to which method. As it can be 
seen on the figure, the correct cash flow pattern gives the 
minimum absolute value of the relative error when the 
growth rate is greater than the discount rate as it was stated 
by Andor and Dülk (2013a) as well, while the "textbook" 
method gives the minimum relative error in absolute sense 
when the growth rate is smaller than the discount rate and 
the expected life of the asset is less than 10 years; however, 
when the expected life is more than 10 years, the proba-
bility weighted cash flow pattern method starts to conquer 
greater and greater regions on the plots.

Hereafter based on the above, the difference between the 
"textbook" and the correct cash flow pattern method will be 
examined when the growth rate is greater than the discount 

rate and afterwards when the growth rate is equal to the dis-
count rate, while the difference between the "textbook" and 
the probability weighted cash flow method will be examined 
when the growth rate is smaller than the discount rate and 
afterwards when the growth rate is equal to zero.

The "textbook" method will be compared first to the 
correct cash flow pattern method when the growth rate is 
greater than the discount rate. The difference between the 
two methods can be seen on Fig. 6, and as the scale at the 
bottom of the figure shows it is mostly less than 5 %. Similar 
scales will be used further on to characterize the magnitude 
of the errors; for clarification, the lightest gray level means 
that the absolute value of the relative error is less than 5 %, 
and the magnitude is increasing with the darkening shades 
of gray. It can be said in general, that when the convergence 
criterion holds ( j < (λ + r)), and the growth rate is less than 
10 % and greater than the discount rate, then the deviation 
between the two methods is less than 5 %, so in this case 
the "textbook" method gives a reasonably accurate result 
considering its simplicity. The region where the discount 
rate is greater than the growth rate has been marked as irrel-
evant, since in this region the "textbook" method is only 
competing with the probability weighted cash flow method 
and it will be discussed separately.

In the next case, when the growth rate is equal to the 
discount rate, the methods are easily comparable, since 
the correct cash flow pattern method gives the theoreti-
cally accurate present value, i.e., its relative error is zero. 
Thus, the "textbook" method's own relative error will be 
the difference between the two methods, which has been 
discussed based on Fig. 4. The relative error of the "text-
book" method only depends on the value of the discount 
rate, and it has a maximum at the end of the examined 
interval, 13.606 %. It can be said that when the conver-
gence criterion holds, and the discount rate is less than 

Fig. 5 Comparison of the minimum relative errors of the methods in absolute sense when the expected life is 5, 10 and 20 years respectively
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Fig. 6 The difference between the absolute value of relative errors of the "textbook" and correct cash flow pattern when the expected life is 
respectively 5, 10, 20 years

10.34 % then the difference between the two methods is 
less than 5 %, so the "textbook" method gives reasonably 
accurate results considering its simplicity. The conver-
gence criterion holds when the expected life is longer than 
zero (λ > 0) in case of equal rates.

When the growth rate is smaller than the discount rate, 
competition is taking place between the "textbook" and 
the probability weighted cash flow method. Since the 
overestimation generated by the "textbook" method is 
increasing, while the underestimation generated by the 
probability weighted cash flow method is decreasing 
over the increasing lifespan, there is a neat line where 
the two methods change places in the ranking. The dif-
ference between the absolute value of relative error of the 
"textbook" and the probability weighted cash flow method 
remains within the admissible 5 % when the expected life 
is around 13 years. The left-hand side of Fig. 7 shows 

a similar region plot as in Fig. 5 when the expected life is 
13 years and the right-hand side of the figure shows the 
plot as an evidence that the difference between the two 
relative errors in absolute sense mostly remains within 
5 %. The greater part of the relevant region on the right-
hand side of Fig. 7, which is marked with the label, "text-
book" is preferred on the legend is out of the focus of the 
comparison because only the region where the probability 
weighted cash flow method seems better must be inves-
tigated. The darker gray area on the investigated part of 
the plot between 10 % and 15 % of the discount rate indi-
cates that the transition between the two methods is tak-
ing place when the expected life is a bit less than 13 years. 
Generally, it can be said, that when the growth rate is 
smaller than the discount rate and the expected life is less 
than 13 years, then the "textbook" method gives a reason-
ably accurate result considering its simplicity.

Fig. 7 The difference between the absolute value of relative errors of the "textbook" and probability weighted cash flow method when the expected 
life is 13 years
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Finally, I consider the case when the growth rate is equal 
to zero. The relative error depends only on the other two 
parameters, the discount rate and the expected life of the 
asset. The left-hand side of Fig. 8 is a region plot, i.e., pref-
erence diagram and it shows that only the "textbook" and 
the probability weighted cash flow method compete in this 
case. The right-hand side of Fig. 8 shows the comparison of 
the relative errors. The comparison must only focus on the 
region where the probability weighted cash flow method 
seems to be better, the "textbook" method is basically pre-
ferred otherwise. As it can be seen on the figure, the tran-
sition between the two method is around 13 years again, 
i.e., if the expected life of the asset is less than 13 years 
than the deviation between the absolute value of relative 
error of the "textbook" and the probability weighted cash 
flow method is less than the admissible 5 %. Generally, 
it is true, that when the convergence criterion holds, and 
the growth rate is equal to zero, and the expected life of 
the asset is less than 13 years, then the "textbook" method 
gives reasonably accurate result considering its simplicity. 
The convergence criterion holds if the sum of the expected 
life and the discount rate is greater than zero (λ + r > 0), 
which is easily fulfilled because of the assumption of the 
non-negative discount rate and expected life.

4 Conclusions
I looked for an answer to the question of whether we should 
calculate the present value of an asset in a more complex way 
to get a better result, or the well-known "textbook" method 
of the present value calculation gives a reasonably accu-
rate result considering its simplicity. I compared the "text-
book" method with other two methods, which meant to indi-
vidually dissolve the two main simplifying assumptions of 

the "textbook" method, such as the end-of-period conven-
tion (i.e., cash flows are aggregated to the end of the period 
in which they occur) in the case of the so called correct 
cash flow pattern method and the calculation according to 
expected life-span (i.e., neglecting the uncertainty of the 
asset's economic life) in the case of the so called probabil-
ity weighted cash flow method. Continuous exponential cash 
flow pattern with exponentially distributed lifespan was in the 
focus of this research since the magnitude of error depends 
on the cash flow pattern and the probability distribution of 
the life of the asset. The relative error was used during the 
comparison of the methods, which is defined as the deviation 
of the ratio of the estimated and the theoretically accurate 
present value from one. The relative error depends on three 
main parameters in this case: the growth rate, the discount 
rate and the expected life of the asset. The studied interval 
of the growth rate is between 0 % and 20 % and the exam-
ined interval of the discount rate is between 0 % and 30 %. 
The examined expected lifespan was 5, 10, 20 and 40 years. 
After determining the relative error of each method, I ana-
lyzed the case when the "textbook" method is more accu-
rate than the calculation until the expected life with the cor-
rect cash flow pattern. Then, I examine if the accuracy of the 
"textbook" method can be improved by weighting the end-
of-period cash flows by the period ends' probability of occur-
rence associated with the life uncertainty.

The correct cash flow pattern gives the minimum rela-
tive error in absolute sense when the growth rate is greater 
than the discount rate and it gives zero error when the 
growth rate is equal to the discount rate as it was stated 
by Andor and Dülk (2013a) as well, while the "textbook" 
method gives the minimum relative error in absolute 
sense when the growth rate is smaller than the discount 

Fig. 8 The difference between the absolute value of relative errors of the "textbook" and probability weighted cash flow method when the growth rate 
is equal to zero
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rate and the expected life of the asset is less than 10 years, 
however when the expected life is more than 10 years, 
the probability weighted cash flow pattern method starts 
to become more and more preferable. The priority was 
not only finding the best method, but also to analyze the 
difference between the methods, because whenever the 
"textbook" method's relative error gives less the 5 % devi-
ation compared to one of the other two methods, then it 
will be preferable on that interval of the parameters due to 
its simplicity. I define the deviation between two methods 
significant if the difference of the absolute values of the 
relative errors is more than 5 %. The difference between 
the "textbook" and the correct cash flow pattern method 
was examined when the growth rate is greater than the 
discount rate and when the growth rate is equal to the dis-
count rate, while the difference between the "textbook" 
and the probability weighted cash flow method was exam-
ined when the growth rate is smaller than the discount 
rate and when the growth rate is equal to zero.

When j < r (including the subcase when j = 0) and 
the expected life of the asset is less than 13 years, then 
the "textbook" method is the most accurate approach, or 

at least it is really close to the most accurate approach, i.e., 
the absolute difference between the two relative errors is 
less than 5 %. When the expected life exceeds 13 years the 
probability weighted method is becoming more and more 
preferable. When j ≥ r for each examined expected lifes-
pan the case according to the correct cash flow pattern is 
the most accurate and the "textbook" method is only the 
second best, but if the growth rate is less than 10 %, which 
is typical in practice, then the difference between the two 
methods is less than 5 %, so we can say that the "textbook" 
method is preferable considering its simplicity.

Based on the results of the comparison, I conclude that 
for typical values of the parameters in practice, it is not 
worth to take either the correct cash flow pattern or the life 
uncertainty into account beyond the "textbook" method.
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