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Abstract

Applying some mathematical results on the asymptotic behaviour of solutions of station-
ary stochastic differential equations elaborated by H. BuNKE [2] and T. V. NHUNG [3-5],
we derive explicit conditions ensuring the existence of the stable stationary forced ver-
tical vibrations of the railway vehicle dynamic system model which was constructed by
[. ZoBoRry [6].

By using the Routh~Hurwitz criterion (see e. g. L. ARNOLD [1], p. 196) our stability
conditions are stated in terms of algebraic inequalities involving parameters of the system
model. Those inequalities can be easily checked by computers.

i. The Mogdel

To describe vertical displacements z¢, zg; in the dynamic model examined
by I. ZOBORY (see Fig. I in [6]) the following system of two second-order
random linear differential equations was used (see (8) in [6]).

mz; = kypzt — ke2i + Svzt — spzpy = 0,

(1.1)

(mp +mk)'2,:kf —kuzi + (kv -+ kp)ékg —spzt+ (s,, + sp)zkt = Sput -+ kp'tli +mpil¢ s

where m, mp, my, kv, kp, su, sp are constant parameters characterizing
the model, and u; is the random excitation representing the vertical un-
evennesses in the track. The stochastic process u; is assumed to be weakly
stationary with spectral density function gy, (w). By introducing the nota-
tions:

Z¢ = col(zt,z1¢) and Fy = col(0, spus + kptet + mpils) ,
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4 {. ZOBORY and T. V. NHUNG
system (1.1) is now equivalent to the following matrix equation:
Mit—}-KZt«}-SZt =Fy, (1.2)

where M, K and S are constant 2 x 2-matrices (see (9) in [6]). If the
spectral density function gu,(w) of process u: is given, then the spectral
density matrix Gr(w) of the excitation vector process F: is known (see
(10) and (11) in [6]). Spectral density matrix Gz (w) of the output process
Zi can be constructed by using Gr(w) and the fundamental theorem of
statistical dynamics (see (12) and (13) in [6]). Finally, by using G;(w), we
are able to calculate the real-valued spectral density function gs4(w) for
the normalized vertical axle force process

Ty =T — Ty =mpZre + ko2t + Svziq — svzt — ko2t (1.3)

(see (15) in [6]). Thus, in this way, the forced vertical vibrations of the
system model can already be analysed.

From mathematical view-point, the following questions should be nat-
urally raised:

1. Will a weakly stationary output process Z; of the system (1.2) always
exist for any weakly stationary input ¥ (random excitation) and
for any parameters m, mp, mg, ky, kp, sy and sp? As we shall see
in the next section, these questions should not always be answered
affirmatively (cf. [1-3, 5], too).

2. Whether solution process Z; is asymptotically stable in Lyapunov
sense, 1. e. all other solutions of (1.2) tend (exponentially) a.s. or in
L' to the process Z; as ¢ tends to the infinity.

3. Under what conditions of the parameters and F; the weakly stationary
solution process Z; found by I. ZOBORY [6] exists and whether it is
asymptotically stable. Such conditions will be set up in the third
section. Then we can state that this solution process Z; has necessary
and ‘nice’ mechanical properties.

2. Some Mathematical Results to be Used

The three questions arisen at the end of the previous section are very
closely related to the study of the stability behaviour of the stationary
solutions of differential equations with random parameters elaborated by
e. g. H. BUNKE [2], T. V. NHUNG [3-5], etc. To answer those questions
concerning ZOBORY’s model [6] the following mathematical results are re-
quired.
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It is wellknown, from Floquet theory, that the fundamental matrix
Q(2) (Q(to) =1I) of a periodic system

a=A()a, (2.1)

where A(t)(t € R) is a continuous T-periodic n X n-matrix function, has
the form Q(t) = P(¢)exp(tB), where P(t) is a differentiable T-periodic
non-singular n X n-matrix function and B is a constant n X n-matrix. If
all Floquet characteristic exponents of A(t) have negative real parts:

maxRe A; < —7 <0, (2.2)
2
then we have the estimate
Q()Q ™' (s)]] € kexp[—7(t — 5)] (k = constant, t > s). (2.3)

One of the interesting results of H. Bunke is the following

Theorem 2.1  (BUNKE [2], p. 51). Suppose that the following conditions
of the perturbed system

i=[A@#)+CW)]yi+2z:, teR, (2.4)

are satisfied:

(i) The deterministic matrix A(¢) holds as in (2.1), and (2.2);
(i1) The deterministic perturbation n X n-matrix C(t) is continuous on R
and an estimate

IC )| < cezp (~K?) (2.5)

holds for all ¢ > #; > 0 where ¢ = const > 0 is small enough, e. g.
¢ < k™' min(r, K/2), and K =const > 0;

(iii) The n-dimensional stochastic process z; (random input) is a.s. con-
tinuous (i. e. it has continuous trajectories a.e.) and T-periodic in
the wide sense so that

T
/E||zt|fdt< .
0

Then every solution of the perturbed system (2.4) converges a.e. to
the wide sense T-periodic solution

X = / Q(1)Q"!(s) zs ds (2.6)
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of the periodic unperturbed system
X; = A(t)xt =+ ¢ (2.7)
ast — oo, 1. e.
lim |ly: — %0 =0  (ae.). (2.8)
t—co

Applying the above theorem of Bunke and a theorem of A. STRAUSS
and J. A. YORKE [8], we have proved the following result which is a
natural generalization of BUNKE’s work ([2] p. 51) for the case when
the non-homogeneous term (input) z; in (2.7) is also disturbed.

Corollary 2.1 (NHUNG (3, 5]) Consider the ‘completely’ perturbed system
v =A@+ CH)] vt + 20+ G, (2.9)
where A(t),C(t),z: are as in Theorem 2.1, and (; is an a.s. continuous

random excitation (on the input) having either the property according to
which

t41
tl_{rgo/HCerT:o (ae.), (2.10)
t
or ra1
Jim / B¢ || dr = 0. (2.11)

t

Then any solution of (2.9) tends to the T-periodic solution x! given in
(2.6) of equation (2.7) either a.e. or in the mean, respectively, as t — oo
i.e. (2.8) holds for any solution of (2.9) or

lim Bllye — x| = 0. (2.8")

In NHUNG [3-5], Theorem 2.1 of Bunke has been essentially extended to a
large class of random perturbations, e. g. to the case of equation:

Vi=[AQ®#)+Clyt+ 2+ G, (2.12)

where the disturbance matrix C; now may be also random, or to the most
general case of the equation

Yt + A(t)yi + 2z + f(tayfa w) ) (213)
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where the disturbance vector process f may be random and non-linear in y:
(cf. Theorem 2.1 and 3.1 in [3]). The following results concern the system
(2.12).

Theorem 2.2 (NHUNG [3, 5]). Assume that matrix A(¢) in (2.12) is as in
Theorem 2.1, and the following conditions are satisfied:

(i) Random matrix C; is a.s. continuous on R so that
lim [|C:]| =0 (a.e.); (2.14)
t—cc

(i) Random process z; is a.s. continuous and T-periodic with the follow-
ing property:

[Ellzdlat < oo,
5

and there exist a ¢ > 0 and a random variable A = h(w) so that for
t > t we have

llz¢]] < R (a.e.). (2.15)

(ii1) Random excitation (; on the input is a.s. continuous so that

t4-1
tli_rg/IICT[[dfzo (a.e.). (2.16)
t

Then each solution of the disturbed equation (2.12) converges a.e. to
the T-periodic solution x? of (2.7) as t — oo, i.e. (2.8) holds.

Theorem 2.3  (NHUNG [3, 5]). Suppose that conditions (i) and (iii) of
Theorem 2.1 and the following ones are satisfied for equation (2.12):

(i) Random matrix C; is a.s. continuous and independent of the input
z; so that (2.14) and

tlim E{|C¢|=0 (2.17)
hold;

(i) Random excitation ¢; on the input is a.s. continuous so that

t+1
Jim / B|| ¢, ||dr = 0. (2.18)
t
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Then each solution y: = y(¢; to, vo(w), w) of equation (2.12) with g
large enough, and E||yo|| < oo converges in the mean to the T-
periodic solution % of equation (2.7), i. e.

lim El| y(; o, yo(w), ) — x} ()] = 0. (2.19)
Remark 2.1  Of course, all results stated in this section are auto-

matically true for the case when A(t)= A = constant matrix and z;
is a stationary input process.

3. Applications to the Elementary Model of Railway Vehicles

Let us now return to the system (1.1). Introducing the notations

) B -

Tt = 2, Zht = 2kt
) . 92 .
2t = Zt, Zht = Zkt

we get the following systém of 4 linear random differential equations of the
first order, which is equivalent to the original one (1.1)

-1 0 1 0 0 1
% S _k Sv R %
2t | _ m m m m LA
fﬂlct B 0 0 1 Z}ct
ég Sy kv _ Sy + Sp _ kv + kp 22
kit mp+my mp -+ myg myp + my, mp 4+ my kt
0
0
+ ) 0 . (3.1)

R S A
o Ry 4 i) |

In the case of system (3.1), the Floquet characteristic exponents of system
matrix A are just the eigenvalues of A, i. e. the solutions of the following
characteristic equation

-A 1 0 0
I W ky
det(A—AD)=| m m m —0.
Sy ks Su"{'sp kv+kp Y

mp+m; mp+my mp+my mp+my
(3.2)
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From (3.2) we get the following 4th order algebraic equation

m(mp + my)

e [kvkp + m(se + sp) + su(mp + mk)}

(g + 1)
kusp + kpse 5uSp
m(mp +my)  m(mp + my)

+A = (. (3.3)
Our question is now the following: Under what conditions imposed on the
parameters m, my, mg, kv, kp, su, sp will the polynomial on the left-hand
side of (3.3) be a Hurwitz one? In other words, when will all 4 solutions of
(3.3) have negative real parts

ReX; < 0, 1=1,2,3,47 (3.4)

In that case, the essential condition (2.2) ensuring the stability in §2 will
be satisfied.

From the Routh—Hurwitz criterion (see e. g. L. ARNOLD [1], p. 196)
it is wellknown, that an algebraic polynomial of the fourth order of the
form

Pi(M\) = aoA! + a1 A® + asX? + agh + ay )
where ag, ai, a2, a3 and as are real numbers, ag > 0, is a Hurwitz one if
and only if the following inequalities hold:

a1 >0, a3>0, ay >0, ag(a1a2 — a0a3) — a4a']? > 0. (3.5)

Applying conditions (3.5) to (3.3) and taking into account that the param-
eters are positive, we get the following inequality®:

(kusp + kpso) {[ko(mp + mp) + m(ky + kp))

Rk +m(se + 5p) + se(mp +my)]

—m(mp + my)(kvsp + kpse)} — sesp [ko(mp + mp) + m(ky + kp)]2 >0.
(3.6)
QOur aim is to apply the mathematical results formulated in §2 to system
(1.1) or, equivalently, to system (3.1). The following assertion is directly
obtained from Theorem 2.1 of Bunke.

21t was pointed out by E. Zibolen that inequality (3.6) is satisfied in the dynamical
model of ZoBORY [6].
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Corollary 3.1 Suppose that

(i) the three inequalities in (3.6) are satisfied;
(i1) the random excitation process u; in (1.1) and (3.1) is a.s. differen-
tiable up to the third order and weakly stationary so that

Elut| < oo, Ej|<oo,  Elile] < oo, (3.7)

then the random process

X0 = / eA9)y, ds, (3.8)
—-—0
where
0 1 0 0
S _ky ky ky
a=| 3 ; T 7 (39)
Sy ko _ Sy + 8p _ ky + kp
mp +my mp +my mp -+ My mp + My
and

. 1 . .
v = col 0, 0, 0, m(SPUt + kput -+ ut) (310)

P
is a weakly stationary solution to (3.1), which is globally stable in the
sense that for any other solution x; = col(z}, 27, zk;, 25;) of (3.1), we
have
lim [|x: —x¢]]=0  (as.). (3.11)
t—o0

Remark 8.1 By using (3.8), (3.9) and (3.10), we can write the ex-
plicit analytic expression for the vertical displacements z:, zp;, and
thus for the normalized vertical axle force process T3 in (1.3), too.
Note that the spectral density matrix of vector process Z; = col(z¢, zit)

and the spectral density function T3 =T} — Ty are given in ZOBORY [6]
(see (12) and (15)).

The Corollary 2.1 (NHUNG [3, 5]) applied to (3.1) yields
Corollary 3.2  Suppose that conditions (i) and (ii) of Corollary 3.1 are
satisfied, and moreover that (; is a one-dimensional a.s. continuous random
process (the perturbation of u;) having either the property:

t+1
Jim /|cf|d«r=o (a.s.) (3.12)
t
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or
t-+1

lim / E|¢,|dr = 0. (3.13)
t—o0
t
Then any solution to the order perturbed system first
X = Axy 4+ v + & , (3.14)

where A and v; are given in (3.9) and (3.10), and

[ 1
£t = col LG,&G’,
m

W(SPCt -+ kpéf -+ mpét) ) (315)

tends to the weakly stationary solution xV given in (3.8) to the system
Xt = Axt + v (3.16)

either a.s. or in the mean, respectively, as t — co.

Remark 3.2 The conditions (3.12) and (3.13) characterize a large class
of perturbations of the random excitation u;. It is easy to see that per-
turbations (; will not necessarily converge to zero a.s. or in the mean as
t — oo, even will not necessarily be bounded a.s. or in the mean on any
finite interval of [0, co].

In the case when the constant system matrix A in (3.14) is also per-
turbed by some random matrix C; satisfying conditions (2.14) and (2.17),
then Theorems 2.2 and 2.3 in §2 of NHUNG [3, 5] may be used. It should be
noted that in ZOBORY [6] and ZOBORY and PETER [9], the time-dependent
random track excitation u: at a constant travelling speed p usually has
the form

N
ue=To+ ) 2¢/S(Q)AQy - cos(Qot + Tp),
k=1

where

To € N(0,63)=N(0,5(2)A0),
V; € &[-m,m] (the class of the uniform distributions over interval
[”Wvﬂ'])

t=1,2... N, where S(Q2) stands for the spectral density function of the
track unevennesses u; along the track. Subscript = designates the longi-
tudinal coordinate of the track. It is obvious that at a constant travelling
speed &; ug=uj,. Thus, condition (2.15) is satisfied.
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