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Abstract

Solvency	is	a	key	issue	in	the	insurance	sector.	Investments	can	have	significant	risks,	and	a	compelling	research	question	is	whether	

the	solvency	optimizing	investment	risk	corresponds	to	the	lowest	possible	risk	level.	This	question	is	even	more	topical	with	some	

interest	rates	approaching	very	 low	levels	 in	many	countries.	The	paper	aims	to	answer	this	question.	Theoretical	results	suggest	

that if insurance risk and investment risk are uncorrelated, solvency optimizing investment portfolios with non-risk-free components 

may exist,	and	the	level	of	optimal	investment	risk	may	inversely	depend	on	the	insurance	portfolio	size.
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1 Introduction
Solvency of financial intermediaries (such as banks and 
insurance companies) is important for the financial stability 
of an economy, thus current regulation has a strong focus 
on it. Insurers however need profitable investments, yet this 
is especially difficult to achieve in a low interest rate envi-
ronment. As a result, insurers may "search for yield", which 
may potentially endanger solvency. This paper examines 
whether theoretically insurer solvency optimization and 
risky investment strategy can exist simultaneously. 

Low interest rates are among the latest developments in 
financial markets. The European Central Bank lowered the 
deposit facility rate to -0.1 % on June 5, 2014, and since then 
not only low but also negative policy rates are not uncom-
mon in Europe (Heider et al., 2018). This phenomenon 
has far-reaching economic consequences and also raises 
interesting questions in economic theory. For instance, 
in a model Bassetto and Cui (2018) assume that the rate of 
return on government debt may be below the growth rate of 
the economy, Patel et al. (2018) examine the impact of neg-
ative rates on the pricing of debt instruments, and calibrate 
selected short-rate models to negative rates environment, 
while Jarrow (2013) shows that a negative default-free spot 
rate of interest is consistent with an arbitrage-free term 
structure evolution in a competitive and nearly frictionless 
market. Garín et al. (2019) argue that issuing debt may be 

also advantageous when interest rates are low, but the main 
question is why interest rates are low. In addition to these 
research topics, one of the most important questions is how 
protracted low interest rates can impact financial stability 
and solvency of financial institutions. 

Previous literature has identified several potential effects 
of low interest rates in the financial intermediary sector. 
Borio and Gambacorta (2017) argues that at very low inter-
est rates, monetary policy may be less effective in boost-
ing lending, while Nucera et al. (2017) conclude that the risk 
impact of negative policy rates depends also on the business 
models of banks, for example large banks with diversified 
income are perceived as less risky. Based on Italian data 
Bottero et al. (2019) have found that negative interest rate 
policy has expansionary effects on credit supply through a 
portfolio rebalancing channel. Previous literature suggests 
that negative interest rate policy may have some impact on 
financial stability (Kurowski and Rogowicz, 2017), and in 
a low interest rate environment a possible increase in rates 
may also be a potentially serious threat to financial stability 
(Abdymomunov and Gerlach, 2014). According to European 
Central Bank (2015:p.134) the current low interest rate envi-
ronment is the main risk for the European insurance indus-
try, since many insurers have large amounts of fixed-term 
investments, and long-term interest rates may strongly 
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influence the discount rate of insurance liabilities. European 
Central Bank (2015:p.145) concludes that the level of long-
term interest rates may have a significant impact on the prof-
itability and solvency of insurance companies. 

In a low interest rate environment, there is often a tradeoff 
for institutional investors between the term premium con-
taining long-term interest rates and the relatively low inter-
est rates for the shorter term combined with waiting for a rel-
atively large interest rate increase (Bouyé and Wang, 2015). 
It is also worth noting that insurance company returns may 
be lower during constrained funding environments with 
increasing interest rate (e.g. Jensen et al., 2019). In certain 
cases the asset-liability management decisions of insurance 
companies result in investment portfolios with relatively 
long term, and the mismatch between the duration of assets 
and liabilities may also contribute to the negative effects that 
protracted low interest rates may have on some life insurers 
(Löfvendahl and Yong, 2017), since often the duration of the 
liabilities is longer than the duration of the assets (European 
Central Bank, 2015:p.135–136). Insurers are usually 
affected by low yields through the "income channel" (since 
new investments have lower rates) and the "balance sheet 
channel" (since a market-consistent valuation of assets and 
liabilities typically results in higher increases in the value 
of the liabilities) (European Central Bank, 2015:p.135–136). 

Theoretically the evolution of interest rates may have 
several effects in the insurance sector, for example an 
effect on bond holdings is possible (e.g. Fache Rousová and 
Giuzio, 2019). Decreasing interest rates may have an effect 
on insurance business also because long-term interest rates 
contribute to the calculation of guaranteed rates of return 
(Holsboer, 2000), and interest rate guarantees in insur-
ance may influence the willingness to pay of customers 
(Albrecher et al., 2018). If interest rates decrease, long-term 
interest rate guarantees in insurance contracts may become 
more difficult to manage (Schmeiser and Wagner, 2015), 
since then yields on new investments may be relatively 
low compared to earlier given guarantees (Eling and 
Holder, 2013). Kablau and Weiß (2014) point out that rela-
tively low interest rates may also be related to solvency risk 
in the life insurance industry.

There are several ways how the low rates problem may 
be addressed in the insurance sector (Löfvendahl and 
Yong, 2017), and it is possible that low rates are related to 
more risk taking of some institutions (e.g. Heider et al., 2018; 
European Central Bank (2019:p.98), some supervisors have 
also observed "search for yield" behaviour in case of insur-
ers (Löfvendahl and Yong, 2017). 

If higher yields are associated with higher investment 
risk, then theoretically the "search for yield" may have 
solvency consequences for insurers. Previous literature 
has not yet focused on the theoretical analysis of the rela-
tionship between insurance solvency and investment risk. 
For instance, one of the related theoretical models is simi-
lar to a theoretical banking model in Cociuba et al. (2016), 
their results suggest that some increase in risky invest-
ments is optimal. By modeling insurance companies 
Eisenberg and Krühner (2018) analyzed optimal capital 
injection behaviour in a theoretical model, and the results 
indicate that in case of positive rates it is optimal to inject 
capital only if the insurance company becomes insolvent, 
while if the rate is negative, then it may be optimal to hold 
a strictly positive reserve. Based on theoretical modeling 
and simulation results Hieber et al. (2015) conclude that 
if the contractually guaranteed minimal annual return 
increases, then the insurance company in the model allo-
cates the managed funds in increasingly risky assets. 

The paper aims at contributing to previous literature 
with theoretical results about the relationship between 
solvency and investment risk in insurance. The focus of 
the analysis is on insurer solvency, that is measured by 
Value-at-Risk (VaR), partly similar to Solvency II regula-
tion. The main objective of the paper is to highlight how 
the investment risk of insurers may influence solvency, and 
whether the "search for yield" behaviour is always disad-
vantageous from a solvency point of view. The main con-
clusion of the paper is that theoretically in certain cases a 
solvency optimizing risk level may exist so that the optimal 
risk level is higher than the risk-free one. Another theoreti-
cal result suggests that an insurance portfolio size increase 
may result in a lower optimal investment risk level. 

The paper is structured as follows. Section 2 intro-
duces the theoretical model of the insurance sector and 
the assumptions about the relationship between invest-
ment risk and return. Section 3 presents the results, while 
Section 4 concludes.

2 The model
The model for the insurance company incorporates some 
important features of "traditional" (life or non-life) insur-
ance activity. As Insurance Europe (2014:p.23) points out, 
on the asset side of balance sheets of insurance companies 
the majority of assets is related to bonds, and the largest 
component on the other side of the balance sheet is related 
to insurance liabilities. The presented model reflects these 
empirical findings. The insurance company is assumed to 
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have a homogeneous insurance portfolio, and the insurance 
event occurrence probability is indicated by p. The size 
of the insurance portfolio is measured by the number of 
insurance policies (it is indicated by n in the model).

For each individual insurance policy a random vari-
able (that is indicated by ξ j, j = 1, …, n) can be defined, 
so that the value of this random variable is equal to 1 if the 
insurance event occurs in case of the j-th insurance policy 
and 0 otherwise. The sum of these random variables is the 
total number of occurred insurance events (that is indi-
cated by ξ ). Under these model assumptions the total num-
ber of occurred insurance events is binomially distributed, 
and its distribution function can be approximated with the 
normal distribution function for a sufficiently large insur-
ance portfolio. In the model this approximation is applied 
in the calculations. 

The model assumes that policyholders pay single pre-
mium (net premium plus certain expenses and a value that 
is related to profit) and policyholders may receive the sum 
insured (B) if the insurance event occurs during the term of 
the insurance. Although previous literature mentions several 
performance measures (e.g. Consigli et al., 2018), and finan-
cial risks may also be evaluated based on profitability target 
related indicators (e.g. Mulvey et al., 1999), the paper focuses 
on the relationship between solvency and investment risk, 
thus profit targets are not modeled in detail. Similar to 
some papers in previous literature (e.g. Tsai et al., 2010) 
it is assumed that the target profit is exogenously given, and 
the total premium paid by the policyholders is in line with 
the profit target.

It is assumed that the insurance term is one year. 
The technical rate of return (that is applied to calculate 
the insurance premium) is indicated by i. Based on these 
assumptions, and by applying the equivalence principle 
(as described for example in Dickson et al., 2011:p.146), 
the net premium payable by the policyholder at the begin-
ning of the insurance term equals B p

i
⋅
+1
.  At the beginning 

of the insurance term the sum of collected net premiums 
is equal to the value of the insurance reserves (that cor-
respond to insurance liabilities). The value of own funds 
(equity) is assumed to be related to the value of insur-
ance liabilities: B p n s

i
⋅ ⋅ ⋅
+1

,  where s indicates a "solvency 
multiplier". It is worth emphasizing that the definition of 
this "solvency multiplier" is only an assumption in the 
model. It is also assumed that the own funds of the insur-
ance company in the model are higher than the regula-
tory requirement related to the own funds. The regulatory 
capital requirements in practice may be related to several 

factors, the relatively simple assumptions about the own 
funds in the paper aim at developing a clear model struc-
ture in which the relationship between investment risk and 
solvency may be highlighted. 

Investments are also assumed to be corresponding 
to regulatory requirements in the model. It is assumed 
that at the beginning of the insurance term the collected 
net premiums are invested into financial assets, and the 
value of the return on these investments (that part of the 
return that belongs to the insurance company, according 
to regulations) is equal to ρ. Although asset return dis-
tributions in practice may deviate from normal distribu-
tion (e.g. Albuquerque, 2012; Katahira et al., 2019), in the 
model it can be assumed that the ρ investment return fol-
lows normal distribution, and the investment risk may be 
measured by the standard deviation of the random vari-
able ρ. As classical financial theory literature suggests 
(e.g. Sharpe, 1964; Lintner, 1965; Fama and French, 2004) 
it can also be assumed that the investment risk (defined 
as the standard deviation of the investment return, indi-
cated by σρ ) is higher if the investment return is higher, 
and in the model it is assumed that E r qaρ σρ( ) = + ⋅ ,  
thus σ ρ

ρ =
( ) −E r
q

a ,  where ra is the investment return in the 
absence of investment risk, q is a positive value and E(ρ) 
is the expected value of the return. In previous literature 
during the choice of the interest rate model sometimes it 
is taken into account whether negative rates are possible 
in a given model (e.g. Liang and Zhao, 2016; Wang, 2016), 
and sometimes the cases belonging to positive and nega-
tive interest are presented separately (e.g. Schmidli, 2015). 
In the model ra is assumed to be an exogenously given 
value that theoretically could be lower than zero. 

In practice, the asset-liability management (for example 
the matching of asset and liability duration) can influence 
the composition of the investment portfolio, thus theoreti-
cally it can also have an impact on the investment return, 
but in the paper asset-liability decisions are not modeled. 
The paper focuses on the effects of the choice of invest-
ment risk on solvency, and since the term of investments 
and insurance liabilities are both assumed to be equal to 
one year, therefore, there is no mismatch between the dura-
tion of the assets and liabilities of the insurance company. 

The Solvency II directive in the European Union 
(Directive 2009/138/EC, 2009) describes the solvency 
capital requirement so that it shall correspond to the 
Value-at-Risk of the basic own funds of an insurance 
undertaking subject to a confidence level of 99.5 % over a 
one-year period. Similar to this description, in the paper 
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the Value-at-Risk (VaR) belonging to the present value of 
the difference between liabilities and assets is considered 
as a solvency measure. In case of this VaR a lower value 
indicates a better solvency situation, because a lower VaR 
in the model may be interpreted so that less capital is nec-
essary at a given confidence level. In the model, this VaR 
is related to an "economic" (and not a regulatory) capital 
requirement calculation. Theoretically it is also possible 
to calculate negative VaR in the model, and for example in 
case of a confidence level of 99.5 % a negative VaR may 
be interpreted in the model so that then the probability of 
"insolvency" (the probability that the assets are lower than 
the liabilities) is not higher (depending on other parameter, 
maybe even significantly lower) than 0.05 %. 

In the model, the present value is calculated with the 
application of a discount rate, and the rate that is applied 
for discounting is indicated by k. Similar to Lagerås and 
Lindholm (2016) it is assumed that k is a nonnegative 
value. Under the model assumptions, the present value of 
the difference between liabilities and assets (in one year) 
is described by Eq. (1):

η
ξ ρ

=
×
+

−
× ×
+

×
+( )× +( )

+
B
k

B n p
k

s
i1 1

1 1

1
.  (1)

The solvency measure VaR is a quantile value related to 
the distribution that belongs to the random variable in 
Eq. (1). The confidence level in the VaR calculation is indi-
cated by α in the model.

3 The results
The paper aims at exploring the relationship between the 
solvency measure VaR and the level of investment risk. 
Insurers usually have a prudent investment strategy, 
the European Union Solvency II regulation (Directive 
2009/138/EC, 2009) describes that insurance undertakings 
should invest the assets in accordance with the prudent 
person principle. The research question arises whether 
prudency always corresponds to the absence of invest-
ment risk (without taking into account the potential prac-
tical asset-liability management aspects): whether a lower 
level of investment risk is always better from the point of 
view of solvency. In the paper the optimal solvency level 
corresponds to the minimum VaR, thus the research ques-
tion is whether the minimum VaR can be achieved when 
the investment portfolio is risky. 

In the following it is assumed that the investment 
return (ρ) follows normal distribution so that the stan-
dard deviation of the investment return depends on the 

expected investment return: σ ρ
ρ =

( ) −E r
q

a ,  where q is a 
positive value. It is also assumed that the investment risk 
(represented by the random variable ρ) and the insurance 
risk (represented by the variable ξ ) are uncorrelated, and 
the joint distribution of these two random variables is a 
bivariate normal distribution. Based on these assump-
tions the present value of the difference between liabilities 
and assets (in one year) follows normal distribution, and 
the analyzed quantile (VaR) belonging to the variable in 
Eq. (1) is described by Eq. (2). The VaR in Eq. (2) is calcu-
lated based on the expected value and standard deviation 
of η (according to McNeil et al. (2005:p.43–44)):

VaR =
× ×
+

× −
+( )× + + ×( )

+( )










+ ( )×
+





−

B n p
k

s r q
i

B
k

a

1
1

1 1

1

1

1

σ

α

ρ

Φ 

 × × × −( ) + ×

× ×
+

×
+
+









2

2

2

1
1

1

1
n p p B n p

k
s
i

σρ .

 

(2)

The tradeoff between risk and return is an intensively 
studied topic in financial literature, in a seminal paper 
Merton (1980) applied the prior restriction that equilib-
rium expected excess returns on the market must be posi-
tive. Lundblad (2007) presents simulation results demon-
strating that even 100 years of data may constitute a small 
sample, and small data sets may contribute to estimating a 
negative risk return tradeoff. In a model where the return 
and its volatility are influenced by news arrivals Wang and 
Yang (2013) have found that a linear relationship between 
the expected return and the conditional standard deviation 
is preferable to polynomial-type nonlinear specifications. 
Based on these assumptions and results in the previous 
literature, the level of investment risk in the model is mea-
sured by σρ =

( ) −E r r
q

a ,  where ra is the investment return in 
the absence of investment risk, q is a positive value, E(ρ) is 
the expected value of the return, and the q value indicates 
the investment market conditions. 

By applying the model assumptions, the optimal invest-
ment risk (indicated by σρ

* ) can be calculated. At this opti-
mal risk level, the first derivative of the VaR function is 
zero, and the condition for the optimality of the investment 
level is indicated by Eq. (3):

q
s

i p
n p

s
i

= ( )×
+( )×

+( )× −
×

+ ×
+
+









−Φ 1

2

2

1

1
1 1

1

α
σ

σ

ρ

ρ

.  (3)

After rearranging Eq. (3) the optimal investment risk at

∂ ( )
∂

=
VaR σ

σ
ρ

ρ

0 can be calculated according to Eq. (4):
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σ
α

ρ
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−
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2
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p
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The risk level in Eq. (4) can be considered as a

minimum value, since 
∂ ( )

∂
>

=

VaR
2
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ρ σ σρ ρ
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 and it

can be assumed that Φ− ( )







 >

1
2

1
α

q
,

since the optimal investment risk can be

calculated only then if this condition is met.
It is worth noting that the optimal investment risk could 

only then be equal to zero when p = 1 or i = ˗1, but these 
two assumptions are not characteristic for many insur-
ance types in practice. In case of the i value (the technical 
rate of return that is applied to calculating the insurance 
premium, that could also be interpreted as a "guaran-
teed return") it may be assumed that in practice i > 0. 
The p value indicates the probability of the insurance event 
occurrence, thus p = 1 indicates a situation when it is sure 
that the insurance event occurs. As a result of these con-
siderations, in the model it may be concluded that from the 
point of view of solvency it is not optimal for an insurance 
company to invest into risk-free assets. In the model, the 
optimal investment risk can be calculated if Φ− ( )







 >

1
2

1
α

q
.

The optimal investment risk level depends on sev-
eral parameters in the model. Fig. 1 illustrates how the 

investment risk (measured by σρ) is related to the solvency 
measure VaR, and it also shows that the solvency optimiz-
ing investment risk can be different for various insurance 
portfolio sizes (B = 1, p = 0.05, i = 0, s = 0.1, k = 0.05, 
q = 1.25, ra = 0, α = 0.995). 

Fig. 1 also illustrates that the size of the insurance port-
folio influences the solvency optimizing investment risk 
level. As Eq. (5) indicates, the optimal investment risk is 
smaller for an insurer with a larger insurance portfolio 
size, since ∂

∂
<

σρ
*

.
n

0

∂
∂

= − × ×
+
+

×
−

( )







 −

× −

σ

α
ρ
*

n n p
i
s

p

q

1

2

1 1

1

1

1

3 1
2

Φ
 (5)

As far as other parameters are concerned, the effect 
on the optimal investment risk is mixed. Similar to the 
results of Hieber et al. (2015), for a higher technical rate 
of return (i) the optimal investment risk is also higher. 
The rationale for this result is straightforward: for a higher 
"guaranteed" return a higher expected investment return is 
required, and it is associated with a higher investment risk 
level. The "solvency multiplier" (indicated by s) is related 
to the "available" capital that is assumed to be higher than 
the regulatory requirement in the model, an increase in 
this s value results in a smaller optimal investment risk. 
For a higher probability of the insurance event occurrence 
(indicated by p in the model) the optimal investment risk is 
smaller. On the whole, the theoretical results suggest that 
for a relatively large insurance portfolio (when the number 
of insurance contracts is relatively large) the optimal invest-
ment risk may be close to the risk-free level. The close-
ness of the risk-free level and the optimal investment risk 
depends on other features of the insurance portfolio. 

It is also an interesting question, whether the solvency 
optimizing investment level can be achieved with the max-
imization of the expected profit value. In the presented 
model setting the maximization of the profit corresponds 
to the minimization of the expected value of the random 
variable in Eq. (1), and ∂ ( )

∂
= −

× × ×
+

×
+
+

<
E q B n p

k
s
i

η
σρ 1

1

1
0,  thus the 

conclusion arises that the expected profit maximizing and 
the solvency optimizing investment risk level is not the 
same in the model. This result could be different under 
other model assumptions, for example another assumption 
about the solvency ratio may contribute to change the result 
about the difference between the two optimum values. 
However, despite the simplicity of the model assumptions, 
the result about a higher profit optimizing investment risk 

Fig. 1 VaR for different portfolio sizes
Source: own calculations
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level may also highlight the potentially important effect of 
solvency regulation in the insurance sector. 

4 Conclusions
Solvency regulation in the financial sector currently has 
a strong focus on risk measurement and the evaluation of 
risks. The Solvency II directive in the European Union 
outlines investment principles so that insurance compa-
nies should invest the assets in accordance with the pru-
dent person principle (Directive 2009/138/EC, 2009). 
Mathematically, in a theoretical model setting one of the 
definitions of prudency could be that the most prudent 
investment level corresponds to the solvency optimiz-
ing investment risk. This paper aims to find an answer 
to the question, whether the solvency optimizing invest-
ment risk level is equal to the risk-free level, or a certain 
extent of "search for yield" behaviour (that currently may 
be observed in practice in the protracted low interest rate 
environment) may be considered as optimal. 

To explore the main research question of the paper, a 
theoretical model is constructed in which, similar to the 
Solvency II regulation, the solvency is measured by VaR, 
and it is also assumed that the investment risk and the 

insurance risk are uncorrelated. The theoretical results 
of the paper suggest that under the model assumptions 
the optimal investment risk level is not zero, thus simple 
investment risk minimization does not optimize solvency. 
However, it should also be noted that the size of the insur-
ance portfolio (the number of insurance contracts) also 
strongly influences the theoretical results: for a relatively 
large insurance portfolio the optimal investment risk level 
may be relatively close to the risk-free level. 

During the interpretation of the results it should be 
emphasized that the presented model is relatively simple, 
and does not fully capture the complexity of the operation 
of an insurance company in practice. However, the pre-
sented results may also provide interesting insights about 
investment risk management in insurance, for example 
the results highlight the potentially important role of the 
insurance portfolio size on optimal investment risk level. 
There are several ways how the theoretical model could be 
developed, among other options an important direction for 
future research is the refinement of the assumptions about 
the relationship between the available solvency capital and 
the investment risk level.
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