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Abstract

Climate change may be associated with an increasing frequency of natural catastrophes, and possible ways of alleviating at least the
related financial burden are of high importance. Catastrophe probabilities are low, but catastrophic events can have overwhelming
effects, and insurance market solutions for catastrophe risk management are often unavailable. By focusing on the insurance
industry's perspective, in which risk and profitability can be key decision factors, this paper aims to highlight a possible theoretical
obstacle impeding further market development. In a stylised model the findings suggest that an essential feature of catastrophe risks
(the inverse relationship between risk probability and risk impact) may lead to a situation where the theoretical availability of efficient

insurance for low-probability high-impact risk is highly limited. This result underlines the value of appropriate catastrophe insurance

and reinsurance product design that could theoretically contribute to alleviating efficiency problems.
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1 Introduction
Catastrophes have long accompanied human society, and
with the ongoing climate change, their effects can be even
more devastating. Catastrophe insurance could mitigate
at least the financial losses, but it is not a uniquely prev-
alent risk management solution worldwide. It is therefore
vitally important to understand why catastrophe insur-
ance is so scarce. Theoretical premises for the existence
of insurance include the idea that insurance optimises
utility for both buyers and insurers. This paper examines
the perspective of insurers.
Insurance policies are sometimes available for
low-probability high-impact risks (Charpentier and Le
Maux, 2014; Zhao et al., 2020), but some risks with low
probability and high severity remain uninsured (Louaas
and Picard, 2018). Global losses from natural catastrophes
amounted to approximately 280 billion dollars in 2021,
and only around 42 percent of it was insured (Miinchener
Riickversicherungs-Gesellscha, NatCatSERVICE, 2022).
Modelling and even defining catastrophe risk is not
straightforward. A broad definition of a catastrophic event
could focus on the usually small probability of realisation

that is accompanied by an extremely large loss (Grechuk
and Zabarankin, 2014). The modelling of these low-prob-
ability high-impact risks usually requires several theoret-
ical elements (Embrechts et al., 1997), since relevant his-
torical data is quite rare (Wirtz et al., 2014).

This paper aims to contribute to the literature with
a theoretical examination of reasons for the scarcity of
insurance for low-probability high-impact risks. Previous
literature has studied this topic extensively, and numer-
ous aspects have been highlighted. Catastrophic risk can
increase insurance premium (Duncan and Myers, 2000),
and for some loss distributions insurers with solvency
constraints may even charge a price that is many times the
expected loss, meaning that it may be rational to forego
disaster insurance (Kousky and Cooke, 2012). Some indi-
viduals may perceive catastrophe probabilities and the
present value of future benefits as relatively low, which
can also contribute to a low investment in loss reduction
measures (Kunreuther, 1996), or individuals can face costs
to discovering the true probability of a rare event that may
impede insurance purchase (Kunreuther and Pauly, 2004).

Cite this article as: Szile, B. (2025) "Climate Change and Risk Management: Existence Conditions for Efficiency Optimising Insurance Portfolios with Low-
probability High-impact Risks", Periodica Polytechnica Social and Management Sciences. https://doi.org/10.3311/PPs0.22939


https://doi.org/10.3311/PPso.22939
https://doi.org/10.3311/PPso.22939
mailto:borbala.szule@uni-corvinus.hu

2 | Szile
Period. Polytech. Soc. Man. Sci.

Catastrophe insurance related financial losses may
drain the capital capacity of insurers (Hofer et al., 2020),
but, with adequate risk management, the impact on insur-
ers is not necessarily severe (Hagendorff et al., 2015).
Catastrophe risk can be diversified (Wu, 2020), and
other external risk transfer mechanisms such as reinsur-
ance and securitisation can also contribute to manage
catastrophe risks (Burnecki et al., 2019; Hofer et al., 2020;
Subramanian and Wang, 2018). Besides the widespread
use of insurance-linked securities, for example catastrophe
bonds (Burnecki et al., 2019), reinsurance is a dominant risk
transfer mechanism for catastrophe risk (Subramanian and
Wang, 2018). Nevertheless, Ibragimov et al. (2009) iden-
tify a "non-diversification trap" by showing that it may be
optimal not to offer insurance for catastrophic risk and not
to participate in reinsurance markets when dealing with
risk distributions that have a heavy left tail. Risk diversi-
fication and securitisation can also be complemented by
government interventions (Wu, 2020).

According to Charpentier and Le Maux (2014), if the
insurer has a non-zero probability of insolvency, govern-
ment-provided insurance can be more attractive in terms
of expected utility for some types of natural catastrophe
risks. Goodspeed and Haughwout (2012) demonstrate that
federal disaster insurance may create an externality and
result in a relatively low pre-disaster protective invest-
ment if regional governments do not cooperate when
undertaking disaster prevention measures. Wu (2020)
points out that in the presence of an increasing probabil-
ity of catastrophe loss government disaster bailouts may
reduce the demand for insurance.

The paper aims to contribute to literature by focusing
on another aspect when examining catastrophe insurance
prevalence. From an insurer perspective, by explicitly
modelling the inverse relationship between the loss size
and occurrence probability (that characterises low-proba-
bility high-impact risks) an efficiency measure is defined
and it is examined, whether an optimal (maximum) effi-
ciency level exists, if the insurer may choose the insur-
ance risk level. The everyday activities of insurers are of
course far more complex than what is modelled by the pre-
sented theoretical framework, but the main focus of the
analysis is on the effect of the inverse relationship between
the insurance risk and the loss size, and this may be high-
lighted by the model. The efficiency measure is based on
the profitability and institution-level risk (insolvency risk),
and it is examined whether an insurance with low proba-
bility and high possible loss size may be optimal from the
point of view of efficiency.

For the sake of simplicity, the applied modelling
approach focuses on the comparison of risk and profit-
ability, and insurance portfolio composition effects are
not taken into account, although in practice these effects
may be important. For instance, Wu (2015) points out that
issuing life insurance may reduce the impact of a large
catastrophe claim on financial stability. In the presented
model insurance risk is assumed to be homogeneous.

It is important to emphasise that there is a difference
between the policy-level insurance risk (the probability
of insurance event) and the institution-level risk (mea-
sured by the insolvency probability). Similar risk mea-
sures for institution-level risk have been analysed in pre-
vious literature, for instance, Luo et al. (2008) examines
the probability of ruin, in a risk related context Bayraktar
et al. (2009) indicates standard deviation per policy, while
Cummins et al. (2002) analyses the standard deviation of
average losses per policy.

Efficiency is examined to capture both profitability
and institution-level risk effects, its measure is the ratio
between contract-level profitability and insolvency prob-
ability. The paper aims to contribute to previous liter-
ature by examining the question, whether an optimal
insurance risk level exists that maximises this measure,
and whether (and under which conditions) this possible
optimum belongs to a low-probability-high-impact insur-
ance risk. These results may contribute to explaining the
gap between insured and total losses belonging to natural
catastrophes from an insurer's point of view.

The paper is organised as follows. Section 2 introduces
the theoretical model of the insurer. Section 3 presents
results about the relationship between insurance risk level
and components of the efficiency measure, while Section 4
highlights the results about efficiency. The conclusions of
the paper are summarised in Section 5.

2 The model

Insurance business is complex, and the stylised model
presented in this paper incorporates only selected essen-
tial features of "traditional" (life or non-life) insurance
activity. One of these features is that on the asset side of
insurer balance sheets the majority of assets is related to
bonds, and the largest component on the other side of the
balance sheet represents insurance liabilities (Insurance
Europe, 2014:p.23). The model reflects these empiri-
cal findings. For the sake of simplicity, homogeneity of
insurance policies is assumed: in the model the insur-
ance event occurrence probability (indicated by p) and
the sum insured (indicated by B) is the same for all



insurance policies. The size of the insurance portfolio is
measured by the number of insurance policies (indicated
by n). Although heterogeneity of insurance policies may
have significant institution-level risk effects, for example
a natural hedging strategy may contribute to deal with
longevity risk in insurance companies (Tsai et al., 2010;
Wang et al., 2010), and the product mix can also lower
the shortfall risk of an insurer (Bohnert et al., 2015),
the paper focuses on the effects that may be induced by
the relationship between the probability and potential
impact of insurance events.

Therefore, in the model a key assumption is related to the
characterisation of low-probability high-impact insurance
risks. According to the assumptions, the sum insured (B)
depends on the probability of the insurance event occur-
rence (p) so that 0B(p)/op < 0, a higher probability is
associated by a lower sum insured. It is also assumed that
(OB2(p))/(0p*) < 0. These assumptions are primarily of the-
oretical importance and reflect the difference that may
exist between catastrophe insurance and other types of
insurance contracts. However, it is important to emphasise
that this relationship between the sum insured (B) and the
probability of insurance event occurrence ( p) is not neces-
sarily observable for all possible sets of insurance policies.

Catastrophe risk may be considered a relatively new
or at least changing type of risk in insurance that is usu-
ally associated with low probability events (Gibson
et al., 2014). Events with low probability and high conse-
quences include for example natural catastrophes such as
earthquake (Goda and Hong, 2008), flood (Lamond and
Penning-Rowsell, 2014); a financial crisis may also be
an example (Robinson and Botzen, 2019). Catastrophic
climate risks may also be associated with economic
losses (Dietz, 2011). Compared to catastrophe insurance,
other "traditional" types of insurance may be associated
with higher event occurrence probability and lower pos-
sible financial consequences. In some insurance product
design cases (for example in health insurance) an insurer
could consider whether it should focus on offering cover-
age of high-probability/low-cost events or offering cover-
age of relatively expensive events that are associated with
a very low probability (Schram and Sonnemans, 2011).
In the model, the assumed inverse relationship between
the sum insured (B) and the insurance event probabil-
ity (p) aims to highlight these differences.

For each individual insurance policy a random variable
(indicated by éj, j=1,...,n) can be defined, so that the value
of this random variable is equal to 1 if the insurance event
occurs in case of the j-th insurance policy and 0 otherwise.
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The sum of these random variables is the total number of
occurred insurance events (indicated by &). It is assumed
that the individual insurance events (indicated by <o
j=1, ..., n) are independent. The total number of occurred
insurance events is assumed to follow normal distribution,
since theoretically its binomial distribution function can
be approximated with the normal distribution function for
a sufficiently large number of insurance policies.

In the model, it is assumed that policyholders pay a sin-
gle premium (net premium plus certain expenses), and that
policyholders receive the sum insured (B) if the insurance
event occurs during the term of the insurance. It is also
assumed that the insurance term is one year. Without
loss of generality, it can be assumed that the model also
includes the technical rate of return (indicated by #) for the
calculation of the insurance premium.

Based on the model assumptions, and by applying the
equivalence principle (Dickson et al., 2011:p.146), the net
premium payable by the policyholder at the beginning of the
insurance term is (B(p)-p)/(1 + 7). At the beginning of the
insurance term the sum of collected net premiums is equal
to the value of the insurance reserves (that corresponds to
insurance liabilities). The value of own funds (equity) is
assumed to be related to the value of insurance liabilities,
so that the equity value is equal to (B-p-n-s)/(1 + i), where
s indicates a "solvency multiplier". It is also assumed that
the own funds of the insurance company in the model are
higher than the regulatory requirement.

In the model, it is assumed that the collected premi-
ums and the own funds are invested so that investments
correspond to regulatory requirements and company-level
asset-liability management decisions as well. The value of
the return on these investments (that part of the return that
belongs to the insurance company, according to regula-
tions) is indicated by 7.

3 Profitability and risk measures

The one-year loss (and its negative, the profit value) is
a random variable, represents riskiness, and it can be
applied to define several risk measures. Efficiency of insur-
ance is driven by both profitability and risk. Theoretically
efficiency measures could be defined with an arbitrary
selection of weighting parameters for profitability and risk
measures. In this paper, the efficiency measure is defined
as the ratio between one of the possible profitability mea-
sures (the contract-level expected value of profit) and the
insolvency probability of the insurer. The key question in
the analysis is whether there is an insurance risk level (p)
that maximises this efficiency measure.
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Under the model assumptions profitability can be mea-
sured by the random variable representing one-year profit,
as described by Eq. (1), at the end of the insurance term the
profit is a random variable that follows normal distribution:

(1+S).(1+r)—B(p)-§. )

—B(p)-p-n-
u=B(p)-p-n 0

The  expected value of the profit is
B(p)-p-n (1 +s)-(1 +r)/( +i)— 1), and the standard
deviation is B(p)-/n-p-(1-p). It is important to note
that the insurance risk level (p) influences the profit. The
expected value of the profit per policy is m(p) = E(u)/n, and
in the model m(p) = B(p) p-(1 +s)-(1 + r)/(1 + i) — 1).
Technically, it is a policy-level measure, but it also cap-
tures institution-level profitability adequately.

In addition to profitability, another major question is how
riskiness could be adequately quantified. Risk is a complex
issue, and there are numerous ways to quantify it. Blanchet
and Lam (2013) point out that there are several modelling
approaches; in addition to the classical risk theory that
assumes aggregated claim and premium processes, there is
also a bottom-up approach that builds the risk process from
micro-level parameters. The modelling approach adopted
in this paper is similar, although not identical, to the basic
principles of this bottom-up approach.

During risk measurement, the first step is often the esti-
mation of the loss distribution, and then a risk measure is
computed (e.g., Cont et al., 2010). Some risk measures are
related to the quantiles, for example the expected shortfall
value (Bignozzi et al., 2018). Indicators that are associated
with the moments of a distribution are also often applied
to measure risk, for example the standard deviation of
the return (e.g., Markowitz, 1952). The moments of a dis-
tribution can be important in measuring risk (e.g., Fama
and French, 2004; Lintner, 1965; Sharpe, 1964; Vendrame
et al., 2016). In insurance, the moments belonging to the
present value of benefit payments or loss random variables
can be essential in risk measurement, for instance the
mean and standard deviation of the prospective loss vari-
ables may be calculated (Chen et al., 2017). The standard
deviation per policy can vanish if the number of claims is
large and the claims are associated with independent ran-
dom variables (Bayraktar et al., 2009).

Although theoretically a distinction between systematic
and unsystematic risk can also be made so that "well-di-
versified" portfolios often can be assumed to exhibit
no unsystematic risk, only systematic risk (e.g., Khan
and Sun, 2003), this paper assumes that the number of

insurance policies is large enough for achieving results
without considerable non-diversification problems so that
the unsystematic risk may account only for a very mod-
est part of the institution-level risk. It is also worth noting
that in some cases, for example for extremely heavy-tailed
risks with unbounded distribution support, diversifica-
tion may increase risk (Ibragimov and Walden, 2007),
but under the model assumptions, these theoretically pos-
sible diversification problems do not influence the results.

The theoretical properties of risk measures may also
influence risk measurement. In some cases, coherent
risk measures (Artzner et al., 1999) may be preferable,
although a coherent risk measure does not necessarily ful-
fil all possible theoretical requirements. For instance, Cont
et al. (2010) point out that a conflict may exist between the
subadditivity (that is one of the properties of coherent risk
measures) and robustness of risk measurement processes.

Theoretically. several risk measures could indicate
institution-level risk, for example Cummins et al. (2002)
calculate the standard deviation of average losses per pol-
icy, while Gibson et al. (2014) measure risk by the stan-
dard deviation of losses, and the probability of insolvency
is also one of the possible risk measures.

According to model assumptions, the insolvency prob-
ability of the insurer at the end of the insurance term is
described by Eq. (2), where the function ®(x) is the distri-
bution function of the standard normal distribution:

sy pon[022050))

ol — 1+ . 2

B(p)-yJn-p-(1-p)

The insolvency probability depends on the level of

insurance risk level (indicated by p in the model), there-
fore theoretically it can be examined, whether an insol-
vency probability minimising insurance risk level exists.
It can be concluded that the sign of the first derivative of:

B(p)~p~n~(ww—1]/(3(p)~m),

1+i

with respect to p is positive for all p (for all insurance risk
levels), and it can be interpreted so that if (assuming that
no other parameters change) the insurance risk level (the
value of p) increases, then the value of:
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also increases, thus the insolvency probability decreases.
These results suggest that a higher insurance event proba-
bility ( p) is associated with a lower insolvency probability.
Although this finding is quite straighforward, it is a key
result when examining low-probability high-impact risks.

4 Insurance portfolio efficiency

Efficiency is often studied in an economic context.
For instance, the exploration of efficient portfolio features is
an essential ingredient of portfolio theory. It is possible that a
positive relationship exists and higher return may be associ-
ated with higher risk (e.g., Lintner, 1965; Markowitz, 1952;
Merton, 1973; Sharpe, 1964), although other papers
(e.g., Backus and Gregory, 1993) argue that theoretically
various relations between risk premiums and conditional
variances can be found. This relationship may be affected
by several factors, for example the set of influencing fac-
tors may include the size of the dataset (Lundblad, 2007),
the application of the linear assumption in the risk-return
relationship (e.g., Salvador et al., 2014), the market return
values (e.g., Marks and Nam, 2018), the contemporane-
ous correlation between the return and realised variance
(e.g., Yang, 2019), and the assumptions about the volatility
feedback effect (e.g., Wang and Yang, 2013).

Risk and return (or profitability) are also important for
insurers. These two aspects may be combined, for exam-
ple the mean-variance utility function of the insurer could
be maximised (e.g., Golubin, 2006). In this paper, the effi-
ciency measure is defined as the ratio between a profit-
ability and an institution-level risk measure. Equation (3)
indicates the efficiency measure:

B(p)~p~((1+s)‘(l+r)—1J

F(p)= q;(((HSI)J-F(iHrI)HIJ_E} 3)

This efficiency measure depends on the insurance

risk level (p, indicating the probability of the insur-
ance event occurrence). To model a basic feature of cat-
astrophic events, a key assumption is that the relation-
ship between the sum insured (B) and the probability of
the insurance event occurrence is inverse: for example,
in case of a low-probability high-impact event, a higher
sum insured (B) is associated with a lower insurance event
probability. In the stylised model the insurer may select the
composition of the insurance portfolio, and it corresponds
to selecting the insurance event risk. The main question is
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whether (under certain conditions) the efficiency optimis-
ing insurance event risk may belong to a low-probability
high-impact catastrophic event.

To explore this question, the mathematical condition:

oF(p) _,

op
is examined. Under the model assumptions:

aF_(p):VI+V2+V37

v :q{_((lﬂl)filw)_lj'\/EJ

1+ op
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So that ¢(x) is the derivative function of O(x).
The condition:

OF (p)
op

>

=0

ismetif ¥, +V,+V,=0.Since V,>0and V, > 0 for all p val-
ues (according to the assumptions (1 +s)-(1 + r)/(1 +1) > 1),
and V, < 0 (because 0B(p)/dp < 0), it is theoretically possi-
ble that a maximum efficiency value exists. However, the
results indicate that V| can be a relatively small value com-
pared to ¥, and V if the size of the insurance portfolio is
not small, therefore in relatively large insurance portfolios
V,+V,+V,>0.1f V, + V,+ V,> 0, then the efficiency mea-
sure F( p) increases if p increases, and it can be interpreted
so that it is not possible that an insurance portfolio with
low-probability high-impact risks belongs to the maximum
efficiency (on the contrary, a similar portfolio would belong
to a relatively low level of efficiency).
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Fig. 1 demonstrates the relationship between the effi-
ciency measure (the ratio between policy-level profitability
and insolvency probability) and the insurance event proba-
bility for different insurance portfolio sizes (B(p) = 1 — p%,
s=0.1,7=0.001, i = 0). It is illustrated by Fig. 1 that a max-
imum efficiency (that belongs to insurance policies with
p < 1) exists in certain cases only for relatively small insur-
ance portfolios. It is also worth emphasising that the small
insurance portfolio that is illustrated by Fig. 1 (z = 3 in the
example) is associated with a relatively large insolvency
probability. This solution for maximum efficiency might
therefore be problematic from a practical point of view, when
possible solvency requirements are also taken into account.

It is also worth noting that:

V1+V2=®(_(w_l) n-pJ

1+i 1-p
1+s)(1+7 OB

1+i op
and V, + V, <0 only if:

B(p)
p>- .

B (p)

op

This result indicates that there is also a lower bound for
the insurance event occurrence probability so that a max-
imum efficiency value can exist (so that p < 1). It is ques-
tionable whether a low-probability high-impact risk corre-
sponds to this lower bound requirement. The exact form
of this lower bound of course depends on the definition
of the B(p) function. Theoretically, additional assump-
tions about reinsurance contracts could modify the B(p)
function, meaning that the optimal efficiency level could
in theory belong to an insurance portfolio with a relatively
low probability and high impact (sum insured). However,

02

0.15

=
i,

Efficiency

(=]
(=]
n

0 0.1 0.2 0.3 0.4 0:5 0.6 0.7 0.8
Insurance event probability (p)
— =3 =05

Fig. 1 Efficiency and insurance portfolio size (Source: own calculations)

even in the relatively simple stylised model several factors
impede the availability of this result.

On the whole, as a conclusion to the question of
whether there exists an efficiency maximising insur-
ance risk level, the answer could be that the conditions
for it are quite restrictive. Firstly, the size of the insur-
ance portfolio should be relatively small. Although it may
seem easy to assume that a small insurance portfolio is
less problematic to build than a larger portfolio, but insur-
ance portfolio size also influences solvency, and a small
insurance portfolio may exhibit large insolvency risk.
Therefore, it would be problematic to assume that the
size of the insurance portfolio is small, and although this
paper focuses on another aspect of risk, it would probably
not be an acceptable assumption from the point of view
of solvency requirements. Secondly, another model result
is that there is a theoretical lower bound for the insur-
ance event occurrence probability, and it is questionable
whether (apart from the question whether the insurance
portfolio size is small enough) this probability belongs to
a low-probability high-impact event.

5 Conclusions

Climate change may contribute to an increase in the fre-
quency of low-probability high-impact events. These
events can severely influence everyday life and the econ-
omy, and if possible, these catastrophes should be avoided.
However, it is not always feasible, and then insurance for
these low-probability high-impact risks could alleviate at
least the financial burden. The lack of catastrophe insurance
may have many reasons, and this paper aims to highlight
one of these problems: the insurance for low-probability
high-impact risk can have inefficient risk and profitability
features. This result is based only on a comparison of insti-
tution-level risk and profitability, and does not depend on
assumptions about the form of utility functions.

This possible problem is examined in a stylised insur-
ance model in which a key element is an elementary feature
of low-probability high-impact events: the inverse relation-
ship between the insurance risk (measured by the insur-
ance event probability) and the sum insured (that may indi-
cate the possible impact of the risk). Efficiency is defined
as the ratio between profitability and institution-level risk.

Theoretical results suggest that an insurance risk level
with maximum efficiency may exist, although only in
relatively small insurance portfolios. Since catastrophic
events (compared to other types of insurance events) are



relatively rare, the size of an insurance portfolio consist-
ing of similar low-probability high-impact risks could be
assumed to be small, but the findings also suggest that
there is a lower bound for the insurance risk level that
may belong to this optimum. On the whole, it may be
concluded that it can be problematic to fulfil the exis-
tence conditions for an efficiency optimising insurance
risk level, and it is also questionable whether this optimal
insurance risk belongs to a low-probability high-impact
risk. These findings can add to previous literature by pro-
viding a new insight into the reasons for the lack of wide-
spread insurance solutions for catastrophic risks.
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