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Abstract

Turbojet engines have been used for many decades in aviation. Although their share in civil aviation is minimal, with the advent of
Unmanned Aerial Vehicles (UAV's) there are new applications. Their operation depends on complex aero-thermodynamic laws, and
optimum performance is strongly affected by the control system. The authors have previously investigated how the Turbofan Power
Ratio (TPR), originally introduced on Rolls-Royce commercial turbofans, can be used in control of single stream turbojet engines. Based
on those results, in the present paper the assessment of flight characteristics is introduced, based on mathematical models, which
are available of the particular gas turbine type under investigation. Like the corrected rotor speed, the ratio of TPR and actual thrust
depends on Mach number, therefore, this function is determined in this paper. The investigations also included a deteriorated model
under control of both corrected rotor speed and TPR, which has shown that TPR can partially recover thrust loss thus improving the
safety of the power plant. As a conclusion, TPR is worth of utilizing in control systems as it results in more straightforward thrust

correlation and reduced performance loss over time. Furthermore, measuring simultaneously with other common engine parameters,

the extent of deterioration can be signalized to the crew before it evolves into a catastrophic failure.
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1 Introduction

The goal of this paper is to perform an investigation of
Turbofan Power Ratio (TPR), to identify its applicability as
thrust parameter for single stream turbojet engines under
subsonic flight conditions. This compound parameter was
introduced by Rolls-Royce originally (Davies et al., 2006)
and can be seen in Eq. (1), with p,, and p , being the inlet
and outlet total pressures of the compressor, respectively,
T, is compressor inlet total temperature, and 7  is turbine
discharge total temperature:

TPR = £ /5 (1)
PN,

The rest of Section 1 details the actuality of the work
by introducing turbojet engines and their possible control.
Section 2 introduces the component level mathematical
model, which is used in the present assessment. The model
has two branches, one for the baseline (nominal, undete-
riorated) compressor and another for the deteriorated

case, which has the role to investigate the effects of com-
pressor degradation on the operation of the power plant.
Section 3 begins with the verification of the model, then
it contains a description of Mach number dependency
of TPR-to-thrust ratio, which is a new achievement of
this paper, finally it shows details of effect of TPR con-
trol on the engine behavior with deteriorated compres-
sor. Connecting to the previous thoughts, Section 4 pro-
vides further discussion on the achieved results. Finally,
Section 5 provides a conclusion for the paper.

1.1 Turbojet engines

Turbojet engines were among the first operational gas tur-
bines for aircraft propulsion, which revolutionized air
transport in the mid-20" century. They allowed significant
increase in velocity, which allowed for shortening flight
durations, reaching longer ranges and higher altitudes.
However, their operation was not optimal in the speed range
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dictated by commercial flight. Although there were plans to
develop a supersonic transport aircraft in all major design
bureaus, due to changing economic circumstances, finally
only two types reached production and British Aircraft
Corporation (BAC)-Aerospatiale Concorde was the only
one operated for a considerable period. As commercial avia-
tion abandoned the plans for supersonic flight, the improve-
ment of gas turbine engines took a different path, and first
low, then high bypass ratio turbofan engines evolved. These
offer significantly lower thrust specific fuel consumption
and have superseded single stream turbojet engines almost
totally. However, few utilizations are still possible, mostly
in military applications, where high velocity is not a lim-
iting factor, and very often they provide propulsion for
Unmanned Aerial Vehicles (UAV's) (Yucer and Nacakli,
2024). This still new and constantly emerging segment of
aviation has opened new aspects of turbojets as well, where
simplicity weighs more than other aspects in which tur-
bofans or turboprop engines would otherwise dominate.
Consequently, even if this segment is limited, there are
surely operators, where these engines will be maintained in
service for additional decades in the future, thus, it is worth
carrying out investigations to improve the efficiency and
reliability of turbojet engines. A few examples of current
research topics involving turbojets include the development
of robust, adaptive (F6z6 et al., 2019) or fault tolerant con-
trols (Han, 2023), self-tuning proportional-integral-deriva-
tive (PID) systems (Gao et al., 2024), or may focus par-
ticularly on less deeply discovered transient phenomena
like effects of starting fuel scheduling and its possibili-
ties of improvement (Montazeri-Gh and Dastjerdi, 2024).
Furthermore, there is a strong demand of creating engines
capable of running on hydrogen, thus a lot of engineer-
ing challenges are found in combustion related fields like
effects of pure hydrogen supply (Balli, 2022) or combined
fuel injection systems with simultaneous supply of Jet Al
and hydrogen (Brodzik, 2024), environmental impacts of
using hydrogen as power source including exergy anal-
ysis (Yucer and Nacakli, 2024) or focusing on pollution
particles (Ciupek et al., 2024). There are some researches
that deal with the problems of the combination of hydro-
gen fuel and traditional control systems (Xiao et al., 2023).
Other bio- and sustainable aviation fuel blends are also in
focus as reported by Sen (2023) or more common liquids
like ethanol (Andoga et al., 2021). Investigation of meth-
ods that are suitable for any turbine engine are also quite
often performed on simple, less expensive turbojets, like
noise reduction with chevrons (Cican et al., 2023), devel-
opment of optimal temperature distribution at the turbine
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inlet for reduction of blade and vane distress (Ghahramani
et al., 2023), optimization of pressure ratio (Zare and
Veress, 2022) or multi-objective optimization with genetic
algorithms, particle swarm or grey wolf methods (Aygun
et al., 2023), health monitoring of bearings (Przysowa
et al., 2023), exergy analysis (Balli et al., 2022) or endo-
scopic particle image velocimetry (PIV) methods (Rohacs
et al., 2023). There are also novel approaches, which can be
used in more electric aircraft like electrically driven fuel-oil
pumps and their advanced control (F6z6 and Andoga, 2022)
or intelligent thermal imaging dedicated to diagnostic func-
tions of turbojet engine operation (Andoga et al, 2019).
Turbojets belong to the group of gas turbines, which
produce thrust for propulsion. They can have one or more
(typically two, maximum three) rotating assemblies,
each equipped with a compressor unit (of one or multi-
ple stages, which are of axial and/or centrifugal ones) that
supplies an increasing pressure of air towards a combus-
tion chamber, where fuel is constantly burned with incom-
ing pressurized air during the operation, and a turbine unit
(with one or more stages, mostly axial, sometimes radial
ones) downstream of the combustor that is mounted to the
same shaft and produces the drive torque for its own com-
pressor. The exhaust gas has considerable energy content;
thus, they can be used in a nozzle to produce thrust out-
put. A typical turbojet engine is shown in Fig. 1, which
is a simplified schematic of the engine under investiga-
tion. Some numbers are not included in the list of aero-
dynamic stations, as they represent such cross-sections of
the engine, which are not realized in all designs, like after-
burning, throat of a converging-diverging nozzle, etc.

1.2 Control of turbojet engines
Considering the engine as a machine that converts energy,
one can state that it takes place in two major steps:
1. the chemical energy contained within the fuel is
turned into heat energy in the combustion chamber,

Fig. 1 Simplified longitudinal section of a simple turbojet engine with
designation of major aerodynamic stations
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2. the heat energy is then converted into kinetic energy
of the exhaust gas to accelerate it in contrast to that
state in which it has entered the engine.

Control of turbojet engines has the goal to maintain
a desired thrust set by either the flight crew or an auto flight
system. However, although there were investigations to
overcome this limitation, thrust cannot normally be mea-
sured when the engine is installed on an aircraft, because
several other forces are occurring, and the net force cannot
be separated from other individually unknown components,
only an aggregate value could be determined. Therefore,
engine control systems are based on parameters of the tur-
bojet, which show proportionality with the net thrust com-
ponent. The most widely used parameters are the following:

* Rotor speed (in case of multiple rotors, the designer
may choose any one which has more suitable behav-
ior for the given operation): this parameter strongly
affects the amount of air that is drawn into the
engine and the pressures throughout the flow path,
thus proportionality is provided, but it is far not lin-
ear. Furthermore, ambient conditions also influence
the actual thrust output at a given rotor speed, thus,
if the aircraft has a considerable speed range (even
in commercial subsonic aviation), the engine con-
trol system must incorporate shifting of the control
line due to these changing operating circumstances.
Nevertheless, a considerable percentage of the gas
turbine engines are controlled by rotor speed, and
recent researches also focus on the improvement of
this method e.g., (Tang et al., 2020).

* Engine Pressure Ratio (EPR), which is the ratio of
pressures at the turbine discharge and the compres-
sor inlet, typically measured as total values (not
static): this ratio expresses how much the working
medium will be accelerated in the exhaust nozzle but
excludes ram effect up to the intake of the engine.
This offers less nonlinearity in contrast to rotor
speed and is therefore more closely proportional to
the main parameter, thrust (Arif et al., 2018).

e TPR: this parameter was developed by Rolls-Royce
and was used in their commercial turbofan engines as
reported by a conference paper (Davies et al., 2006)
or as it is shown in a patent (Rowe and Kurz, 1999).
Although not being a parameter originally dedicated
to turbojet engines, investigating its definition in
Eq. (1) it can be stated that it does not contain any
specific parameter, which only holds for turbofans
but cannot be implemented in a turbojet.

Although originally the definition of TPR contained
turbine inlet temperature 7, in the numerator of the square
root ratio, Rowe and Kurz (1999) already suggest utili-
zation of 7, in their original patent due to difficulties in
measurement of T',. The authors have also used turbine
exhaust gas temperature 7, in the present investigation.

The authors have previously carried out several studies
regarding the possibility of utilization of TPR in the control
system of turbojet engines. It was proven that the parame-
ter itself can be used as thrust parameter (Beneda, 2015),
and in case of a constant flight condition (altitude and
velocity kept unchanged), TPR shows a linear correlation
with thrust. Several measurements have also been per-
formed, which demonstrate this correlation.

A complete modular electronic control system was
built that implemented a PID algorithm for TPR control.
Accuracy of reference tracking was very good according
to the measurements carried out.

Later, a Linear Quadratic Integrator control was
designed (Derbel and Beneda, 2019), and a Sliding
Mode Control has been investigated as well (Derbel and
Beneda, 2020). The latter showed superior characteristics
against conventional control algorithms.

After several successful ground tests, a flight measure-
ment was prepared. The present paper is connected to this,
its goal is to establish the theoretical background of the
relationship between TPR, and engine thrust when the
engine is installed on an aircraft and flight conditions can
change significantly.

2 Mathematical model of the turbojet engine under
changing flight conditions

The mathematical model, which can be used to determine
the behaviour of the turbojet engine within a wide range
of flight conditions (altitude, Mach number), is necessar-
ily built on a non-linear basis to consider those effects
are inherent to all gas turbines. This includes compo-
nent characteristics and general gas dynamic correlations
as well. In the latter aspect, air and gas parameters are
calculated as a function of temperature and gas composi-
tion. This requires an iteration in compressor, turbine and
exhaust nozzle as the flow parameters implicitly contain
either specific heat at constant pressure or the adiabatic
exponent. In Subsections 2.1 to 2.5, the component level
models are introduced.

2.1 Atmosphere and air intake duct
As turbojet engines are intended for flights basically in
lower altitudes, mostly tropospheric conditions, the Inter-



national Standard Atmosphere (ISA) is used to calculate am-
bient conditions. The model has the possibility to incorporate
deviations in both temperature (A7) and pressure (Ap, )
at the sea level, thus real-day conditions can be calculated
besides the standard nominal circumstances, according to
Egs. (2) and (3), where the sea level standard day values are

T, ,_,=288Kandp,, ,= 101,325 Pa, respectively:
T,y =T, 40 —0.0065H + AT, ,, )
T, o —0.0065H )"
Pon = Pon=o e RIEAVZR ©)
To,H:o

Air intake must be separately modelled in two differ-
ent assessment groups depending on flight Mach number.
As subsonic speed range is considered, a conventional air
intake is modelled, up to a maximum of M = 0.95, which
is the ultimate velocity reached by subsonic aircraft.
The diffuser duct has a moderate deceleration; thus, the
optimum operating condition is set to M, = 0.6, at which
the ram recovery reaches a peak, in all other conditions
this parameter decreases according to a nonlinear law of
Mach number, as described in Eq. (4):

1.35

G e = 22 =0.97-0.03(0.6— M, [ . @)
P

2.2 Compressor model

Instead of a complete mathematical model based on physi-
cal laws, this model uses a simplified concept that focuses
on the cooperation of the three major parts of the engine:
compressor, turbine, and nozzle. The engine is equipped
with a fixed jet pipe, thus, the cooperation of the above-men-
tioned components degrades to a single curve on the com-
pressor characteristic map, as seen in Fig. 2. The curve has
been determined by measurements and is superposed over
the factory map of the compressor under investigation.

Thus, instead of calculating all aspects of the compres-
sor by aero-thermodynamic correlations, the following
simplified equations are integrated into the model.

In order to investigate the behaviour of TPR in case
of engine deterioration, the authors chose to implement
a baseline compressor model and a deteriorated one
based on the results disseminated in a conference paper
by (Meher-Homji et al., 2013). These changes involve pres-
sure ratio, mass flow rate and efficiency on the side of the
compressor. It is assumed to have an influence on the tur-
bine inlet temperature as well, which is discussed later.
The engine with no deterioration is called as nominal or
baseline engine. The authors only included a single point
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Fig. 2 Compressor map showing cooperation curve of engine components

of deterioration instead of implementing a complete prog-
ress of the degradation. This is considered too complex
to be included in a single investigation and will be per-
formed later. The effects of a degradation in the turbine
were similarly abandoned, as it will have similar influence
on engine output parameters.

2.2.1 Rotor speed

As the compressor used in the particular engine is origi-
nally developed by Garrett for turbochargers, rotor speed
is normalized with an inlet total temperature, which is
typical in piston engines. Original corrected rotor speed is
described by the formula seen in Fig. 2 and Eq. (5):

Peorr =n\/T’2(R) —n\/ T (K) )

545 R \302.78 K

However, it needs to be modified according to the dif-
ferent station numbering, SI units used here, and standard
day correction, as shown in Eq. (6). Note that indexing
is simplified to "c" as this parameter will be used in the
majority of the model.

N EAT
¢ 288.15 K

T,(K
| L2 (K) SRTK ) 025m, .
302.78 K \(288.15 K

This scaling factor will be incorporated into the model

©)

when transforming physical rotor speed to corrected one,
as the model calculates in SI and standard day conditions,
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meanwhile the original map contains factory correction
data. Thus, the maximum value of 153,400 RPM corre-
sponds to a physical speed of n, = 149,609 RPM under
standard atmospheric conditions, hence, this value will
be used throughout the investigation as the nominal rotor
speed, all relative values are normalized by this value,
as indicated in Eq. (7):

7, = (7)

2.2.2 Mass flow rate

Similar to the rotor speed, mass flow must be normalized
in a different way in contrast to that used by the manufac-
turer, including a common depression in the intake duct of
a piston engine, as shown in Fig. 2 and Eq. (8):

- .(£)28.4 inHg |T,(R)
“r min /) p,, (inHg)\ 545 R
I, (K)

302.78 K

®)

min

_ .(lj%m Pa
pzZ(Pa)

The problem of Eq. (8) is not only the usage of non-stan-
dard correction factors and units, but also that it is not
a non-dimensional ratio. It is more suitable for the present
model to include the non-dimensional mass flow rate, g(1),
indicated in Eq. (9):

my T,

A)=— N2
)= s,

—m(lj%m [T,
min P 302.78 (9)

m( orr

Imin 0.4536 kg
X x x
60 s 11b

302.78
96173x 4,8,

air

K‘l

In (9), 4, is the compressor inlet cross-sectional area,
which equals to 1.116 x 107 m?, g
constant of various material properties, for pure air it is

.. is a dimensionless

ai

0.0404. Thus, the factor between the corrected mass flow
rate given by factory data and the non-dimensional mass
flow rate ¢(4) can be determined as seen in Eq. (10):

\/302.78

96173x 4,8

Imin  0.4536 kg
= X X

= =0.03034. (10
“60s 11b (10

Thus, one can rescale the horizontal axis of Fig. 2, from
where the dimensionless mass flow rate can be plotted
against corrected rotor speed as shown with blue markings

in Fig. 3 and its Eq. (11) can be determined. Note that the
deteriorated points are also plotted with red color in Fig. 3.

g(2), =-0.0893(7, )" +0.69287, —0.142. an

This correlation will be used when dimensionless mass
flow rate must be determined after relative corrected rotor
speed has been established. Afterwards, the physical mass
flow rate is found from Eq. (12):

= q()’)pIZAZﬁair ) (12)

VT,

In case of degradation, the assumption is that the dam-
age is of 1% efficiency drop, which in turn results ina 1.2%
decrease in mass flow rate according to the model dis-
cussed by (Mcher-Homji et al., 2013). Thus, the changed
equation is indicated in Eq. (13):

q(1),=-0.1032(7,) +0.7167, —0.1713. (13)

2.2.3 Pressure ratio

In contrast to the two previously detailed parameters, pres-
sure ratio does not have to be rescaled, and can be used in
the model immediately. Forming pairs of rotor speed and
pressure ratio values from the points of the cooperation
curve in Fig. 2, the following function can be determined,
as depicted in Fig. 4, and shown in Eq. (14):

7, =2.6409(7,)" ~1.12547, +1.3104. (14)

Equation (14) will be used when pressure must be
determined after relative corrected rotor speed has been
established. Thus, using Eq. (15) compressor outlet total
pressure can be calculated:

D3 =P, (15)

In case of deteriorated compressor, Eq. (14) is modi-
fied according to (Meher-Homji et al., 2013). Their inves-
tigation showed an approximate 1.08% reduction in
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Fig. 3 Change of dimensionless mass flow rate ¢(4) as a function of

relative standard day corrected rotor speed 72,
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standard day corrected rotor speed 7z,

compressor pressure rise; this was converted into pressure
ratio as shown in Eq. (16):

7., =2.6409(7,) ~1.12547, +1.3104. (16)

2.2.4 Efficiency

Regarding the isentropic efficiency of the compressor,
the values were interpolated from Fig. 2 and the relation-
ship shown in Eq. (17) and Fig. 5 has been determined.
Thus, the compressor temperature rise can be calculated
as shown in Eq. (18):

1. =-0.8698(7,)" +1.27927, +0.248, 17
o)
AT = Tzﬁ. (18)
I

In Eq. (17), ka is the adiabatic exponent of the air in
the temperature range of (7,,,

sor temperature rise implicitly depends on this parame-

T,). Because the compres-

ter, the calculation requires iteration with an assumed ini-
tial temperature, until it yields an acceptable convergence.
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Fig. 5 Change of compressor isentropic efficiency 7, as a function of
relative standard day corrected rotor speed 7z,
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Thus, the stagnation temperature at the compressor dis-
charge can be expressed as shown in Eq. (19):

T,=T,+AT. (19)

The assumption about efficiency drop in the deterio-
ration is that the effect is uniform over the entire speed
range, thus the shape of the curve does not change, only
the offset value is modified. Thus, the same Eq. (17) can
be used, only the last coefficient shall be changed to 0.238,
one hundredth lower than in the undeteriorated case.

2.3 Combustor model

This component is responsible for generating heat energy
from the chemical bonds of the fuel and oxygen. The most
important parameters are stagnation pressure recovery
factor o, and combustor outlet temperature 7,,. The for-
mer is assumed to have a constant value of 0.95 through-
out the entire operating range. As the stagnation pressure
recovery factor is known turbine inlet total pressure can
be calculated according to Eq. (20):

pt4 = pr3Gcc : (20)

Combustor outlet temperature is normalized using
results of an earlier measurement. Fig. 6 shows the mea-
sured values as discrete points as a function of standard
day corrected rotor speed, along with a second-order poly-
nomial estimation, whose relationship is given in Eq. (21):

288

Tae=Tu—0—
12

t4,c

=2311.8(7,) —2607.47, +16443.  (21)

The deterioration is assumed to have a step increase of
five Kelvins in turbine inlet temperature in contrast to the
baseline model shown in Eq. (21).

The previous calculation results in a normalized tur-
bine inlet temperature value, but the turbine itself operates

1020
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Fig. 6 Change of turbine inlet stagnation temperature 7, as a function
of relative standard day corrected rotor speed 7z,
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with real physical values, which can be obtained by rear-
ranging Eq. (21) according to Eq. (22):

I 2)

7;4 — Tt4.corr 288

Fuel mass flow rate is not calculated in this model, as it
is not required by other processes. Therefore, an average
value of fuel-to-air ratio is taken into account, g, = 0.015,
which corresponds to an intermediate fuel mass flow rate
at around 120,000 rpm.

2.4 Turbine model

As the investigation focuses on steady state operation of
the turbojet engine, this condition results in an equilibrium
of power demand of the compressor and the power supply
of turbine. Supposing there are no offtakes (air from com-
pressor, mechanical power from the shaft), and neglecting
the amount of fuel injected, the mass flow rate of the com-
pressor equals to the one measured in the turbine. Thus,
one can deduct the power equilibrium to an equity of the
mechanical works of the two units. Considering adiabatic
operation of both components, work can be expressed as
the product of isobaric specific heat and temperature rise
or drop, respectively. Thus, temperature drop of turbine
can be calculated from the temperature rise of the com-
pressor scaled by the ratio of the two isobaric specific
heats of the two units, as shown in Eq. (23):

C .
AT, — AT, = 24" AT (23)

Cp.gas

Cp,airATc = cp,gas

2.5 Exhaust nozzle model and thrust output
The model incorporates a description of a fixed area noz-
zle, which is typical in subsonic applications. This will
strongly influence how the regimes must be handled in
which the nozzle pressure ratio surpasses the critical one.
After turbine discharge pressure is obtained, the remain-
ing pressure ratio available for nozzle expansion can be
determined as shown in Eq. (24), taking into account losses
in the diffuser downstream of the turbine, which is approx-
imated as a constant recovery factor of g, = 0.98:

_O9p*Dis ) Q4
Dy

Ty

As the pressure ratio across the exhaust nozzle is
known, the velocity of exhaust gasses can be obtained as
indicated in Eq. (25) by one of two simple gas dynamic
correlations depending on whether the pressure ratio sur-
passes the critical one or not. Furthermore, an efficiency of

17, = 0.96 is assumed for the expansion process throughout
the exhaust nozzle.

Ky -l
ﬂRY}S 1_7TN o My if oy < Ty
Ky —1

2 .
KN RT;ST)N lf ”N = ﬂ’-cril
Ky +1

In Eq. (24), x,, is the mean adiabatic exponent of the gas

25)

passing through the exhaust nozzle, between temperatures
T, turbine discharge total and 7, nozzle exit static ones.
This requires an additional iteration until an accurate
value of T, is obtained. On the other hand, R is the specific
gas constant, which depends only slightly on the actual
composition of the exhaust gas; therefore, it is assumed to
have a fixed value R = 288 J/(kg K).

The next step is to determine whether the outlet static
pressure is larger than the ambient one or not:

poifmy<m

Py =10pDss
T

: (26)

crit

ifr, 27
crit

Now the thrust output of the engine can be calculated
with the expression in Eq. (27):

j1(cg — ifm, <m,_.
F — . m (C8 VO) T[N .ﬂcrzt ) (27)
m(cs _vo)+A8(px _po) ifzy 27,

Relative thrust is obtained by dividing the actual value
with the one that belongs to the sea level standard condi-
tions as indicated in Eq. (28):

F

F=e (28)

nom

Furthermore, a corrected relative thrust is calculated,
which is the ratio of the actual relative thrust and actual
static ambient pressure, which is the thrust generated by the
engine at the same operating regime under different ambient
pressure conditions, as seen in Eq. (29). In the majority of
the cases, the corrected relative thrust will be used as a basis.

F
Po

c

29

3 Investigations performed with the mathematical
model of the turbojet engine

3.1 Verification of the model

The initial assessment was performed with a constant
physical rotor speed, which produced such diagrams that



can be compared to data given in literature, to verify the
correct operation of the model.

As depicted in Fig. 7, the curves of relative thrust at dif-
ferent flight altitudes completely match the awaited per-
formance, thus, the model can be considered as validated.
The altitudes range from sea level to 11 km with steps basi-
cally equal to 3 km, except for the last one, where 2 km
is the difference to match the standard upper limit of the
troposphere. These altitude values will be used through-
out the entire investigation with different aspects as well.
Fig. 7 represents two sets of curves; in each set one can
find a curve that belongs to the nominal operational con-
dition and another one which depicts the circumstances of
degraded compressor. The values for the latter curves are
indicated with the index "d".

The data shown in Fig. 7 verifies the expectation that
thrust is decreasing when climbing to higher altitudes,
meanwhile the physical rotor speed is constant. The Mach
effects are also evident, as the thrust begins to drop in
contrast to its static value first in the low Mach number
region, then it turns into an accelerating rise surpassing
the static thrust itself at around 0.4 Mach. Meanwhile,
TPR shows an initially slow then rapidly decreasing func-
tion, which is offset towards higher values when altitude
is increased. This is natural, as the gas turbine operated at
constant physical speed experiences increasing corrected
speed due to the reduction in ambient temperature. Thus,
the unit works as if it would be accelerated under sea level
conditions; this explains why the thrust parameter TPR
increases with altitude under this circumstance.

Another important aspect should be investigated,
namely, how the relative corrected thrust changes in this
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Fig. 7 TPR and relative thrust curves for nominal and deteriorated
engine at different flight altitudes as a function of Mach number of
flight with physical rotor speed n maintained at constant value
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case. The results can be seen in Fig. §, evidently show-
ing both relative corrected thrust and relative corrected
rotor speed curves are offset in the increasing direction
due to the previously mentioned effect. It is important to
note that Fig. 8 does not include different curves for nor-
mal and degraded conditions regarding the relative cor-
rected speed. The reason is that the assumption of constant
physical rotor speed results in exactly the same corrected
speeds when the ambient conditions match. Thus, a sin-
gle curve represents both conditions for relative corrected
speeds at any altitude.

3.2 Investigation of modification function to maintain
constant corrected thrust output

After the validation, the change of relative thrust is inves-
tigated with either standard day corrected rotor speed or
TPR held at a constant value. It is evident that, due to Mach
effects, the corrected thrust changes even if the given thrust
parameter is maintained. Therefore, the main goal of this
part of the investigation was to establish a function for TPR,
to which the originally constant value must be modulated in
order to keep the corrected thrust output at a desired con-
stant level. The two functions can be seen in Fig. 9.

In case the corrected rotor speed is used as thrust param-
eter, the modulating factor as a function of Mach number is
indicated by the solid lines in Fig. 9. It is evident that a spe-
cific corrected rotor speed results in a certain corrected
thrust, therefore, in order to cancel Mach effects, the same
function will be suitable for all flight altitudes. The equa-
tion of the modifier function M is shown in Eq. (30), which
was derived from a third-order polynomial fit using least
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Fig. 9 Corrected rotor speed and TPR functions that allow maintaining

of constant corrected thrust as a function of Mach number of flight

squares method on the data, with a restriction that at zero
Mach number the value of the function must be unity. Thus,
if a control system maintains M, x n_= const., the corrected
thrust will remain the same regardless of flight conditions
including altitude and speed:

M, =0.1418x Ma® —0.8279x Ma® +0.2768x Ma+1. (30)

As Fig. 9 shows, it is also evident that TPR correction
lines overlap as well. This means that TPR is also use-
ful as thrust parameter, however, its modifier function MT
slightly differs from that of corrected rotor speed. This is
obtained similarly, and its equation is shown in Eq. (31):

M, =0.8215x Ma® —1.6272x Ma® +0.4708x Ma+1. (31)

3.3 Investigation of a deteriorated engine behaviour
according to corrected rotor speed or TPR control
Based on the work of Rowe and Kurz (1999), the main
benefit of using TPR in control system is that it will be
able to compensate for deterioration of the power plant.
Their focus was on high bypass ratio turbofan engine,
therefore, they assessed the effect of fan stage damage as
foreign objects surely pass through this part of the gas tur-
bine. In the present survey, the authors similarly chose the
frontal section of the turbojet engine, namely the compres-
sor, although there might be damage appearing in the hot
section as well, but the likelihood of compressor fouling,
or other deterioration is higher.

The two conditions, which were compared, are the deteri-
orated engine with rotor speed control and behaviour of the
engine with the same deterioration controlled by TPR. In each
case, the reference was the undamaged engine performance.

In Fig. 10, one can see the deviation in both cases as
a relative change in thrust output and the difference how
many percent thrust is gained back using TPR control over
rotor speed regulation.

It is evident that TPR regulation provides a noticeable
gain in thrust, even if it will not provide exactly the same
output as the undamaged engine. This gain has a peak in
the low Mach number range, its amplitude diminishes with
increasing flight altitude. The Mach number at which the
peak occurs slightly increases when the aircraft climbs.
The gain reduces when reaching large cruise Mach num-
bers, but it still remains positive, ensuring superiority of
the TPR control over the entire subsonic range.

It is also visible in Fig. 10, that TPR control provides
less than 1% loss in thrust despite the engine damage from
an average 0.45 Mach number (nearly 0.4 at high altitudes
and 0.5 at sea level); meanwhile the average loss of thrust
with rotor speed control was around 2.2% in the upper
Mach number range. This fact emphasizes the benefits of
TPR control when the engine deteriorates from its nomi-
nal condition due to damage.

4 Discussion

The model supplied such verification results, which were
in line with the expectations. Therefore, the authors have
conducted the two other parts of the investigation, namely
the establishment of a modifier function to maintain con-
stant corrected thrust and the investigation of the behaviour
of TPR control with deteriorated engine hardware.

4.1 Discussion of modifier functions
Regarding the establishment of the modifier function for
TPR control, another evidence was shown that TPR is
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suitable for turbojet engines' thrust parameter, because in
case of constant TPR the turbojet develops the same cor-
rected thrust output. It is an interesting fact that TPR is
thus proportional to the corrected value instead of the phys-
ical one. Nevertheless, it is known from gas dynamics and
similitude theory that, due to changing ambient conditions,
the physical values of thrust will differ (e.g., in sea level
application and in cruise) even if the engine itself is run-
ning in the same operational mode. That is why thrust is
normalized by the ambient pressure, as this method ensures
that the resulting corrected values will match whenever the
engine performs at the same operational mode.

It is an interesting result of this investigation that the
modifier function for the TPR crosses the curve for cor-
rected rotor speed modifier three times throughout the
subsonic range, as seen in Fig. 9. They have a nodal point
at steady conditions, where both parameters reach their
nominal values.

The second nodal point occurs at around 0.35 Mach
number. Between zero and this value, TPR modifier sur-
passes the one for corrected rotor speed, because TPR
decay is more emphasized in this speed range as seen
in Figs. 7 and 8, and reaches around 10% decrement
while rotor speed droops only by 5% in the same range.
Therefore, TPR modifier first must be higher than the cor-
responding values of corrected rotor speed modifiers.

Until approximately 0.85 Mach number, the TPR mod-
ifier runs below the corrected speed modifier function,
at which point they establish a third nodal point.

4.2 Discussion of effects of deterioration

When the engine damage leads to less effective operation
of the components, these effects will accumulate and result
in a much larger loss in thrust output than could be pre-
dicted from the individual efficiency decrease. This can
lead to a 5.5% loss in output at sea level conditions with
low Mach numbers. Although the amplitude surely dimin-
ishes as the aircraft climbs to higher altitudes, the reduc-
tion in thrust should be accommodated somehow.

If the engine is controlled by TPR, Fig. 10 shows evi-
dently that thrust output is always higher than the corre-
sponding value with corrected rotor speed control. There
is not any combination of Mach number and flight altitude,
which would result in a less powerful operational mode of
TPR control. That is why engine control system design-
ers may choose TPR as primary control, or, if they rely
mostly on conventional corrected rotor speed algorithms,
TPR can be a backup mode of operation only activated
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when deteriorations are already present in the system.
Whichever is the decision, engine reliability and perfor-
mance can be improved together, which surely leads to
noticeable increase in useful service life of the engines.

4.3 Discussion of further diagnostic capabilities of TPR
Another interesting consequence of the usage of TPR is
the possibility of comparison of nominal ratios against
other commonly measured engine performance parame-
ters. As an example, the ratio of TPR versus normalized
corrected rotor speed is depicted in Fig. 11 as a function
of Mach number, for the previously investigated altitudes.

In Fig. 11, one can see that TPR-to-speed ratio slightly
decreases as Mach number rises: by 2.3 to 4.7% of the
value at the minimum Mach number of that particular alti-
tude. The lower value belongs to the sea level conditions,
and as altitude increases, so does the slope of the curve.

Regarding the dashed curves in Fig. 11, it is evident
that TPR (as a thrust parameter) reduces as compared to
the corrected rotor speed. If the diagnostic system con-
tinuously monitors this ratio, it can have a determined
threshold at which it gives warning to the crew about
impending engine malfunction.

As the present investigation only involved a single esti-
mate of a particular deterioration level besides the baseline
engine configuration, the amount of data available is not
enough to determine a correlation between deterioration
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Fig. 11 TPR versus normalized corrected rotor speed ratio over the
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level and TPR-to-speed ratio. However, the authors sug-
gest that the establishment of such a function that results
in a numerically expressed health condition of the engine
shall be performed in the following way.

First, a more detailed deterioration model must be
implemented that allows the investigation of multiple
levels of the process. The deterioration level should be
defined as a real number which expresses the reduction of
thrust output in one tenth percent of the nominal thrust,
i.e., in case of 1% loss the health parameter would be equal
to ten. This allows the crew to monitor the process with
enough accuracy but still may remain simple. Then, the
system should continuously monitor the necessary engine
signals creating the above-mentioned health parameter.
The health parameter should be recorded together with
the time of measurement in order to provide not only an
instantaneous value of the actual condition but also offer
the overview of the trend and give the possibility of prog-
nosis based on historical data. This way, in case the health
parameter or its time derivative reaches one of more (e.g.,
two) predetermined thresholds (like early warning and
alert levels), the diagnostic system can generate different
associated alerts for the crew (either maintenance or flight
crew). Thus, the system can warn the operator before a
catastrophic failure occurs, significantly reducing the
costs of repair and loss of profit due to aircraft on ground.

5 Conclusion
The authors established a simplified mathematical model
of a turbojet with most nonlinear effects taken into account
and performed various investigations using this model.
During the assessments, the authors have determined
the modifier function that shall be used in conjunction with
the TPR control to modulate the TPR reference value under
changing Mach number conditions to maintain a stable,
constant corrected thrust output of the turbojet engine.
The authors have also focused on the diagnostic capa-
bilities of the TPR parameter and showed that this vari-
able offers an additional benefit when the engine deteri-
orates from its nominal conditions due to damage in its
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