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Abstract

The design, mathematical model and methods of calculating static characteristics of the radial hydrostatic compensator of machine 

tool bearings deformation are considered. The research has shown that the design is able to provide a stable value of negative 

compliance in the range of small and moderate load values. It has been identified that the type of characteristics largely depends on 

the adjustment factor of the input choke hydraulic resistance, for which there is an optimal value in terms of the load characteristics 

stability. The example of calculating the compensator′s parameters is given, and it is shown that the compensator is capable to provide 

the functions for the machine with real characteristics.
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1 Introduction
The durability, reliability and quality of work of trans-
port vehicles are largely determined by the accuracy of 
machining of the main components and their parts on met-
al-cutting machines.

In the process of metalworking the Technological 
System (TS) of the machine tool deforms as a result of 
loads. Deformation leads to the displacement of the 
machine component parts, as a result the machine loses 
the ability to ensure machining accuracy partially or com-
pletely (Goddard, 1973). One of the ways to eliminate this 
drawback is to use devices that can compensate deforma-
tions in technological machine tool systems automatically 
(Blondeel et al., 1976a; Blondeel et al., 1976b; Blondeel et 
al., 1980; Kodnyanko, 2010; Kodnyanko, 2011; Kodnyanko 
and Kurzakov, 2017; Shatokhin et al., 1988; Shatokin and 
Shatokin, 1991; Shatokin et al., 2001).

The deformations of an ordinary technological system 
are characterized by its positive compliance. In order to 
achieve zero compliance (absolute stiffness) of an automatic 
TS it is necessary that the automatic deformational compen-
sator included in this system has negative compliance equal 
to the absolute value of the conventional TS compliance.

Gas-static and hydrostatic bearings with active dis-
placement compensators capable of providing negative 
compliance are known (Demin et al., 2008; Eresko et al., 
2009). These structures are characterized by low energy 
consumption and the ability to compensate significant dis-
placements in which other hydrostatic bearings, such as 
bearings of negative compliance with active compensa-
tion of lubricant consumption, would be inoperable. The 
bearings have stable load characteristics and satisfactory 
dynamics when operating in negative compliance modes 
(Kodnyanko, 2010).

The paper considers a compensator, which is a modifi-
cation of a radial hydrostatic bearing with a limitation of 
the lubricant output flow. Structurally, the compensator is a 
container to place a passive TS bearing in it; together they 
provide a reduction of the machine tool compliance to zero.

2 Compensator description
Presented in Fig. 1 the radial hydrostatic compensator has 
housing 1 and sleeve 2, which are in contact with the elas-
tic sealing rings 3 that can be deformed when the com-
pensator perceives the force f acting on the bearing (as an 
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example rolling bearing 10 is shown in Fig. 1). The design 
also contains spring 4, which is in contact with housing 1 
and sleeve 5 by its surfaces.

Lubrication enters the compensator through the slotted 
chokes 6 under constant pressure ps , then enters cavity 7 
under pressure pc < ps and further, overcoming the hydrau-
lic resistance of gap 8 with thickness h formed by the sur-
faces of sleeves 2 and 5, enters the drain through channels 9.

To exclude circumferential lubricant overflows that 
negatively affect the compensator bearing capacity, gap 
8 and cavities 7 are divided into a sufficient number n of 
equal-sized sections using narrow longitudinal seals (not 
shown in Fig. 1). 

To exclude circumferential lubricant overflows that 
negatively affect the compensator bearing capacity, gap 
8 and cavities 7 are divided into a sufficient number n of 
equal-sized sections using narrow longitudinal seals (not 
shown in Fig. 1).

The force f acting on the sleeve 2 deforms the rings 3, 
causing a radial displacement of this sleeve. As a result, 
there is a change in the hydraulic resistance and the pro-
file of the gap 8 on the eccentricity e1 > 0. This entails 
a change in the pressure pc in the cavities 7 and the gap 
8, resulting in a hydrostatic force fc opposite to the force 
f, which, acting on the sleeve 2 and both surfaces of the 
sleeve 5, shifts the sleeve by the value of their eccentricity 
e2 < 0, providing the bearing capacity of the compensator 
and reducing the eccentricity e e e

3 1 2
= +  of the sleeve 2 

and the housing 1. The force fc is balanced by the force of 
elastic deformation of the spring 4. With the increase in 

the spring compliance ks , at certain values of it, the com-
pensator's compliance will become negative.

3 Mathematical modeling and calculation method
In the stationary mode, the pressure distribution func-
tion p(z, φ) in the lubricant layer of thickness of gap 
h z h e, cosϕ ϕ( ) − ( )= 

0 1
 satisfies the boundary value 

problem for Reynolds differential equation (Booser, 1997; 
Khonsari and Booser, 2008)
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where z and φ are the longitudinal and circumferential 
coordinates, h0 is the thickness of the gap 8 with no load 
on the compensator.

The calculation of the static characteristics of the com-
pensator is carried out in a dimensionless form. The scales 
of basic values taken are as follows: radius r0 for linear 
dimensions, ps for pressures, r ps0

2  for forces, h0 for gap 8 
and eccentricities, h ps0

3 μ for volumetric lubricant con-
sumption through slotted chokes 6 and 8, where μ is lubri-
cant viscosity. Further, the dimensionless values are indi-
cated by uppercase Latin or lowercase Greek letters.

The presence of narrow longitudinal seals makes it pos-
sible to consider the lubricant flow in gap 8 to be one-di-
mensional, which simplifies the problem (Eq. (1)) con-
siderably. In this case, the solution of its dimensionless 
analog is the function

P Z P Z
Ac
h

, ,ϕ ϕ( ) = ( )  (2)

where A L Lh = −
1 0

.

The function Pс (φ) can be found from the condition of 
lubricant flow rate equality at the inlet and outlet of cavi-
ties 7 (Al-Bender and Van Brussel, 1992; Bhushan, 1999; 
Voskresensky et al., 1983). Using the well-known formu-
las to determine lubricant consumption through chokes 6 
and 8 of the respective sections, we obtain

H P A Pc c
3

1= −( ).  (3)

Here H ϕ ε ϕ( ) = − ( )1
1
cos  is function of the dimensionless 

thickness of gap 8, A is dimensionless parameter of chokes 6.
Parameter A can be determined from the Eq. (3) under 

the condition that there is no load on the compensator, Fig. 1 The design scheme of the compensator
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when H = 1 , all eccentricities are zero, the pressure Pc is 
constant and equal to a certain parameter, which is con-
venient to use as an input when adjusting hydraulic resis-
tance of the mentioned chokes (Byant et al., 1986).

Then A = −( )χ χ1 , and the pressure in cavities 7 can 
now be calculated by the formula

P A
A Hc ϕ( ) =
+ 3

.
 (4)

Taking into account the adopted scales, the hydrostatic 
force acting on the surface of sleeves 2 and 5 in the area of 
gap 8 can be determined by the formula
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The hydrostatic force acting on the surface of the sleeve 
5 from the spring 4, we define the same way

W R P dZd A Js c
L

L

s= ( ) =∫∫2
1

0

2

0

1

ϕ ϕ ϕ
π

cos
 

(7)

and, finally, the hydrostatic force acting of the surface of 
sleeve 2 in cavities 7 is found by the formula
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where A A R A L Ls h c= = −( )2 2
1 1
, .

When calculating the eccentricity ε3 , compliance  K = 
d dFε3  and load F, the following parameters are used 
as input ones: lengths L, L0 , L1 , outer radius R1 of sleeve 
5, factor χ , coefficient Ks of radial compliance of spring 
4. Neglecting o-rings 3 compliance, the equation of the 
relationship between the eccentricities and of the force 
balance disks 2 and 5 can be written in a convenient form 
for calculations

ε ε ε ε
2 3 1 2
= −( ) = + = +K W W F W Ws h s h c, , .  (9)

Taking the eccentricity ε
1

0 1∈[ , ]  as a variable value when 
calculating the load characteristics of the compensator, 
the integral (Eq. (6)) was sequentially calculated, the pres-
sure in cavities 7 was calculated by formula (Eq. (4)), then 
hydrostatic forces were found using formulas (Eqs. (5), 
(7), (8)) and, finally, using formulas (Eq. (9)), using the 
formulas (Eq. (9)), we determined total eccentricity ε3 and 
force F
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After differentiating (Eq. (9)) with respect to ε1 , the 
compensator compliance formula is obtained
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The integrals J and J1 were calculated by the Simpson 
rule (Dwight, 1961).

4 Research results and discussion
Figs. 2 to 4 represent the results of the calculation of the 
characteristics of the compensator for R1 = 1.1; L0 = 0.01; 
L1 = 0.15; L = 0.4.

Fig. 2 shows the load dependences of ε3(F) for various 
values of the coefficient Ks of the spring 4 compliance (see 
Fig. 1). The sampling frequency of these dependences is 
determined by the parameter Ks0 , at which the compen-
sator has zero compliance in the neighborhood of F = 0.

When Ks = 0 that corresponds to absolutely rigid spring 
4, the compensator has a positive compliance K = K0 , at 
which bearing 10 subsides under the load in the compen-
sator just increasing the TS compliance.

With increasing Ks , the compliance of the structure 
decreases gradually and, at Ks = Ks0 , the compensator 
reaches zero compliance (absolute rigidity) in the range of 
low and medium loads.

When Ks > Ks0 , the compensator acquires negative com-
pliance K < 0 and, therefore, the ability to compensate for 

Fig. 2 Dependences of ε3(F) for different values of Ks at χ = 0.37
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the TS deformation automatically. Thus, at Ks = 2Ks0 , the 
compensator has negative compliance, which, in absolute 
value, is equal to the positive compliance of the structure 
with a rigid spring (Ks = 0).

A visual representation of the compensator compli-
ance K is given by the curves shown in Fig. 3. It can be 
seen that the compensator has almost zero instability 
N dK dFk = ≈ 0  of the compliance magnitude (a measure 
of load characteristic non-linearity) in the range of small 
and moderate forces F ≤ 0.42 Fmax , where Fmax is the max-
imum load on the structure.

These conclusions allow writing simple approximate 
dependencies of the compensator compliance K and the 
eccentricity ε3 on the compliance Ks of spring 4 for the 
mentioned range

K K
K
K

K
K
K

Fs

s

s

s

= −








 = −









0

0

3 0

0

1 1; .ε
 

(13)

On the same basis, in the range of the compensator sta-
ble compliance, the values of K0 and Ks0 can be found by 
integrating (Eq. (6)) in the vicinity of small ε1 , for which 
dependences following from Taylor formula are valid
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Taking into account (Eq. (14)) and (Eq. (9)), in this range 
the compensator compliance can be found by the formula

K
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From (Eq. (15)) it is possible to obtain the formula of 
the spring compliance of the compensator with zero com-
pliance (K0 = 0)

K
L L Rs0

1 0 1

1

3 1 2 1
=

−( ) −( ) −( )πχ χ
.  (16)

Fig. 4 shows the graphs of the compliance K depen-
dence on force F for various values of the adjustment fac-
tor χ under the condition that  K = –0.4  with  F = 0 . For 
small  χ  the compensator has a considerable margin of 
negative compliance, however, in the operating range of 
force F change, compliance  K  is characterized by its 
significant instability. With a larger  χ  by F increase, the 
compensator compliance is growing rapidly that leads 
to a significant reduction in the range of low instability. 
Consequently, the best value of the factor  χ  from the 
point of view of the minimum criterion  Nk  is in some 
intermediate range.

If we assume that the acceptable deviation of the char-
acteristic K from the initial value K(0) is no more than 5 %, 
then the values of the parameters with minimal instability 
Nk shown in Fig. 4 are characterized by curves K(F), corre-
sponding to χ = 0.37. In this case, the compensator ensures 
stable compensation of the TS deformation to F = 0.48 Fmax .

5 An example of the calculation of the compensator
We calculate the characteristics of the hydrostatic com-
pensator, providing zero compliance of the CNC horizon-
tal boring machine (Mineev and Blinov, 2012), for which 
the radial load is f = 5000 N acting on the front end of the 
spindle, the value of the TS deformation at the spindle 
departure is ed = 80 μm, angular contact bearings have an 
outer diameter of d = 280 mm.

We will use the compensator for which the calculations 
and graphs are shown in Fig. 3.

The TS compliance is k e fd d= = = −
0 16 1 510

8
. . .µ kg m N

Fig. 4 Dependences of K(F) for different values of the factor χFig. 3 Dependences of K(F) for different values of Ks at χ = 0.37
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Taking into account the size of the bearings' outer 
diameter, we put  r0 = 160 mm  and  h0 = 160 μm. Then the 
TS dimensionless deformation is εd de h= =

0
0 5. .

We assume  F = 0.2  which corresponds to the aver-
age load of the compensator stable compliance range. 
Using the force scaling formula, we calculate the value 
of lubricant pressure at the inlet of the compensator 
p f r Fs = =

0

2
0 98.  MPa .

The TS dimensionless compliance is K Fd d= =ε 2 5. .  
To compensate for the TS deformation fully, it is nec-
essary to comply with the condition where K Kd+ = 0 . 
Therefore, K Kd= − = −2 5. . According to (Eq. (15)) and 
(Eq. (16)),  K0 = 0.79  and  Ks0 = 3 .

Using the formula (Eq. (10)), we find K Ks s= 0

1 12 5
0

−( ) =K K .  and K Ks s0 4 1= . . The compliance of 
the spring is k K h r ps s s= = ⋅ −

0 0

2 8
8 10 m N .

Thus, to ensure the TS zero compliance, the ratio of the 
compensator spring radial compliance  ks  to the TS com-
pliance kd should be 12 5 2 5 5. . =  in this case.

Using the formula (Eq. (13)), we find K Ks s= 0  
1 12 5

0
−( ) =K K .  and K Ks s0 4 1= . . The compliance of 

the spring is k K h r ps s s= = ⋅ −
0 0

2 8
8 10 m N .

Thus, to ensure the TS zero compliance, the ratio of the 
compensator spring radial compliance ks to the TS com-
pliance  kd  should be 12 5 2 5 5. . =  in this case.

6 Conclusion
The study of the static characteristics of the TS radial 
hydrostatic deformation compensator shows that the 
design is capable of providing a stable negative compli-
ance in the range of low and moderate loads. The type of 
these characteristics largely depends on the factor of the 
input choke hydraulic resistance adjustment χ , for which 
there is an optimal value in terms of the load characteris-
tics stability. The example of calculating the compensator 
parameters shows that it is capable of proving its func-
tions for a machine tool with real characteristics.

The important properties of the compensator, which 
also affect its performance, are the stability and dynamic 
response of the structure to the force effect, which can be 
assessed by the speed and quality of the system dynamics 
based on the calculation and study of the non-stationary 
model of the compensator.

The dynamic characteristics of the compensator can be 
obtained and investigated on the basis of its mathemati-
cal model, which is based on the non-stationary Reynolds 
equation.
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