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Abstract

The main objective of the present paper is to design a math-
ematical model to estimate the behavior of flying robots with
four motors (quadcopters) controlled by three algorithms; P
depends on the present errors, I on the accumulation of past
errors, and D a prediction of future errors (PID control-
ler design) with simple strategy. In this regard, a governing
equation of motion based on Newton Euler's formularies for
rigid body dynamics is presented. In order to design the con-
trol algorithm some assumptions are made such as the igno-
rance of the blade flapping, surrounding fluid velocities. This
exclusion of parameters makes the model flexible, simple, and
allows the control to be more efficiency and easy to designed
without the need of expensive computation. The simulation
studies are carried out using MATLAB program.
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1 Introduction

The terminology UAV (unmanned aircraft vehicle) refers
not just to the aircraft, but for all fly machines controlled from
the ground with the use of a controller with WIFI-connection
and is small, without the need of any pilot and is mostly called,
drone. UAVs are using new technologies of sensors, micro-
controllers, Control software, communication hardware, and
use interfaces. In researchers, UAV can generally be divided
into two types or categories fixed-wings and rotorcraft; this
paper focuses on the quad-copter.

Quadrotor is not as fast as others types of UAVs like fixed-
wing and standard helicopters, but it is largely considered a
very communal and advantageous (VTOL) Vertical Take Off
and Landing concept especially for specific type of missions
and operations needed to do it's. Last years, autonomous con-
trol of this vehicle has been worked by many laboratories and
organizations. Although quadrotor have many advantageous
properties, it has a highly nonlinear coupled and under actu-
ated dynamics. Therefore, control of the vehicle is not straight-
forward and many researchers and science test interested in
designing and verifying control methods for quadrotors. There
are a large of texts that cover quadrotor dynamics and control.

However, various techniques of control were tested for
examined behavior of quadrotor platforms (Al-Younes et al.,
2010). Nonlinear control technique was developed and based
on the equations of motion of rigid body Newton Euler's for-
malism (Mian and Daobo, 2008). A multi-layer aerial vehi-
cle was studied with new modeling simulation and control of
rotorcraft with four motors (Mahony et al., 2012). Process of
modeling and designing control laws for four-rotor type of the
Parrot UAV with state space model is obtained by using sev-
eral phenomena like gyroscopic effects for rigid bodies, and
controlled by PID algorithm (Koszewnik, 2014). Predictive
Functional Control (PFC) was made for the Parrot Drone
follow a red ball and controlling the Position and Velocity in
Space of the Quad-Rotor has an in-built proportional-inte-
gral-derivative (PID) controller with image processing open
cv (Jamkhandi et al., 2012). New model design method for
the flight control of an autonomous quad rotor; this study was
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described the controller PID architecture for the quad rotor
with Matlab/Simulik (Salih et al., 2010).

Some researches of science test and laboratories have pub-
lished their experience results in designing quadrotor proto-
types. Their work integrated on the rise of the developing and
simulation models, utilizing different controllers, equipments and
materials. In Pennsylvania State University, different studies had
been done on quadrotors, two methods of control are studied;
one of them uses a series of mode-based, feedback linearizing
controllers, the other using a back-stepping control law tested
on DraganFlyer model (Altug, 2003). In Middle East Technical
University, three orthogonal piezoelectric gyro used in the system
designed to control the attitude with an LQR and PD controller of
the quadrotor (Camlica, 2004). Study was presented from Swiss
Federal Institute of Technology, including the mechanical design,
dynamic modeling, sensing, and control method for autonomous
take-off of an indoor VTOL (0OS43) only the 3 DOF are looked
(Bouabdallah et al., 2004). American University at Sharja has
published their experience work gained in the design and control
of several quadrotor generations (Al-Younes, 2009).

In this paper we will present a very simplified study of quad-
copter dynamics with design controllers PID for our dynamics
modal to follow a designated trajectory. Then we will test our
controllers with a numerical simulation of a quadcopter in flight.

The paper is organized as follows: In Section 2, we describe
the mathematical modeling with principal physical, kinematics
and dynamics flight mechanical of the quadrotor. In Section 3,
we present the fundamentals of PID controller. In Section 4 we
illustrate the essentials simulation results of present paper. In
Section 5 concludes the paper.

2 Mathematical modeling

In order to create a flying controller, we should have a good
understanding of the quadrotor movement, and its dynamics to
extract the mathematical model, this understanding it's not just
necessary for the creating of the controller but also needs to
insure that the simulation behavior will be in good agreement
with the reality of the applicable command.

The dynamics of the quadrotor subject to external forces
applied to the mass center and expressed in the body-fixed ref-
erence frame in Newton-Euler can be formulated as:

vl L

There are 12 states that describe quadrotors dynamic behav-

(M

ior: Space position ¢ = [X Y Z], Linear velocity V = [u v w],
Rotational angles # = [¢ 6 v ] (Roll, Pitch, and Yaw), and
angular velocities Q = [Q, €, Q.]. These can be considered as
the plant's outputs while the inputs are the applied forces and
torques (F, 7) generated by the four motor's rotation. M mass of
quadcopter and / is the inertia matrix which given by:

1 -1, -I

xx Xy xz
I=|-1, I, -I_| 2)
_[zx _]zy Izz

The quadrotor is considered like a rigid body with constant
mass and axis aligned with the principal axis of inertia and sym-
metric geometry (see Fig. 1), then the inertia tensor / becomes a
diagonal matrix containing only the principal moments of inertia:

I, 0 0
I=|0 IW 0| 3)
0 1
Quadrotor
.
L z
05 '

N 0
-0.5
14,

Fig. 1 Quadcopter schematic and principal axis (Mode +).

Taking account the properties of the design, the quadrotor is
only controlled by varying separately the speed of the four rotors
(see Fig. 2). Let 7, and F, be the torque and thrust for i ™ rotor
respectively (i = 1 ... 4) (these values are normalized with the
moment of inertia and mass, corresponding). Denoting L the dis-
tance between the rotor and center of mass, we can now start a
set of four control inputs U, as functions of normalized character
thrusts and torques as follows (Cooke and Fitzpatrick, 2002).

U =F+F+F+F, @

U.,: Is the total thrust. The roll moment is obtained by unsta-

ble the left (motor 4) and right (motor 2) rotor speeds:
U, = L(F, - F,). 5)

A pitch moment is achieved by varying the ratio of the front

(motor 1) and back (motor 3) rotor speeds.

U3:L(F1_F;)' (©)
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Finally, a yaw moment is produced from the torque resulting zZ
from the subtracting counterclockwise (front and back) from
the clockwise (left and right) speeds.

U4=(r,+r3—12—r4). (7
D
Moreover, the motor's thrusts are related to the motor's
angular velocity as: X
F=b(o,). ®)
Fig. 3 Angles presentation (roll, pitch, and yaw).
The motor's torques acting on the quadrotor is expressed as:
T, =d*F,. ) From this chosen modeling of angles the rotation matrix R
can be formulated by:
Where b is the static thrust constant, and d is a constant that R =Rot_ (y)*Rot,(0)*Rot, (¢)
relates moment and thrust of a propeller. v —sy 0|[c® 0 s0][1 0 0]
Y
Yaw =|lsy cy 0|l 0O 1 010 cp —s¢
0 0 1f—-s0 0 0|0 sp co¢
Pitch _ oFs Fi Roll -
y T x
w1 - L D1 -
. — aycd  spsOcy —syehp  chsOcy + sy sP
Motor 4 - / Motor 1
i 2 o R=|sycO spsOsy +cycO cpsOsy —spcy | (12)
@n : %’ : —s0 s¢co coch
Motor 3 v Motor 2 With s = sin and ¢ = cos.
9 By taking account the influence the gravitational force (Fig.
i 2) and vector of controller inputs Eq (10), the dynamic model
Eq (1) of drone is driven using Newton-Euler approach a sim-
Fig. 2 The structure of quadrotor and relative coordinate systems. plified mathematical model has been chosen (Khatoon et al.,

2014). The differential equation of motion of the modeled can
be formulated as following:
The vector U is the vector of control inputs defining by:

U=[U1,U2,U3,U4]T. (10) X=(sinwsin¢+cos¢sin900sw)%
: . S U
From the right hand rule; the body of drone fixed coordi- Y = (siny cos¢ _Sm¢5m9C°S‘/’)ﬁ
nates is defined as show in (Fig. 2). U
To successfully drive our quadrotor, the fellow steps are: Z=-g+(cos¢ COSQ)EI
e As a starting the mobile frame is coincided with that of U, (13)
the inertial frame, then the mobile frame start a rotation ¢= I_
along x direction with a roll angle: . (;X
(- 12 < ¢ < xl2). =">
A rotation along y direction with a pitch angle: 7
(- 72 <6<m2). yols
* A rotation along z direction with a yaw angle: L.
(- <wy<n).
3 The control low
It must be notified that each rotation must be effectuated In the present section, we provide an overview of PID algo-
with corresponding axe from the fixe frame R, (Fig. 3). rithm contr oller with an emphasis on simple model reference

adaptive control (MRAC) (Ghaffar and Richardson, 2015). Its
main objective is to design of adaptive flight PID controller
for the quadrotor drone. The control input « used to control the
position and angle of the drone respect to the reference input
designed as follows:
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u(t)=K,e(t)+K, e(t)dt+K,é(t). (14)
K is the proportional gain;
K is the integral gain.
And K : is the derivation gain.
With error can be formulated as:
e(t)=s, = p.(1), (15)

s ¢ is the setpoint or desired position.

And p, (?): is the process variable at instantaneous time
according to S,

A high-quality controller must be able to establish a desired
position, in which the yaw, pitch and roll angles stay constant
and stable.

By using Pythagoras theorem and implementing the follow-
ing assumptions and cancellations:

1. The quadrotor is considered like a rigid body with con-

stant mass and symmetrical structure.

2. The Inertia matrix (/) of the vehicle is very small and to

be neglected.

3. The center of mass and center of gravity coincides.

4. Thrust is proportional to the square of the propellers speed.

Based on the above assumption and considering the drone as
a material point, which their rotational angles can be identified
using a desired position, the whole methodology is depicted in
the (Fig. 4). The desired angles (Roll, Pitch, and Yaw) can be
extracted in the following expressions:

¢, =tan"'(Z,/Y,) (16)
0, =sin"" (X, /\JZ}+X ). (17)

And:
w,=cos (Y, /X +Y+Z). (18)

Fig. 4 shows Roll, Pitch, and Yaw angles during the motion
of quadrotor. It can be seen, from this figure, that a very good
tracking of the desired angles can be established to get better
position. In this step we considered every instantaneous posi-
tion create a cube with inertial frame, the dimensions of this
cube are changed with every instant chosen for recalculate
rotational angles, hence, for eliminate blockage case we taking
account critical value of pitch angle 6 < 7/2.

From the geometry modeling of our model, the input needs
to control the spatial location (X, ¥ and Z) are given in the fol-
lowing expressions:

t
u, =K, (X, -X)+K [(X, —X)+Kdd(Xd—_X)

0

(19)

' d(y,-v
uyzKp(K,—Y)+Kij(d—Y)+Kd—( Zit ) (20)

0

[ dZ,-7Z
uz=Kp(Zd—Z)+KiJ‘(Zd—Z)+Kd¥. 1)
t
0
With K, K and K, are PID controller gains for
coordinate position.
The orientation angles are controlled as described in
next equations:

t d =
u¢=Kpu(¢d—¢)+Kiaf(¢d—¢)+1<da$ (22)
, d(0,-0)
ue:KW(@—a)+1<iaj(9d—9)+1<daT (23)
t d _
u, =K, (wd—w)+KiaI(wd—w)+KdaM- (24)

0

Where Kpa, K, and K ., are parameters of PID controller forth
control of Roll, Pitch and Yaw angles.

Xreﬁ Yreﬁ Zref Sp

Za

¢
VA Wa Yu
O1
v )4 B I S—
0 Xa
¢
X

Fig. 4 Description of rotational angles.

4 Simulation result and analysis

In order to analyze the dynamics movement of the proposed
quadrotor. The physical parameters of our model used in the
present paper can be found in (Mohammed et al., 2014 ). A PID
controller was designed based on equation (13) and integrated
into Matlab. The altitude controller is designed to stabilize the
vertical position of the platform at 25 m to minimize the influ-
ence of the error on the rotational angles. The control structure
is described by equations (24) of the form (Koszewnik, 2014,
Bouabdalth and Noth, 2004):

e, =7
e, =Zyr—Z;

— * sk _ * 5
uZ—Kp e, +K,*e, - K, *e,.

(25)
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Fig. 11, Fig. 12, and Fig. 13 shows the roll, the pitch, and

the yaw angles variations during the motion of the present

The variations on the Z, X, and Y directions over times are

presented in Fig. 5, Fig. 6, and Fig. 7 respectively, the curves

show that the quadrotor is attempted the desire position which model. The errors of the rotational angles are presented in the

prove the accuracy of the present controller. The corresponding  (Fig. 14), its shows that the model is stable with an acceptable

=25m.

error when it’s reach Z

errors are depicted in Fig. 8, Fig. 9, and Fig. 10 confirms the

precision of the present model.
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Fig. 8 Error path in altitude Z.

Fig. 5 The Z position path relative to the reference of UAV.
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Fig. 9 Error trajectory in X position.

Fig. 6 The X position path relative to the reference of UAV.
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Fig. 10 Error trajectory in Y direction.

Fig. 7 The Y position path relative to the reference of UAV.
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Fig. 12 Simulation results of trajectories along the Pitch.
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Fig. 13 Simulation results of trajectories along the Yaw.

Fig. 15 illustrates the 3D trajectory of quadrotor during the
flight. It shows a good robustness towards stability and track-
ing for desired trajectory. This explains the efficiency and sta-
bilizing of control strategy developed in this paper. Simulation
results presented at the end, confirm that the proposed stabi-
lization and control strategy could be succefully used UAV.
The PID controller proved to be well adapted to the quadrotor
when flying and hovering.
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Fig. 14 Error of rotational angles (¢, 6, ).
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Fig. 15 The final simulation results of global trajectories in 3D.

5 Conclusions

This paper investigates the mathematical modeling, stabiliza-
tion and control of a small quadrotor UAV. The model is devel-
oped based on Newton-Euler assumption. The obtained model
is coupled with a PID control algorithm. The resulting system
is converted to a Matlab algorithm to study the performance of
the present model. The simulation results prove that the adopted
process of modeling and control is uncomplicated, prompt and
effective for the trajectory guiding. The error between the desired
and simulation trajectory is very low for the three control angles,
and the altitude which proves the robustness towards stability and
tracking of the proposed model.
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