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Abstract
The goal of this article is to develop a linear mathematical
model for a small scale turbojet engine with variable conver-
gent nozzle, and validate it on existing laboratory hardware
owned by the authors’ Departments.

Control of gas turbine engines plays an essential role in the
safety of aviation. Although its role is constantly expanding,
ranging from pilot workload reduction to detailed diagnos-

tics, the basic competence is to regulate the thrust output of

the power plant with maximum available accuracy, rapidity,
stability, and robustness. The linear quadratic control is one
possible solution for the above mentioned criteria.

Although civil aircraft engines include fixed exhaust nozzle
geometry, in military applications the exhaust nozzle geome-
try is also adjustable to reach optimum efficiency due to better
matching of individual engine components, etc.

In the present article the authors deduce the members of state
space governing equations to acquire the basis of the LQ control.

The established model is based on the physical laws describ-
ing the operational behavior of the engine as well as its complex-
ity should be reduced to an acceptable level where still enough
details remain to reflect the nature of the controlled object.
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1 Introduction

Gas turbines play an important role in transportation, espe-
cially in aviation, where the largest percentage of commercial
and military aircraft implements a power plant including one of
the three major applications, as turbojet, turbofan or turboprop
engine.

Due to their favourable propulsive efficiency and relatively
large operational range of flight velocities (Mach numbers),
the different (low or high bypass ratio) turbofan engines propel
a large variety of passenger and freighter aircraft in the civil
aviation as well as combat airplanes (e.g. Zare and Veress,
2013). When the maximum speed of flight is reduced, the tur-
boprop configuration assures the highest efficiency; its limits
are constantly pushed towards the decreasing power output, as
reported by Bicsak and Veress (2015).

Turbojet engines have a small, but not negligible share.
They still can find their field of applications, like unmanned
aerial vehicles developed for high altitudes and Mach num-
bers as shown by Verstraete et al. (2010) or Turan (2012); they
can serve as auxiliary power plant for sailplanes or even for
large aircraft, which has been detailed by Katolicky, Busov and
Bartlova (2014) and Rohéacs J. and Rohécs D. (2012); radio
controlled models with micro turbojet engines are also very
popular among hobbyists as reported by e.g. Matsunuma et al.
(2005). This size is particularly suitable for university research,
as it provides low cost operation while introduces the students
into the real problems of turbine engine practice as shown by
Pecinka and Jilek (2012) or Pasztor and Beneda (2015). The
basic gas generator of such engine can be used in electrical
power generation focused in Hamza (2013) or Nagahara et al.
(2012); or can serve as backup power supply of fire fighting
equipment as found in Nascimento et al. (2013). Fig. 1 shows
the main important aero-thermal stations of the gas turbine
engine used for development of the control and subsequent val-
idation. Note the variable convergent exhaust nozzle especially
suitable for the present research, which is present at both facil-
ities detailed in Andoga, Komjaty, F6z6 and Madarasz (2014)
and Beneda (2008).
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Fig. 1 Aerodynamic stations of the gas turbine engine TKT-1
(iSTC-21v similar)

The main goal of this research is to develop a mathematical
model, which can be the basis of an optimal control system,
and diagnostic system; relying on the previous experiments and
developments of the authors like Andoga, F6z0, Madarasz and
Karol’ (2013), emphasizing the implementation of a variable
convergent exhaust nozzle. The results can be used in a vari-
ety of the above mentioned applications, primarily validated
by those turbojet engine test benches: TKT-1 at Budapest and
iSTC-21v at Kosice.

2 Developing the state-space model of turbojet
engine
2.1 State-space representation

The goal of this chapter is to represent the state-space model of
the turbojet engine, with significant constraints applied to the real
object, in order to allow less difficult approach of the control, as
proposed by Wiese, Blom, Manzie, Brear and Kitchener (2015).

Primarily, one must understand the highly nonlinear
behaviour of these plants, which is neglected in the present
study, by selecting a single operational circumstance, around
which the control system will be designed. Here we chose the
approach of physical laws describing the behaviour of the sys-
tem, instead of the black-box identification procedure which is
also a common solution for modelling gas turbine engines (see
Tavakolpour-Saleh et al. (2015)).

According to Williams and Lawrence (2007) the general
nonlinear, time-varying state equation can be written as

x(6)=f[x(t).u(1).1]
y(6)=h[x(2).u(1).1]

In (1), x represents the state vector of the plant, u is the con-

(M

trol vector, y is the vector for the outputs, f'and / are time-de-
pendent nonlinear functions, ¢ is time. From the representation
displayed in (1), in this paper we develop a linearized model
with simplifying as the gas turbine is considered as a time-in-
variable system, although in reality some deterioration (e.g.
turbine blade wear) will clearly result of system parameters to
deviate from their nominal conditions.

For the linear quadratic control, what is the final goal of our
investigations in the future, we must obtain the linearized ver-
sion of the turbojet mathematical model.

For this reason, one must change to the deviation form of
the main state space representation, substituting small changes
in the variables instead of their absolute values. Let us intro-
duce the deviation of the state and input variables as shown in
Eq. (2), where the “0” indices show the value of the variables
at a selected operation regime, while the symbols without nota-
tion represent the changed values.

X=X—Xy; U=u—uy;

y=y-y, 2)

Based on the proof by Williams and Lawrence (2007), one
can substitute the nonlinear functions fTx(?), u(f), {] and A[x(%),
u(?), t] of (1) with their multivariable Taylor series around the
selected operational point described by [x,(?), u,(?), ]. Supposing
the state, input and output all remain in the vicinity of their
respective nominal values the higher order terms in the Taylor
series can be neglected, resulting in the following form, repre-
senting two matrix equations describing the change of the states
and the correlation between states and outputs of the plant.

x(t)= A% (1) +Bii(r)

7(1) = CE (1) + Di(1) )

In Eq. (3) A, B, C and D stand for the system, input and
output matrices, which contain the first partial derivatives as
follows:

A af[fc(t),f:(t)];
Ox

o O]

ox ’

IEO0)

ou

o _anE(0.(0)]

ou

“4)

The dimensions of the matrices are unknown yet, so we
must specify the state input and output variables.

To identify state variables, one must describe the dynamic
behaviour of the plant. As a single-shaft turbojet engine is
inspected, reflecting on Fig. 1, one can identify two major mass
and internal (heat) energy accumulators along with a single
possibility of mechanical energy storage. These are namely
the combustion chamber and the diffuser downstream of the
turbine, and the rotor itself. Summarizing the above thoughts,
the state vector contains the rotor speed 7, total pressures and
temperatures from turbine inlet p,” 7," and nozzle inlet p," 7,’,
according to Kulikov and Thompson (2004):

x=[np T 1] (5)

The input vector is consisting of two members, the conven-

tional fuel mass flow rate 7

fuel ?
any gas turbine engine control; and the area of exhaust nozzle A:

w=[r, 4] (6)

The output vector is the collection of those variables,

which is practically the basis of

which are important for the control of the engine. For two
input variables, the engine also has two parameters that can
be controlled. Traditionally, rotor speed and engine pressure
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ratio (EPR) describe the thrust output, therefore these are used
conventionally as output variables, as reported by Garg (1989).

y=[n EPR]' (7)

2.2 Assumptions for the model

As our final goal is to implement a LQ optimal control for
the turbojet engine, several assumptions have to be made sim-
plifying the model.

Generally, we have to assume constant physical and chemi-
cal properties of the working medium in each main component
of the engine, i.e. specific gas constant, adiabatic exponent, iso-
baric and isochoric specific heats.

Heat loss by transmission, conduction or radiation from
the gas turbine is neglected, as we also neglect the mass and
internal energy storage in the passages of the compressor and
turbine. For the various parts of the engine, constant pressure
loss coefficients are taken into account, as their change is not
significant throughout the operating envelope.

In many approaches like Tudosie (2012), there are sim-
plified models, which present a more rapid development for
control but lacks the physical realization of the plant therefore
they cannot be used in diagnostics. Our model should retain
all physical properties of the plant, as the further goal in this
research is the development of a diagnostic system as well.

2.3 Governing equations of the state-space
representation

The five members of the state vector represent the stor-
age capability of the turbojet engine: rotor speed » stands for
mechanical energy, pressure and temperature values describe
heat energy and mass storage. This also means that one must
obtain the corresponding balance equations to describe the
dynamic behavior of the plant.

According to Kulikov and Thompson (2004) the rotor speed
derivative can be calculated as the difference between P, tur-
bine power and P . compressor power as follows, supposing
rotor speed 7 is given as revolutions per minute (RPM):

7= Prnm _PC
0(r/30)'n ®

where © is the rotating inertia of the rotor;

n, is the mechanical efficiency of the engine.

The total pressure p,” and temperature 7," upstream of the
turbine can be considered as average values at the combustion
chamber exit as suggested by Ailer, Santa, Szederkényi and
Hangos (2001). They represent the ability of the combustion
chamber to conserve mass and internal energy of the flow.

The derivative of turbine inlet total pressure can be expressed
from the ideal gas law, taking into account that the specific gas
constant Rg and combustion chamber volume V. are constant,

only changes in the mass contained in the combustion chamber

(m,.) and turbine inlet temperature 7" will have an effect:

. _ mccRgT; 3 d [mCCRgT;j _

CC)

b; V. by = E V.
L dmCC R T* (9)
_ MR, L_dr * }
Vee Vee
P; = ;i T; + Rng (’hz +’hﬁle1 _7h3) (10)
3 cc

After involving some simplification, Eq. (9) takes the form:
In Eq. (10) 1, is the air mass flow rate at the compressor
discharge, M is the fuel mass flow rate and 1, is the gas mass
flow rate into the turbine inlet.
T, is
depending on the energy balance of the combustion chamber:

The change in turbine inlet stagnation temperature

enthalpies of incoming and discharging flows as well as the
heat supplied by the combustion process. Here c is the specific
heat of the gas at constant volume, #,” and i, are the stagna-
tion enthalpies at the compressor discharge and turbine inlet,
H  stands for the calorific value of the fuel, while 7. is the effi-
ciency of the combustion process.

. 1 . . .
I, = |:(12m2 +H nemy,, —l3m3)—
CMec

(11)

-1 (mz Ty — My )J

In the exhaust nozzle inlet the total pressure p,” and tem-
perature 7," development is similar, but the possibility of fuel
injection for thrust augmentation (afterburning) is omitted in
the present investigation as none of the turbojets involved con-
tain such equipment yet.

*

o peae RIS
De = *T =+ m,—m. (12
6 T, 6 v, ( 6 8) )
e LS R O E)

Cva

In Eq. (12) and (13) ¥, and m, are the volume and mass
contained in the interstage arca between turbine and exhaust
nozzle; i, and i/, riz, and rir, are the stagnation enthalpies and
mass flow rates at the nozzle inlet and outlet, respectively.

2.4 Evaluation of members of governing equations

In every main governing equation we must specify the
dependency on the members of state vector, which is import-
ant later when the partial differentials are computed for the
linearization.

In Eq. (8) the turbine power P, and compressor power P
can be expressed as a function of mass flow rate, inlet tempera-
ture to the given device, pressure ratio and efficiency of that
unit, as shown in Eq. (14).
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Kol

PT = m3cpg]j: 1_( p6 *J TIT

OpPs

(14)

K,~1

et [
(1_5)776 Occh

In Eq. (14) Ce and € refer to the gas and air isobaric spe-
cific heat, x, and «, stand for the adiabatic exponents of gas and
air, o, and o, are the pressure recovery factors of combustion
chamber and diffuser between turbine and exhaust nozzle, p,*
and T are the compressor inlet stagnation pressure and tem-
peratures. The compressor and turbine efficiencies are marked
with , and 7, respectively.

Each air and gas mass flow rate can be expressed as gas
dynamic function dimensionless mass flow g(1) in the follow-

ing form:

oo P ABa(%)

Nrg

Area 4 and gas constant S can be referred as constant values,

(15)

except for the 4, outlet are in 7iz, mass flow rate of exhaust nozzle.
That means each mass flow rate can be expressed as function
of total pressure and temperature and dimensionless mass flow
rate. It can be shown that the g(4) itself is a function of the given
unit’s pressure ratio and corrected rotor speed, which can be
split into inlet and outlet pressure, inlet temperature, and rotor
speed, according to Elkhateeb, Badr and Abouelsoud (2014):

q(4)=1 (Pl )s 1y =

* *

me=P2= DB 4(2)=f(npip.T))

n
I

P

(16)

In Eq. (16) n, is the corrected speed of the rotor defined
as the ratio of physical rotor speed and square root of com-
pressor inlet temperature, 7 * represent the total pressure ratio
of the compressor. Compressor discharge pressure p," can be
expressed as the combustor pressure p,” divided by the pressure
recovery factor o..

q(%)=f(A.m7): m :P_gzzé‘#

Py Ds
Drn *
A= = f(n,T,
N Er— f(nT3) (17)
kK +1 ¢°

g

(%)= 1 (n.ps. penT5)

In Eq. (17), " is the turbine total pressure ratio, g, is the
total pressure recovery factor of the diffuser between turbine
and exhaust, 4 is the dimensionless circumferential veloc-
ity, similar to the corrected speed at the compressor. It is the

ratio of tangential speed u and the critical speed c_, yielding

a function of rotor speed n and turbine inlet total temperature
T,". The turbine discharge pressure p,” in the pressure ratio of
the turbine 7" is obtained from exhaust nozzle inlet pressure
p, and o, pressure recovery factor.

In Eq. (12) and (13) the exhaust nozzle inlet mass flow can
be expressed as sum of the turbine inlet mass flow rate and the
amount of cooling air from the turbine, which can be calculated
as the percentage of the basic gas flow J,...

1+68,.)p,A A
(14, ) = O AP0

*

T, (18)
Q(}“s):(1+5rc)q()“3)

The dimensionless mass flow rate at the nozzle discharge
does not depend on the rotor speed, only pressures and tem-
peratures have an effect.

The pressure recovery factors o, and o, are changing
throughout the whole operating range of the gas turbine, but
for the linear model, in a close vicinity of a selected operational
point, they can be handled as constants in the present article.

The compressor efficiency 7. is significantly changing in a
narrow neighborhood of a given operational point; it must be
expressed as the function of corrected rotor speed and either
pressure ratio or dimensionless mass flow rate. As the TKT-1
and iISTC-21v engines include a centrifugal compressor, which
pressure ratio does not change significantly at a given corrected
speed, but the dimensionless mass flow rate range is signifi-
cant, in contrast to axial compressors, here we decided to use a
function of corrected speed and dimensionless mass flow rate.

Ne = f (M q (1)) = £ (.03, P10 T7) (19)

The turbine efficiency is changing very slowly in a wide
range of turbine pressure ratio, i.e. it can be considered as con-
stant in a narrow environment of the selected operational point.

2.5 Approximation of state variable dependencies

For the linear representation of the system, one must obtain
such correlations, which describe the dependencies of given
parameters (e.g. compressor efficiency) on the members of the
state vector. In our investigation we use bilinear approximation,
as it has been shown in Ailer, Santa, Szederkényi and Hangos
(2001) that they result in sufficient accuracy while they provide
simplicity against higher order approximations.

First let us consider the dimensionless mass flow rate of the
compressor. Its description in the original variables n _and z.
as well as the transformed variation can be seen in Eq. (20).

q (/11) = alncarrﬂ’-c + achorr + a377:c + a4

.
— aln p3 aZ”

- * =T *
VI, Occh T;

L p;* v, (20)

Occh
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The efficiency of the compressor is the function of corrected
speed and dimensionless mass flow rate presented in Eq. (21).

Ne=bn,.q (/11 ) +b,q ()'1 ) +byn,,, +b,

bn [an L G a3p3

\/7 \/70'ccp1 \/T O'ccpl o ]
an P3 L a3p3 ‘a
\/7 GCCpl \/7 GCCpl )

n
From the turbine static characteristics, only the dimen-

corr

e2))

+b, +b,

sionless mass flow rate g(4,) is interesting, as the efficiency
11, exhibits only minimal change over a wide range of pres-
sure ratio. For this expression, first we must collect the turbine
related constants from Eq. (17) as follows:

bn___ K, >, = @
2, T, (22)
K, +1 ¢

With this simplification, we can write the bilinear form of
(17) as follows:

q(%) =c A, + A, ey +e,

* *
cK.no c,K,n co
Gl OpPs | SR M CGOpPs

P * P * 4
T, Ps VI Ps

3 Development of the linearized mathematical model
3.1 Partial derivatives of state variables
One must collect 25 partial derivatives to build matrix A

(23)

and ten derivatives for matrix B, as shown in Eq, (24), where
the indices 7, j and k have the ranges of [1..5], [1..5] and [1..2],

respectively.
&,
==L 5x5
2]

] oo

24)
B

3.1.1 Partial derivatives of the rotor speed

In this section we summarize the partial derivatives of rotor
speed by state and control variables.

The dynamic Eq. (8) contains rotor speed in its nominator,
and rotor speed can be found in the turbine and compressor
powers P, and P, as the dimensionless mass flow rates g(4,)
and ¢(4,) and compressor efficiency depend on rotor speed n.
In Eq. (25), all other state variables than »n and input variables
are considered as constant.

%dn+ﬁ or, 6Q(’13)
on oP, 2q(A;) on

. Pl .
oP. 0q(%) on OF. 0n. On

dn =
(25)

The first term is obtained by simple derivation of Eq. (8) by
rotor speed n yielding Eq. (26):

on_ Pn,-F.

on O(x/30)n n (26)

The second and third terms are similar in buildup, but it is
important that the P . compressor power has a negative sign.

on__OF; 6q(l3): P, K.Cr
0P, 0q(A) on  n®(z/30Y (1) T,
. (27)
on 0P, oq(X) P. cr

oF. 8q(/'|.1) on

n®(w/30) q(2,) 17

In Eq. (27) the C" and C," constants are the following:

.
c,o a
cr=5 Dp3+cz’ Cg:( 1p3*+a2j
P Occh

(28)

The compressor efficiency has such an influence on the rotor
speed derivative:

ClL+
T C

1

on 0P, o, _ P {21;];4

OP.on. on  nO(z/30)n,
(29)

 Pi(ba+ba) (ba+h, +b3a2)]

GCCpl* \/TT* Tl*

The rotor speed has also a dependency on turbine inlet
pressure p.’, as it is contained in both turbine and compres-
sor power. Holding all other values as constant, the differential
change in rotor speed caused by p,” is as follows:

_ 0n Op oy . o0 0P, 04(%) . OF,
oF, o, ap; T op, oq(h) apy T apy T
' o . on .
L 0n oR, q(/}l)dp3+8_n6P€ dpt + 0 OF O
or, aq(ﬂ'l) ps OF. Op, 6P one 6])3

(30)

Those members of Eq. (30), which have not been detailed
before, are the following, including new definitions for con-
stants, which will be used later in this article:
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o5 - m3cpgT3*nT Ke _1( Pe J &
op N 2

K, -1
oP. _ e, T (k, —1)[ X jn
ap; (1 - 5)Tlc'<aP; Gccp:

(32)

{ " [ba " iba +ba]+ba}

x| % " 143 3¢ 343 .
on. NI U e
0Op; OcchPi Occhr

T*

3
turbine inlet total temperature. These are collected in Eq. (33),

Equation (8) also contains members depending on the

maintaining all variables other than 7" at constant values.
dh:a_napc ;+6_n(3i6mid;
OP, 0T, OP, Om, 0T,
7 ogq (A .
Lo 0B 0a(%) r
op; 66](13) T,

(33)

The various partial derivatives appearing in Eq. (33) can be
evaluated in Eq. (34).

O, __

*

o,

%:PT. aq(}'?):_ KT” CVI

The rotor speed — due to the turbine power — also depends

* 9

27 (34)

on the turbine discharge pressure p,”, which can be expressed
as the ratio of p,* exhaust nozzle inlet pressure and o, pressure
recovery factor, thus the dependency on the next state variable
can be defined as found in Eq. (35).

ﬁ aPT aq(ﬂﬂ) *

n = dp, + OF;
0P, 0q(%) op,

 dp;
o, D

(35)

The previous partial derivatives are calculated as follows:

aq()'?) _ CIKTnGDp; _ C3GDp; _ _GDP; folc
* - *2 T

op, N Pe
o, k-1 1 (36)
= _m3cpgT3 Nr K1 T
ops K, . Ps
T, ¢

The rotor speed does not contain any direct dependency on
the exhaust nozzle inlet total temperature, mass flow rate of
the fuel and exhaust nozzle outlet area, so the last derivative of
matrix A and the first row of B is zero:

Do P Py
6T6 amﬁm aAs

(37)
3.1.2 Partial derivatives of turbine inlet total
pressure

One must split the mass flow rates of Eq. (10) into gas
dynamic expressions in order to gain the partial derivatives on
the variables mentioned in the previous section.

First we consider the derivative by rotor speed, which has
dependencies in the compressor and turbine mass flow rates:

% — RgT; m2 Cg‘ _ m3 KT Cn (38)
* * T
q(ﬂq)\ﬂ; Q(%) VT,

on Vee
The derivative by p,” itself will contain parts from the first
member of Eq. (10), and the mass flow rates of compressor and
turbine, as detailed in the previous section.
Ts* +RgTS m, Cp _ _|:m3 4 1, Ge C£;:|
Vee [a(M)ocer [P a(4) ps
(39)

The derivative by 7," contains the member obtained from the

first part of the original expression and the second member is split

%p; _
op; T,

into two parts according to the law of the derivative of a product.

op, Dy R )
P __ Ly +— (1, + 1, — 1ty
or, T, Vee
. , 40
RL Ny mKn 0
* * w« T
Vee | 2T, 2q(4) T,

The next step is to evaluate the derivative by the exhaust
nozzle inlet pressure p,, which is found in the dimensionless
mass flow rate of the turbine.

s :RgTs{ iy Opps cpi}
Vee q()“s) Ps

op,
Equation (10) does not contain neither exhaust nozzle inlet

(41)

total temperature 7" nor exhaust nozzle outlet area 4,, so the last
member of the second row in A and B matrices are equal to zero:

W,

* >

ar,

o,
—=0 42
o “2)
The fuel mass flow rate is included in Eq. (10) so the turbine

inlet total pressure p," is influenced by this input parameter.
o, _RIL

VCC (43)

am fuel

3.1.3 Partial derivatives of turbine inlet total
temperature

The derivative of total temperature is possibly the most com-
plicated among the dynamic equations of the turbojet. It con-
tains many different mass flow rates as well as temperatures,
like 7," compressor discharge temperature, which itself must
be expressed as the function of compressor pressure ratio and
efficiency, thus involving many approximated components. As
in the previous sections, first we investigate the dependency on
rotor speed while maintaining all other factors at constant levels.

ait = 00 _2a(h) g, OT O, Onc

> og(L) om oT, om,. on

Q(l) 2 OMN¢ (44)
4 8T3 aq(ls)dn

oq(A;) on
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The members of Eq. (44) can be described as follows:

ot oq(n) _mi (el —aTy) ,
oq(%) on mece,q(A)NT, ‘
oTy 0Ty dne _ T, 1scy, | 2bn
T, on,. on e mece, | T

(45)

*

p—
Gccpl*\/F
oty dq(%,) _
0q(%,) on

+

(ba, +ba,) \/7(ba4+b2+b3a2)]
iy (e e VT

_‘](ﬂ'z)

K, Cr

mecC,

The derivative by p,” has the following formula if all other
variables are held constant:

a_T;_ 6T3* Omec 8T; 6‘1(’11)

ap;  ome. op;  oq(%) op;
LoTy (6T or; anc]+ar'3*[am3+ o, 8q(2.3)]
6T ap, o op; ) om, | ap; oq(2,) op,

(46)
These partial derivatives take the following correlations:

K,—1

67‘13’k omg _ Ta*mcc . 6T; -7 (p;/(dccp:)) * -1 .

Ome ap; mcczcvp; ’ one ] 772 ’
. K1

oty ey, a_T;_T_{‘rca—l( P J 1

8T; mecC, ’ 617; Ne K, o-CCp: p; ’

on._ G ot aq(h) _rm(eul-aly)

ap; GCCpl* ’ 0q (}“1) ap; mCCcvq()‘l)GCCpl* ‘

oty _(een) T (i, iy oy

or, MccC, p; ‘I(%) PZ !

(47)

There is a strong dependency on the turbine inlet tempera-
ture itself, which can be found in the m . mass in the combus-
tion chamber due to the gas law, in the denominator of the first
member of Eq. (11), and in the mass flow rate of the turbine in
the gas dynamic expression and in g(4,).

oty oty 6m3+
Tt om,\ Ty

6T
or;

6T Omcc
amcc aT;

o, 0q(2;)
oq ()'3) aT;
(48)

Those partial differentials, which have appeared in Eq. (48)
first, can be expressed as found in (49). As the m . mass in
the combustion chamber is in the denominator of (11) but the
gas law expressed for mass contains temperature again in the
nominator, the first term’s dual negative signs will eliminate
each other.

a_T;: (cv—cpg)T;

67;; Omee _ T; Mec |

Ome, aTs* mcczcv Ts* | Orin, mecC,

% _my o Omy oy (3q(),3) __ K.nCy
or,  arr eq(x) q(A) or 2t I
oy ¢, (mz it — n'13)

aT; MccC,
(49)
Equation (11) contains the p * exhaust nozzle inlet pressure
only in the g(4,) dimensionless mass flow rate of gas. Therefore

the applicable partial derivative is as shown in Eq. (50).

1t (cv _Cpg)T; o
‘1()“3)

o _

3 pP3 C;’;
0P

)
mecC, Ds

(50)

Neither 7," exhaust nozzle inlet temperature nor 4, nozzle
exit area are contained within Eq. (12) thus these derivatives
are equal to zero.

of, . of

- =(); =0
Ty o4,

The change of fuel mass flow rate has a simple but very

(51

important influence on the turbine inlet temperature, what can
be evaluated as Eq. (52).

LY

6713 _ HaTIC
am fuel

.
—o T

Mec - C,

(52)

3.1.4 Partial derivatives of exhaust nozzle inlet total
pressure

The deduction of the related partial differentials is very sim-
ilar to those steps shown in Section 3.2.2 for the turbine inlet
total pressure, except for that here we do not include the possi-
bility of afterburning (thrust augmentation) i.e. there is no fuel
supply and combustion downstream the turbine. This fact will
simplify the correlations for both pressure and temperature at
the exhaust nozzle.

First we must consider such a form of Eq. (12), which con-
tains the correlation to the main variables. This means not only
to change mass flow rates into gas dynamic equivalents, but it is
important to express the nozzle inlet mass flow rate as a function
of turbine inlet mass flow rate. The difference between these
two is the cooling flow that joins through the turbine and partic-
ipates in the flow at the nozzle. This flow has a relative amount
compared to the turbine inlet mass flow as shown in Eq. (18).

Similarly, the nozzle outlet flow can be expressed with
the stagnation properties at that station; one must consider a
small pressure loss along the nozzle, which can be taken into
account as a g, pressure recovery factor of exhaust nozzle; the
total temperature does not change as there is no energy change
throughout the expansion in the nozzle.

(Peoy)B.Aa(y)
s = " (53)
Ty
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Thus, the rotor speed can be found in the dimensionless
mass flow rate of the turbine; the last exhaust g(4,) does not
include this variable, so the appropriate partial derivative is as
displayed in Eq. (54).

aLi Oring 86](),) RT mg K, .,

AN

The turbine inlet total pressure p,” can be found implicitly in

s _
on 0Oy oq(4,) on

(54)

the inlet mass flow rate of the exhaust nozzle, so the respective
partial differential is shown in Eq. (55).

O _ Opy [ Oritg Oy oq(%)

opy o\ ap;  0q(Ay) apy )
R T |:m6+ 1 &CTP;}
Vo L s a(A) pe

The turbine inlet total temperature works similarly to the
previous paragraph so it is implicitly hidden in the inlet mass
flow rate of the exhaust nozzle, shown in (56).

by _ RTC| o, o, 0q(%)
oT; oT, 0q(2,) ory

*

K.n

RT, |, (148, )+—=C
=——=_"|m
ZT;VD 3 7C [—T3

The investigation must consider the g(4,) dimensionless

} (56)

mass flow rate as well, as it is an inevitable component of Eq.
(12) and (13). For the deduction, we must find the appropriate
origin, which can be the reversal of the gas dynamic expression
for the mass flow rate.

ms\/T_s: :&ms\/T—g* _ pscx\/T_g

PAB, P pAB, B,

_ 808\/T7 T ps _ PsCy EPSJ “ G
psﬂ \/_ ps pgﬁ \/_ Ps ﬂgRg\/T—;

(57)

(%)=

il

In Eq. (57) one must consider the energy equation to express
the velocity ¢, and due to the lack of energy change 7," will
be substituted by 7,". For the pressures, supposing real flow
conditions, the p,” is not equal to p,” but there is the o, pressure
recovery factor between them. Considering moderate nozzle
pressure ratios, which are typically around 1.2:1 for both
engines under investigation, we can say, they are far below
the critical pressure, i.e. both operate with total expansion in
their convergent exhaust nozzles. This immediately determines
the formula for the velocity. So the final expression for g(4,)
including detailed description of gas constant ,Bg can be found in
Eq. (58). This expression also introduced some simplifications,
which will ease the deduction of the partial derivative as well.
Here, ¢, stands for the expansion ratio of the exhaust nozzle

(reciprocal of pressure ratio), t  is the critical temperature

crit

ratio and v, is a complex expression built from velocity c,, ,/)’g
members and square root of 7, total temperature.

2K
1 -1 ¢ p6 e
P Kq Kg +1 K=l
q(k)=| =
PsOy 2 \/7
Sy Terit (Kg + 1

(58)
The g(4,) dimensionless mass flow rate is practically depend-
ing only on p,” from the state and input variables. All other
members of (58) can be considered as constants. Therefore it
must be taken into account when elaborating the partial dif-
ferential for the p,” pressure. The partial derivative is shown
in Eq. (59) explaining all members, except for g(4,), which is
considered below due to its higher complexity.
T, R[T, (ﬁms arig_0q (%) o, aq(zg)j
o T o 0q(%) dps  0q(k) b
_g_ RgT; |:%_ 1 GDP; cro— g 8q(ﬂg )}
* * T *
pe a(h) ps a(%)

(59)

The last partial derivative can be found in Eq. (60), deduced
from Eq. (58).

1 1 1 1 _
- Kol

5N Tcrll _ WN 5 anz/ (Kg +1)T’N£p2J ¢
K, Ds ZKgpf,wN Ds

(60)

0q(%) _
op;

Equation (12) includes explicit and implicit dependency on
the exhaust nozzle inlet stagnation temperature 7,". The related
partial derivative is displayed in Eq. (61).

aLE::_p_::T*_}_Rg(ﬁ%_mS)_l_Rgn"lS (61)
or, T .2,

As Eq. (12) does not contain fuel mass flow rate in any form,
the corresponding partial derivative is zero. The outlet area A,
is a simple multiplication factor of the outlet mass flow rate, so
the respective partial differential is quite easy to obtain.

oo O BT (62)
O g, 04, VA
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3.1.5 Partial derivatives of exhaust nozzle inlet total
temperature
The stagnation temperature upstream of the exhaust nozzle
is described by Eq. (13), which is similar to the one about 7"
but it does not contain fuel injection and combustion. Therefore
the deduction of the members will be slightly less complicated.
For the rotor speed, it is only found in the g(4,) dimension-
less mass flow rate inherited from the turbine inlet, conse-
quently the partial derivative is quite simple.
of; _ RTImg K,
on chvq(/'lg) T,

Cr (63)

The p,” stagnation pressure at the turbine inlet is contained
within the exhaust nozzle inlet mass flow rate and its g(4,)
dimensionless mass flow rate component is also depending on
this variable.

o, _RI {m" (64)

5 M 1l G_DCP;
op;

mye,| by a(A) Py |

The turbine inlet total temperature 7" behaves similar to the
previous pressure, but it is contained in the above mentioned
locations as a square root in the denominator.

K.n

q(%)JTTC;H]

The exhaust nozzle inlet pressure is found in the dimension-

(65)

- *
2mDCv7;

oty __ RTom,
oTy

less mass flow rate ¢(4,) and in the outlet mass flow rate as
shown in (58) and (59). In Eq. (66), the partial derivative of
q(4y) is not detailed due to its complexity, see Eq. (60).

of; _ R

op,

7 GD*];; clKT*n_‘_c3 N
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(66)
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There is a single state variable remaining, the 7" stagna-
tion temperature, which has two locations where it appears in
(13). These are the mass contained within the volume of the
nozzle, which can be detailed according to the ideal gas law;
and the outlet mass flow rate, whose formula has a square root
of this temperature in its denominator. Therefore, taking these
assumptions into account, the final partial derivative for a state
variable can be expressed as shown in Eq. (67).

or; o1, R,T,m
— =0, —L=-—st (67)
On g, 04, myc, g

Equation (13) still includes some dependencies on input
variables. When investigating the fuel mass flow rate, one can
state, this variable is not contained in any form in Eq. (13),

so the corresponding partial derivative will be equal to zero.
The outflow cross sectional area A4, is a factor in the formula
of exhaust mass flow rate, i.c. it is resulting in a respective
expression found in (68), which clearly identifies, that the
stagnation temperature 7" will decrease if the exhaust noz-
zle is opened; this corresponds the unloading of the turbojet
engine, also detectable in the experiments.

of; _ 2R, (i, 1) | R

*

or,

(68)

myc, 2mpc,

4 Conclusions

In the present article, the authors have laid the basic formu-
lation of the linear, time-invariant state-space model for a sin-
gle-spool turbojet engine with special emphasis on the variable
convergent nozzle.

Nevertheless, it has to be strongly underlined that the pres-
ent state of the development is only a preliminary step in the
whole process. The next stage of the investigation must contain
the measurement-based identification of the system static and
dynamic parameters, in order to fill the members of matrices
with numeric information regarding the gas turbine engine. At
this step, some members of the equation system can be proven
as negligible; at the present stage such a sentence cannot be
made. After one has determined the actual model describing
the real system, verification must follow; then the main prop-
erties of the system should be investigated, like controllabil-
ity, observability, stability. Following these steps, the effective
work can take place on establishing a linear quadratic servo
control in order to allow the system to track a reference signal
determined by the user (e.g. pilot, etc.).

The aim of this article was to provide such a deep insight
on the physical behaviour of the gas turbine engine, so that the
established model might be the basis not only for control, but
also for engine condition monitoring, in order to detect, isolate
and accommodate faults, resulting in a fault tolerant system,
which can be then further developed into an intelligent engine.
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