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Abstract
Numerical analyses, validation and geometric optimization of 
a converging-diverging nozzle flows has been established in 
the present work. The optimal nozzle contour for a given nozzle 
pressure ratio and length yields the largest obtainable thrust 
for the conditions and thus minimises the losses. Application 
of such methods reduces the entry cost to the market, promote 
innovation and accelerate the development processes. A para-
metric geometry, numerical mesh and simulation model is con-
structed first to solve the problem. The simulation model is 
then validated by using experimental and computational data. 
The optimizations are completed for conical and bell shaped 
nozzles also to find the suitable nozzle geometries for the given 
conditions. Results are in good agreement with existing nozzle 
flow fields. The optimization loop described and implemented 
here can be used in the all similar situations and can be the 
basis of an improved nozzle geometry optimization procedure 
by means of using a multiphysics system to generate the final 
model with reduced number sampling phases.

Keywords
rocket engine, converging-diverging nozzle flow, validation, 
optimization, CFD

1 Introduction
The different simulation methodologies are widely spread 

in many segments of the vehicle engineering as naval architec-
ture (e.g.: Schweighofer et al. (2015)), energetic and propul-
sion systems (e.g.: Beneda (2012)) and aircraft structures (e.g.: 
Rohács at al. (2016)) for example because significant amount 
of cost, capacity and time can be saved by these approaches. 
Hence, the CFD (Computational Fluid Dynamics) based opti-
mization process has been introduced in the present case for 
thrust maximisation of rocket engine nozzle flow.

Design and developments of rocket engine nozzle flow started 
at middle of last century. Guderley and Hantsch (1955) solved 
the problem of finding optimal nozzle contours with prescribed 
nozzle length and ambient conditions which are usually design 
constraints, using variational calculus. The method was compli-
cated and not widely used until it was simplified by Rao (1958) 
after it became known as the Rao nozzle or Thrust Optimized 
Contour (TOC) nozzle. It was also suggested by Rao that the 
Thrust Optimized Parabolic (TOP) geometry could be approxi-
mated by a skewed parabolic contour with only minor difference 
in performance (1960). Since TOP solutions only yield discrete 
points, functional representation of the nozzle geometry can 
offer advantages in design. One of these representations is called 
Parabolic Bell Nozzle (PBN). Direct nozzle optimization using 
numerical tools was carried out by Cai et al. (2007) who mod-
elled and optimized the performance of nozzles operating in vac-
uum thus the computational domain only consisted of the nozzle.

A new application of the CFD and optimisation method is 
established in the present case for process development for 
optimization converging-diverging nozzle flow by expecting 
the highest level of accuracy. This work is divided into two 
parts. First, a validation and verification of the nozzle model 
using experimental and computational data is presented. 
Afterwards the paper deals with the optimization of nozzle 
contours for having the maximum thrust by using the numeri-
cal model to be constructed.

The nozzle optimization problem can be defined as the fol-
lowing: given a set of external parameters and geometric con-
strains, find a nozzle wall contour such as the resulting thrust 
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produced by the nozzle is maximal. The external parameters 
are: ambient pressure, temperature and chamber pressure, tem-
perature. The geometric constraints are the nozzle length and 
throat diameter. Air as ideal gas has been used for the oper-
ational fluid. Validation and verification is carried out using 
published experimental (Torngren, 2002) and computational 
(Luedeke and Filimon, 2006) data on the VAC S6S test noz-
zle, which is an air-operated Truncated Ideal Contour (TIC) 
nozzle. The nozzle has a throat diameter of 67.08 mm and an 
exit diameter of 250.3 mm yielding an expansion ratio of 13.9. 
Regarding the optimization process described in Section 3, the 
converging and throat sections of the nozzle are kept to be con-
stant and the optimization is carried out on the diverging part of 
the geometry using one and two control points.

2 Numerical Modelling and Simulation
2.1 Flow Domain

The throat section of the nozzle for validation is based on 
the VAC S6S nozzle (Torngren, 2002) using a point-tracing to 
obtain the geometry. Additional smoothing and curve fitting 
was employed so that the geometry can be generated with an 
arbitrary amount of control points. The points are then used 
to generate a coordinate file that can be used in the modelling 
environment. This geometry will be used also in the optimiza-
tion as initial geometry.

To account for the effects of supersonic nozzle exhaust a 
large open area is modelled both upstream and downstream of 
the nozzle. The nozzle inlet section is also extended upstream 
of the nozzle to properly model the stagnation conditions at the 
inlet section. For a simpler handling of the geometry the height, 
upstream open length, downstream length and inlet distance 
from the nozzle can be controlled via parameters. Principal 
dimensions are set to 5 m length and 3 m height. The chamber 
inlet is 1 m upstream. The origin of the coordinate system is 
located on the nozzle axis in the throat section. This model is 
used also in the parameter sensitivity analyses.

2.2 Numerical Mesh
The used mesh is 2D, unstructured and axisymmetric. The 

region near the axis has smaller cells to capture details of the 
plume pattern. The throat region is the densest part of the mesh 
(see Fig. 1). An inflation layer is applied to the nozzle wall. Edge 
lengths inside the nozzle are set to be 2·10-3 m but there is also 
a denser hemispherical area originating from the axial exit point 
with cell edge lengths of 1.5·10-3 m. This is the region where the 
normal shock can appear during overexpanded operation. The 
boundary layer consists of 20 cells with a total thickness of ~0.6 
mm. Total cell number for the baseline mesh used in the vali-
dation process is 119685. The modified grids used in mesh and 
model sensitivity studies vary from that. The mesh generated 
during the optimization process is similar to the baseline mesh 
and cell numbers vary less than 5 % from the baseline.

Fig. 1 Mesh close-up on the nozzle area

2.3 Material Properties, Boundary Conditions and 
Solver Settings

The working fluid is single-phase air as ideal gas in all 
cases. Initial Courant number was set to 1 and the flow field 
was initialised using hybrid initialisation. The locations and 
the types of the boundary conditions are shown in Fig. 2. 
Implicit density-based axisymmetric solver was used with 
full second-order upwind discretisation using the Roe Flux-
Difference Splitting scheme for cell wall flux calculations and 
Cell-Based Least Squares method for the gradients. The turbu-
lence model used is the Shear Stress Transport model, coupled 
with the total energy equation. The present settings are used in 
the all simulations afterwards.

Fig. 2 Boundary conditions

3 Validation and Verification
The physical parameters of the boundary conditions to be 

considered for validation are found in Table 1. Following the 
converged steady state conditions, the comparison between 
the measured and simulated data is made using the wall pres-
sure profiles normalized with the chamber pressure. The avail-
able experimental and numerical data is plotted along with the 
present results (see Fig. 3). The presently calculated normal-
ized pressure profiles are in agreement with the validation and 
verification datasets, particularly in the lower Nozzle Pressure 
Ratio (NPR) range for the investigated case.
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Table 1 Boundary conditions for validation

Boundary name Parameters

pressure-inlet (chamber)
ptotal=2100000 Pa, Ttotal=400 K, air as ideal 
gas

pressure-inlet (ambient) ptotal= 100000 Pa, Ttotal=300 K, air as ideal gas

free-slip wall adiabatic, zero shear

wall adiabatic, no slip

pressure-outlet ptotal= 100000 Pa

Fig. 3 Comparison of wall pressure profiles measured (black lines, 
(Torngren, 2002)), CFD (points, (Luedeke and Filimon, 2006)) and 

the results of this work (coloured lines)

To compare the wall pressure results with the experimental 
data, the normalised L2 norm is calculated. Results are shown 
in Table 2. The average value of the L2 norm is 3.6 %, which 
is below the 5 %, hence the results are acceptable in technical 
point of view.

Table 2 Normalised L2 norm of the wall pressure

NPR L2 (experimental) [%]

14.5 2.78

21 1.18

29.8 2.98

43.4 7.50

3.1 Parameter Sensitivity Studies
The geometry is checked to not interfere with the flow in the 

nozzle. Parameters were found independent for the relatively 
small 3x5 m ambient flow field. The mesh was also checked for 
independence with mesh resolutions at 300,000 600,000 and 
900,000 cells. The effect of discretisation schemes was also 
studied and it was found that the first-order upwind scheme 
predicted the flow separation prematurely.

4 Nozzle Optimization
The optimal geometry depends on the type of nozzle used, 

which translates into the number of internal control points 
used. In the present work a 1-parameter conical nozzle case 
and a 2-parameter parabolic nozzle case are concerned. In both 
cases the boundary conditions are the same and are summarised 
in Table 3. Boundary conditions are associated with the upper 
limit of the test samples, which is at NPR=59.7. Both the work-
ing fluid and ambient gas is air as ideal gas in the all simula-
tions. The goal function in the both investigated cases is to get 
the maximum thrust meanwhile the shapes and the outlet cross 
sections of the diffusers are the parameters.

Table 3 Boundary conditions at nozzle optimization

Boundary name Parameters

pressure-inlet (chamber) ptotal=2400000 Pa, Ttotal=400 K, air as ideal gas

pressure-inlet (ambient) ptotal= 40201 Pa, Ttotal=300 K, air as ideal gas

free-slip wall adiabatic, zero shear

wall adiabatic, no slip

pressure-outlet ptotal= 40201 Pa

4.1 Conical Nozzle: 1-parameter Optimization
Only the exit diameter is design parameter in this case. Up to 

the throat the geometry is fixed. There is an extra point down-
stream of the throat section which is placed to smooth the tran-
sition between the spline of the confusor section and the linear 
segment of the diffusor trough a tangential condition. The diam-
eter of the nozzle is controlled between 0.16 and 0.20 meters. 
The Central Composite Design (CCD) method generates 5 
design points which are then used by a non-parametric regres-
sion to construct the response surface, which is one-dimensional 
here. Thrust is derived from the diameter (input parameter) and 
simulation outputs (mass flow rate, mean axial exit velocity and 
pressure difference). The optimum condition response is plot-
ted in Fig. 4. The function has a well observable minimum at 
approximately de=0.164 m outlet diameter. The results show 
that the flow at the optimum expansion condition and a weak 
oblique shock is observable in the plume which is in agreement 
with the internal flow fields produced by other conical nozzles. 
The flow field of the optimized nozzle is found in Fig. 5.

4.2 Bell nozzle: 2-parameter Optimization
The diffusor section of the geometry is represented with a 

second-order parabolic curve where the nozzle diameter 𝑑𝑒 and 
the “y” coordinate of the point P1 halfway downstream from the 
throat are the design variables and the thrust condition is eval-
uated in a 2D design space. The parameter P1 varies between 0 
and 1 in a way that at the minimum, it becomes a conical geom-
etry and at maximum the diameter still has the maximum at the 
nozzle exit. The diameter of the nozzle is controlled between 
0.16 and 0.20 meters as before. The CCD method generates 9 
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design points this time which are then used by the non-para-
metric regression to obtain the response surface. The pressure 
difference is plotted in Fig. 6. As with the previous case, the 
driving parameter in the optimal solution is the expansion cri-
teria. The nozzle flow field is similar to the one produced by 
TOC nozzles, the internal shock system is clearly visible in 
Fig. 7. The smaller gradient in the contour at the exit means that 
the flow can better be oriented axially. The increase in thrust is 
around 1 % compared to the conical nozzle from 12560.86 N 
to 12665.43 N. The small diameters in both cases are due to the 
relatively small NPR value.

5 Discussion
The choice of a low nozzle pressure ratio in the optimiza-

tion process was made due to the fact that the numerical mesh 
was only validated for this NPR region. It remains to be inves-
tigated how it performs in higher NPR ranges, which is nec-
essary for practical applications. The main issue here is the 
flow field initialisation for extreme pressure differences, which 
might require an advanced initialisation technique.

6 Conclusions
In the present work the performance and feasibility of 

numerically optimized converging-diverging nozzle flows were 
investigated. The results from the numerical model compare 
well with the experimental and computational data and predict 
the correct flow structures and parameters with high confi-
dence, reproducing the experimental data with 96.4 % average 
accuracy. The optimization loop built upon the model was then 
tested on the diffusor of a one-parameter conical nozzle and a 

two-parameter bell nozzle to yield the largest obtainable thrust 
for the prescribed conditions. In both cases the method finds 
the optimum parameters and the resulting Mach contours and 
internal flow field structures are in good agreement with exist-
ing nozzle types. The method presented above is potentially 
extendable to include additional parameters and increase the 
polynomial order of the contour at the cost of increased com-
putational cost. A natural extension is also the incorporation of 
gas species and combustion simulation instead of the homog-
enous air-operated model presented. A more advantageous 
addition would be a coupled stress and thermal analysis of the 
nozzle where the simulation data can be used to define a mul-
tiple-objective optimization in which the thrust is maximized 
while keeping the stress levels, nozzle weight and heat loads 
within certain limits.
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