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Abstract

This paper presents a case study of a servo control synthesis to design either a one degree-of-freedom
(ODF) controller or a two-degree-of-freedom (TDF) one. In order to achieve nominal performance
and meet robust stability specifications, tHg, /. synthesis is applied for controller design to take

the structured uncertainty of the plant into consideration. In this way, the controller can be designed
to provide the track of the predefined reference signal, reduces the effects of the disturbances and the
uncertainties on performances. In the paper, the design strategy is illustrated for an inverted pendulum
device. Itis demonstrated that ODF controllers do not satisfy requirements of practical application
and therefore TDF controllers are required.

Keywords: robust control, servo control, two degree-of—freedom contrdies/ . synthesis, uncer-
tain linear systems.

I ntroduction

In the last decade, the application of the ODF controller for servo problem has been
widely used in practice. For the control synthesis, both linear quadratic Gaussian
(LQG) methods andH,, optimization procedures are proposed. The advantages of

these controllers are simple construction and easy implementation. In the last few
years, the TDF controllers have also been proposed. They comprise two compo-
nents, a prefilter and a feedback component. With TDF controllers, the designer
has more scopes to satisfy the different design specifications. An important design
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criterion is the robust performance, i.e. the controller should be designed in a way
to be suitable not only for the nominal model but also for the actual plant. The
controller design is based on tl, /1 method, which extends the standatg,
method withu analysis and synthesis,dYLE et al., (1989); BLAS etal., (1991);
ZHou and DoyLE, (1996).

There are several methods to design TDF controllespYA and Bon-
GIORNO (1985); LMEBEER et al., (1993); UNDSTROM et al., (1999) etc. IME-

BEER et al., (1993) proposed two different design methods based on normalized
coprime factors of the plant. In the first approach the feedback controller and
the prefilter are designed in a single step, and in the second method the feedback
controller and the prefilter are designed in two separate design stages. The first
approach is also proposed byMLE et al., (1991).

KEvICczKY and BANYASZz, (1994) followed a different path to servo system
design through an iterative scheme. In their scheme the model identification and
the controller design steps are performed in a sequential way to improve the perfor-
mance properties of the controlled system. This scheme has a number of excellent
properties, BkoR et al., (1999).

The aim of this paper is to present the servo control design methodology based
on H,/u, which provides nominal performance and robust stability for an inverted
pendulum device. The nominal model is derived from an identification process.
This model deviates from the actual plant, because of the numerical problems of
the identification algorithm, measuring error, and uncertain components of the ac-
tual plant to be controlled. The aim is to design a model-based controller, which
guarantees not only the nominal performance, but also the robust performance.

The organization of the paper is as follows. Section 2 discusses the robust
servo control design both in ODF and in TDF cases. Section 3 presents the problem
setup, i.e. the performance and the robust specifications of the servo design for an
inverted pendulum. Section 4 and Section 5 demonstrate the examination of the
Hoo/ 1 synthesis, and give some comparison results. Finally, Section 6 contains
some concluding remarks.

1. Robust Control Design for a Servo Problem

Consider a closed-loop system, which includes the feedback structure of the plant
Gnom, controllerK with the feedback par, and prefilter parK,, and elements
associated with the uncertainty models and performance objechigd). In the
diagrant isthereferenceyisthe control inputy is the outputn is the measurement
noise, anck is the deviation of the output from the required one. The structure of
the controllerk may be either ODF or TDF. The TDF controller may be partitioned
into two parts:

K = [Kr Kyl.

In the case of ODF controlle; = K,. The required transfer functiofy, from
r to y is defined by the designer. Inside the dashed boXrand Ay, which
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represent the uncertainties between the nominal model and the actual plant. Let the
type of uncertainty be multiplicative at the plant input. Itis assumed that the transfer
function Wk is known, and it reflects the amount of uncertainty in the model. The
transfer functionAy, is assumed to be stable and unknown, except for the norm
condition, [Amllc < 1. In the diagramgz is the input of the perturbationy its

output. The main performance objective is that the transfer function ffrtme be

small, in the| - ||, sense, for all possible uncertainty transfer functiags The
weighting functionW;, reflects the relative importance of the different frequency
domains interms of the tracking error. The weighting functgmepresents impact

of the different frequency domains in terms of the sensor noise.

Necessary and sufficient conditions for robust stability and robust perfor-
mance can be formulated in terms of the structured singular value denoted as
DovYLE, (1985). Applying the weighting functions and the TDF controller, the
augmented planP with inputsw, r, n, u, and output, e, r, y, respectively, can
be formalized as follows:

0 0 0 Wk
P(s) WeGnom —WeTyr 0 | WeGnom :[ Pt | Pi2 }
0 | 0 0 Po1 | P22
_Gnom 0 _Wn _Gnom

Note that the form oP in the case of ODF is the same except tBat= [Gnom | —
W,] and P>, = Gpom, See LMEBEER et al., (1993).

Fig. 1. Closed-loop interconnection structure

The systenM is the 2x 2 block-structured transfer function matrix, which
is derived by the lower linear fractional transformatié,P, K) (Fig. 2):

M M
M — [ 11| M12 :|’
M21 | M2
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where

T
3 WR(I + KyGnom) ~1K¢
M11=—WRKy(l + GnomKy) 1G ,M=[ X -
11 RKy( nomKy) nom 12 —WRKy(I + GnomKy) wh
Moy = [WE(' + GnomKy) ™ GnomKr _WeTyr]

Ma1 = We(l + GnomKy) 1G
21 el + GromKy) nom —We(l +Gnome)_1GnomeWn

Z
|

K

Fig. 2. Generalized closed-loop structure

Note that the form ofM in the case of the ODF is the same except that
Kr == Ky.

Our goal is to guarantee the robust performance of the closed-loop system
in the face of nominal plant perturbation. Robust performance is equivalent to
IFu(M, Al < 1, whereF,(M, A) is the upper linear fractional transformation:

Fu(M, A) = Mz + Mo A(l — M3 A) M.

» The closed-loop system achieves nominal performance if the performance
objective is satisfied for the nominal plant modglem. In this problem, that
is equivalent to the following form:

M2l < 1.

» The closed-loop system achieves robust stability if the closed-loop system
is internally stable for all the possible plant models. In this problem, that is
equivalent to a simple norm test on a particular nominal closed-loop transfer
function:

[Mi1]lec < 1.

» The closed-loop system achieves robust performance if the closed-loop sys-
tem is internally stable for all the possible plant models, and in addition to
that, the performance objective is satisfied:

supu(M) <1 & [u(M)fe < 1.
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The goal of theu synthesis is to minimize over all stabilizing controllé€s
the peak valug:, (-) of the closed loop transfer functidq (P, K). The formula
is as follows:

mKinsupuA[FL(P, K)(jw)].

In this formula the block structura is defined in the following form:

A= H: Aol AO :| : Al € Cle, Az € C3X1} C C4X2.
2
The first block of this structured set with inpotind outputw corresponds to the
scalar-block uncertainty\yy which is used to model the uncertainty. The second
block, A, is a fictitious uncertainty block with inpug and outputs, n. This
block is used to incorporate the,, performance objective on the weighted output
sensitivity transfer function into the-framework. At present, there is no direct
method to synthesize @ optimal controller, however, the D-K iteration, which
combinesu-analysis andH,, synthesis yields good results. For a constant matrix
M and an uncertainty structure, an upper bound fqu, (M) is an optimally scaled
maximum singular value:

ua(M) <infp e p,a (DMDD),

whereD , isthe set of matrices with the property tliat = AD foreveryD € D,,
A € A.
Using this upper bound, the optimization is reformulated as

ming sup,infy . 7 [D,FL(P, K)(jo) D11,

whereD,, is selected from the set of scaligy independently of every. The
optimization problem can be solved in an iterative way usingd@ndD. This is
the so-called-K iteration. Itis performed with a two-parameter minimization in a
sequential way, first minimizing oveé¢ with D,, fixed, then minimizing pointwise
over D, with K fixed, etc. Although the joint optimization dd and K is not
convex and the global convergence is not guaranteed, this approach works well,
BALAS et al., (1991); RckARD and DoYLE, (1993); ZHou and DoYLE, (1996).

In the following sections, the servo control design will be demonstrated
through an inverted pendulum both in ODF and in TDF cases.

2. Problem Setup: Servo Control Design for an Inverted Pendulum

The simplified structure of the inverted pendulum is showFip 3. The cart is
propelled by a DC servomotor supported by a power amplifier, the cart position
and the rod angle is measured by potmeters. Direct digital control can be realized
by means of a computer complemented with analog to digital and digital to analog
converters. The objective of the experiment is to design a controller which stabilizes
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Fig. 3. Schematic diagram of the laboratory experiment

the rod and keeps the cart in a desired position. Further details of the structure of
the inverted pendulum can be readSmumelidis et al., (1997).

This is a two degree-of-freedom system, the inpus the force of the cart
the outputs are the displacement of the cart, and the angle of the rod. The motion
differential equations of the inverted pendulum are as follows:

(M +m)y —mlé?sind + mld cosd = F
my cost + mlé = mgsing,

whereM is the mass of the canty is the mass of the rodl,is the length of the rod.
This is a nonlinear system, which is simplified by a linear model in the identification
process.

The controller must be designed in such a way that the following criteria are
met:

Foecification 1: The closed-loop system must be stable.

Soecification 2: Let the reference signal for the displacement be a step function
with 0.4 steady state value. The output signals, i.e. displaceyngracking) and
rod angled (interaction), should satisfy the following specifications:

» The settling time should be less than 10 sec, ilgt) —y()| < 0.04,
vt > 10 sec.

» The overshoot should not exceed 10%, k&) < 0.45, vt.

The steady-state error should be under 1%,|yé&) —y(t)| < 0.004.

» The interaction should be minimal, i.e(t) < 0.1, Vt.

» The steady-state in the other channel should be minimal {o) < 0.1.

Soecification 3: The control voltage must not be more than 10 V.
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3. The Hy /1t Synthesis of the ODF Controller

Let the required transfer function from the reference to the displacement of the cart
be the following simple first-order system:

L1
M st 1

The pendulum uncertainty is modelled as a complex scalar block, multiplicative un-
certainty at the plantinput. Letthe frequency weighting function of the unmodelled
dynamic be as follows:

s+ 200

s+ 2000

It means that in the low frequency domain, the modelling error is about 30% and,
in the upper frequency domain it is up to 100%. The frequency functions of the
performance and the robust stability are showrdriig. 4. It is assumed that the
sensor noise is 2 mm in the cart position and 0.01 rad in the rod angle in the whole
frequency domain.

R =

L]

= Twening Erme e aighiing 7 yaibes

Fig. 4. Uncertainty and performance weighting functions

Using the weighting functions of the nominal performance and the robust
stability specifications, the optimé&l,, controller is designed using the standard
gamma iteration. The gamma value achieved is 20.74. Mjheand My, transfer
functions associated with robust stability and nominal performance may be evalu-
ated separately. The controlled system achieves robust stability, however, it does
not achieve nominal performance. This conclusion follows from the singular value
plots as it is shown iffrig. 5.
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Fig. 5. Robust stability and nominal performance with,, controller

In the next step, the D-K iteration is performed. The results of Step 4 of the
D-K iteration are shown ifrig. 6. It is claimed that both the nominal performance
and the robust stability requirements are fulfilled. Moreover, robust performance is
also achieved, because the valug:a$ under 1. The important values of the steps
of the D-K iterations are shown ifeble 1.

Table 1. Summary of the D-K iteration

Iteration #1 #2 #3 #4
Controller Order 7 9 17 23
D-Scale Order 0 2 10 16
Gamma Achieved 45.000 2.867 1.226 0.991
Peaku Value 44999 2.867 1.226 0.995

The step responses of the cart position and of the rod angle with the control
inputare showniiirig. 7. The steady state of the cart position meets the requirement,
however, the transient properties of it do not meet other requirement. The oscillation
of the step response is significant and the overshoot exceeds the required value. The
interaction between the signals also exceeds the defined limit. The most serious
problem is that the control input increases significantly in a short time period. It
means, that the controlled system does not meettisp&cification, and therefore,
the controller is not realizable.

It is noted that theoretically a weighting function can be applied to the control
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Fig. 6. Robust stability and nominal performance after the D-K iteration
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Fig. 7. Step responses of the cart position and of the rod angle with control input

input to decrease its amplitude. Experiment results show, however, that in this case,
nominal performance and robust stability specifications cannot be metidsing
synthesis. Moreover, to achieve robust performance these specifications would
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have been modified in a way, which would not satisfy requirements of practical
application. Consequently, the design specifications do not fulfill if ODF servo
controller is used.

4. The Hy /1t Synthesis of the TDF Controller

The conclusion of the previous section leads to the application of the TDF servo
controller. This structure provides the weighting of the control input, which is im-
portant in terms of the controller realization. The role of the weighting funatipn

is to emphasize the different frequency domains of the input effort. The modified
closed-loop structure is shown Fg. 8. In this case, the other design specifica-
tions are also improved. E.g. the designed controller meets the robust stability
requirement, however larger modelling error is allowed. The frequency functions
of the performance and the robust stability are showFkign4. Let the frequency
weighting function of the control input be as follows:

1
=55

It means, that the effect of the reference signal on the control input do not exceed
26 dB.

Wy

e e e

Fig. 8. Closed-loop interconnection structure

Using the weighting functions of the nominal performance and the robust
stability specifications, the optimél,, controller is designed using the standard
gamma iteration. The gamma value achieved is 2.34. The controlled system
achieves robust stability, however, it does not achieve nominal performance, as
it shown inFig. 9.

The results of Step 2 of the D-K iteration are showirig. 10. It is claimed
that both the nominal performance and the robust stability requirements are met.
Moreover, robust performance is also achieved, because the valuis ainder 1.

The important values of the steps of the D-K iterations are showalite 2.

Using a simulation procedure the step responses of the cart position and of the

rod angle with the control input are shownHig. 11. The tracking of the reference
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Fig. 10. Robust stability and nominal performance after the D-K iteration

signal meets the requirements both in the transient time domain and in steady state.
The interactions between signals are also eliminated accordingly in line with the
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Table 2. Summary of the D-K iteration

[teration #1 #2
Controller Order 7 9
D-Scale Order 0 2
Gamma Achieved 2.344 1.012
Peaku Value 2.086 0.991

specification. When the weighting functidyj, is applied the control input does not
exceed the value set in specification 3. Moreover, the order of the TDF controller
significantly lower than the order of the ODF controller.
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Fig. 11. Step responses of the position and of the angle with control input

The designed controller is used for the real inverted pendulum. The step
responses measured show similarly good properties to the simulation results, as it
is shown inFig. 12.

5. Conclusion

In this paper theH,. /.« servo controller design has been presented through the ap-
plication of an inverted pendulum. It has been demonstrated that the ODF controller
is not sufficient and a TDF servo controller is required. The TDF controller was
designed in a way that robust performance of the controlled system is guaranteed.
In the near future, the focus of the project will be on the development of an iterative
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Fig. 12. Step responses of the position and of the angle with control input in real situation

scheme for the model baséd, /. controller design. The scheme will be applied
to other problems from our practice in the field of vehicle control.
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