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Abstract

In this work we define Quasi-Recurrent Weyl spaces and examine the hypersurfaces of
them.
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1. Introduction
An n-dimensional manifold W, is said to be a Weyl space if it has a confor-
mal metric tensor g;; and a symmetric connection V satisfving the com-
patibility condition given by the equation
Vigi; — 2T, =0, (1)
where T} denotes a covariant vector field and Vig;; denotes the usual co-
variant derivative.
Under renormalization of the fundamental tensor of the form

. 2

gij = A"Gi; (2)
the complementary vector 1% is transformed by the law

Tg:Ti-'r-aiIn)\. (3)

where A is a function.
Writing (1) out in full, we have

alcglj - thFflk - gihr?k - QTkg'L] =0,

where Fi—z are the connection coeflicients of the form

b= { ol } = §™(gmtTi + griTe = guiTm) - (4)
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A quantity A4 is called a satellite with weight {p} of the tensor g;;. if it
admits a transformation of the form

A=X74

under the renormalization (2) of the metric tensor g;;.
The prolonged covariant derivative of a satellite A of the tensor g;;
with weight {p} is defined by [1]

Ved=Vd —-pTiA. (5)
ReMARK 1 The prolonged covariant derivative preserves the weight.

The curvature tensor R, of the Weyl connection is defined by

o)

Ri= i, Or prh (6)
1 Gk T gl iE T RN Rit W)

and the Riccl tensor R;; of the Weyl connection is

. pm -

Rf_i' - Rijm : (‘)

Since the Weyl connection is not metric, the Ricci tensor R;; is not necessar-
ily symmetric. In fact. Ry;;; = nVT,. We remark that if 7; is a gradient.

then the space is Riemannian.

It is easy to see that the covariant curvature tensor Ry is a satellite
of g;; with weight {2}.

The Bianchi identity for the Weyl space is. by [2]

ViR 4+ VeRE, - ViRE, = 0. (8)

2. Quasi-Recurrent Weyl Spaces
A non-flat Weyl space W, (¢;;,Tx) will be called quasi-recurrent ((QRW),
in short) if the curvature tensor satisfles the following condition for some
non-zero covariant vector field or (# T%)
VsRiju1 = 205 Rispt + 0: Ry + 0 Riskt + 04 Rijot + 01 Risps . (9)
A (QRW), manifold can be Weyl recurrent. i.e. it can, beside (9), satisfy
v‘sB?z'j."n’: = O;Rz'jhi: - (10)

We examine the spaces satisfying (9) but not satisfving (10). Recurrent
Weyl spaces have been examined in [2]. We note that oy is a satellite of g;;
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with weight {0}. By multiplying (9) by ¢’ and summing up with respect to
: and [ we get

VeRjr = 20,R;p + 0;Rep + 01 R, + 0i( R + Rig) - (11)
Similarly transvecting {11) by ¢7% we obtain
ViR = 20.R + 0x (RS + R + R+ RIL) (12)

where RY = R, ¢* and RE = R, ¢’F

Hence the scalar curvature of the (QR117), satisfies (12).

By changing the indices j and % in {11) and subtracting the resulting
equation from the one obtained therefrom we obtain

o

_ Z{n

where Fop = R4 «
In fact this is the relation between the complementary vector 7; and
the recurrent vector oy.

3. Hypersurfaces of Quasi-Recurrent Weyl Spaces

Let W, (g:;, T) be a hypersurface, with coordinates u* (i = 1.2.---,n)
a Weyl space 1, 11(gqs, T.) with coordinates 2% (¢ = 1,2,---.n+1). The
metrics of W, and W, are connected by the relations
g{j:gg}]l‘?; (i.j=1.2,---,n: a.b=1,2.---.n+1). (14)
where 22 denotes the covariant derivative of z* with respect to u'.
[t is easy to see that the prolonged covariant derivative of a satellite
A, relative to W, and W,.1, are related by

Ved =25V, A (h=1.2.---,nt c=1,2,---,n+1). (15)

Let n® be the contravariant compounents of the vector field of W, +; normal
to W, which is normalized by the condition

garn®n® =1, (16)

The moving frame {z}, n,} in W, reciprocal to the moving frame {z¢, n*}
is defined by the relations

~T,

(1)
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Remembering that the weight of 2% is {0}, the prolonged covariant derivative
of ¢ with respect to u* is found as

Via? = Via? = wyn? (18)

where w;; is the second fundamental form. It can be shown that w;; is a
satellite of g;; with weight {1}.

The following two relations, which are respectively the generalization
of Gauss and Mainardi-Codazzi equations, are obtained in [2]

o d_b, ¢
Rk = Quiie + Rdbcel‘pl‘?l“]-l?z. (19)
=~ — .. s bh_c, d __ ¢
kaij —ijzk—}—RdngIil‘jIzn =0, (20)

where Rg.. is the covariant curvature tensor of W,.; and . is the
Sylvesterian of w;; defined by Quijk = wyjwik — Wprws;.

THEOREM 1 A hypersurface W, of (QRW), ., satisfies the following.

ViR — ViQiu = 204(Rirt — Qji) + 6i(Rsjur —~ Qi) +
0 (Riskt — Qisit) + 0k (Rijot = Qijsr) +
+01(Rijis — Qijhs) + RaseaVo(afzizia]).
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Proof 1 By taking the prolonged covariant derivative of (19) we have
v 7 = (D veaob oo d D vi b d
ViR = ViQie + Vs (Rabed)T7 252327 + RapedVslaizizial) .

Moreover,

v B b e :{,— ) a b ¢ d
V— E; Gkl = VSQ,_']',;_@ - Te(Rgfgcd)I?l‘j.L 2 + Raped z‘TjIkIl) .

By using (9). Mainardi-Codazzi equations and (15), we obtain the result.

THEOREM 2 A simply connected hypersurface of (QRW),1+; is Rieman-
nian.

Proof 2 If we change the indices &/, s cyclically in (21), we obtain two more
equations. Namely
ViR — ViQujs = 206(Rijis — Qijis) + i Bejis — Qujis) +
+0; (Rikis — Qirts) + 01(Rijrs — Qijrs) +
+05(Rijik — Qijin) + Rapea Vi (222
ViRisk = ViQisse = 201(Rijsk — Qusor) + 0:(Rijsr — Qjsr) +
+0; (Ritsk — Qitsi) + 0s(Rijie — Qujie) +
+or(Rijst — Qijs1) + Rabcdvl($i$§$§~f~ .
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Adding these three equations and using Mainardi-Codazzi equations and
Bianchi identities, we find

Oi(Rijsk + Rijis + Rsjur) = 0. (24)

I

Since ¢; # 0 we have
Rijsk + Rijis + Rsji = 0. (25)

From the first Bianchi identity we get
Rsyse + Rgys + Byt = 0. (26)
Hence, the result follows from the fact that R;;)s = ?-'gijgs,k]'

A hypersurface W, of W, is called totally geodesic if w;; = 0. There-
fore we have the following theorem.

THEOREM 3 If the simply connected hypersurface of {(QRW ).+ is totally
geodesic, then the hypersurface is Riemannian quasi-recurrent.

Proof 3 Follows from (21) and the Theorem 2.
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