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Abstract 

There is an important role in the lateral dynamical processes of the railway wheelset 
running along an elastic support track. This investigation shows a method for examining 
the wheel/track lateral dynamical model when the track is described as a homogeneous 
discrete elastic support beam, and the lateral creep force as a function of the lateral 
velocity of the wheelset and the track, exciting the wheelset, and the track, too. So the 
wheelset and the track form a lateral dynamical system. It can be described by a second­
order general differential equation, and two fourth-order partial differential equations for 
the wheelset and the tracks, and those can be solved by using a linear creep force excitation 
as the connection conditions between the joint differential equations. 

Mr. Chairman, Dear Colleagues! 

I will show you a method to investigate into a dynamical system from the 
point of view of stability. The system consists of a railway wheelset running 
at velocity v, and a left- and right-side rail as an elastic support beam with 
stiffness coefficient k. There is a lateral force acting on the wheelset and the 
rails, too, which can be written by using the linear Kalker method, so it is a 
creep force. The wheelset can move only in lateral direction, but it cannot 
rotate around the vertical axle z. The conicity of the wheel profile is not 
considered in this investigation. The rails are beams with anchored ends 
at the infinity, and can be derived continuously at least twice everywhere. 
The model of the wheel-rail system can be seen in Fig. 1. The wheelset has 
an elastic support with damping kk' stiffness Sb and mass mk, the lateral 
displacement is function Yk(t) considering a moving coordinate system with 
velocity v. The differential equation system in Fig. 1: 
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and boundary conditions: 

and 

where mk 

kJ: 
Sk 

Jy(t) 

Yk(t) 

li:q:t YI(X, t) = 0, 
x-;.:!:oo 

li:q:t Yr(X, t) 0, 
x-zoc 

- the mass of the wheelset, 
damping of the lateral support of the wheelset, 

- stiffness of the lateral support of the wheelset, 
- coupling force between the wheel and the rail-creep 

force, 
- lateral displacement of the wheelset, as a function of 

time, 

(3) 

y(x, t) - lateral displacement of the left- and right-side rails at 

I 
E 
p 
A 
Jy(t) 

k 

points x and t, 
- inertia of the cross-section of the rail for axle z, 
- Young modulus of the material of the rail, 
- density of the material of the rail, 
- area of the cross-section of the rail, 
- coupling force between the wheel and the rail-creep 

force, 
- stiffness of the elastic support [N / m 2]. 

The coordinate system of the rails is a stationary coordinate system, 
and creep force J(t) connects the wheelset and the rails. The essence of the 
solution is to solve the second-order differential equation for the wheelset 
and the fourth-order partial differential equation of rails, when J(t) is an 
unknown force, and finally, force J(t) is a function of the first derivative of 
the relative displacement of the wheels et and the rail at point x = vt. The 
connection condition is 

J (t) = _ 122 (dYk(t) _ ay(x, t)) 
y v dt at ' (4) 

where 122 - Kalker coefficient, 
v velocity of the wheelset. 

Since the displacement of the wheels et is a function of time only, it 
was examined in a moving coordinate system, and the displacements of the 
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~, 
y 

v 

Fig. 1. The wheel-rail system 

rails were examined in a stationary coordinate system. To transform it into 
the moving system, it should be considered at point x = vt. 

Since our system is a linear one, for obtaining a simpler solution, it 
can be supposed, that the creep force has a special form, as follows: 

(5) 

where Cf - complex constant, 
.\ - eigenvalue of the wheelset-track system. 

Before substituting it into differential equation system, (1) - (3) the Laplace 
transform method is used for (2) and (3) by applying the following general 
form: 

00 

Y(p,t) = J y(x,t)e-Pzdx. 

o 
(6) 

If it applies, then the following second order differential equation is ob­
tained: 

pAY(p, t) + (IEp4 + k) Y(p, t) = CfeAte·-pvt , 

and it can be solved formally in the form: 

Y(p,t) = De(A-pV)t, 

where 
D- Cf 

- I E p4 + pAv2p2 - 2pA'\vp + k + pA.\2 ' 

(7) 

(8) 

(9) 
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by and substituting it into (8), it will have the form: 

Y(p t) = Cf . e(A-pV)t (10) 
, IEp4 + pAv2p2 - 2pA)'vp + k + pA).2 

To use it for the left- and right-side rail [it means, to use it for (2) and (3)], 
we obtain the solution at the Laplace plane in a form: 

1': (p t) - Cf . (A-pv)t 
s/ , - I E p4 + pAv2p2 _ 2pA)'vp + k + pA).2 e , (11) 

y. ( ) Cf (A-pv)t () 
sr p, t = I Ep4 + pAv2p2 2pA)'vp + k + pA).2 . e . 12 

By applying (5) for (1), the solution will have the form of the following 
function at the coordinate system of the wheelset: 

(13) 

To write it into the standing coordinate system, notice that Yk(t) is zero 
when x "I- vt, and is non-zero when x = vt. This function can be charac­
terized by the Dirac delta function, 

Yk(X, t) = yk(t)8(x - vt) . (14) 

As it can be seen, the new Yk(X, t) is a function of time and distance x, so 
it can be transformed onto the Laplace plane, like the displacement of the 
rails by using the form: 

(15) 

Then we apply the condition equation (4) in the Laplace plane, substituting 
the partial derivative with respect to time 

(16) 

(17) 

Note that there is no connection between parameter p and time t. Substi­
tuting (5) into (16) and (17), we obtain the following formulas: 

_122 [ 2Cf . eAte-Pvl(). _ pv)-
v mk).2 + 2ky). + 2sy 
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C f At -pvt ( \ )] C At -pvt - . e e A - PV = fe e , 
I E p4 + pAv2p2 - 2pAAVP + k + pAA2 

(18) 

_fz2 [ 2Cf . eAte-Pvt(A _ pv)_ 
v mkA2 + 2kyA + 2sy 

Cf . eAte-Pvt(A _ PV)] = C eAte-pvt . 
I E p4 + pAv2p2 - 2pAAVP + k + pAA2 f 

(19) 
By adding (18) and (19) and simplifying them, the following equation is 
obtained: 

1 ] _ 2C At -pvt - e e , 
I E p4 + pAv2p2 - 2pAAVP + k + pAA2 f 

(20) 

and rearranging and reducing it to the common denominator, we obtain a 
fourth-degree equation with variable A: 

[( 
4 2 2 ) fz2 IEp + pAv p + k mk + pASk - 2pAvpkk - -;;kk-

fz2 ] 2 [( 4 2 2 ) fz2 ( 4 A 2 2 k) -2-;;pAvp A + IEp + pAv p + k kk + -;; IEp + p v p + -

fz2] [( 4 2 2 ) -J -2pAvpSk - -;;Sk >. + IEp + pAv p + k Sk = O. (21) 

As parameter p is unknown, we need another equation. Since Laplace 
transformed functions (11) and (12) use the inverse Laplace transform, we 
apply the residuum theorem, which means to determine the roots of these 
denominators, so we obtain the solution: 

(22) 

(21) and (22) together give a non-linear equation system. To solve it, first 
of all >. should be calculated, since >. is the eigenvalue of the system, and 
depending on the real part of it, the rail-wheelset system can be stable or 
unstable. Equation system (21) and (22) can be solved by using numerical 
method. As Fig. 2 shows, by using the following data there are some 
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diagrams obtained as a function of stiffness k characterizing the elastic 
support of the rail, while the constant parameter of the computation was 
velocity v. It can be seen that there exists a critical value of k, which 
is less than 105 N/m2, the system is unstable, otherwise it is stable. If 
stiffness increases, the solutions approach the limit case belonging to the 
rigid rail. It can be also seen that there are two). values belonging to given 
v and k values. One of them is the higher, and the other is the lower one. 
If velocity v increases, the real part of ). increases, too, so the stability 
reserve decreases. The ). solution had only real values, the imaginary part 
was zero. This exa111ination can be developed by considering the conicity 
of the wheel profile, and other non-linearities in the system. For example, 
the non-conical or worn wheel-rail profiles and other components of the 
vehicle, too, can be considered in addition to the wheels et itself. 

k ,N/m 2 

1010 
j ~ 

-20 

-40 v,km/h 
lit 100 

-60 0 80 
o 100 

'Ill -80 1'. 120 
~ 80 

ti -100 o 120 , 
Fig. 2. The real parts of the eigenvalues 

Data for calculation: rail profile UIC 54 

I = 4.175 . 106 m 4 
j . E = 2.1· lOll N/m2 

j pA = 54 kg/m
3 

j 

mk = 2500kgj kk = 2000Ns/mj Sk = 1.106 N/mj 
6 122 = 5 ·10 N. 
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