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Abstract

In ZoBoRYy and NHUNG [10], some explicit conditions ensuring the existence of a stable
stationary forced vertical vibration of the railway vehicle dynamic system model (see
ZOBORY {[7]) were derived. In this paper, we consider an elementary drive-system model.
Not only the vertical displacement in the translatory subsystem of the model will be
investigated, but also the angular displacements taking place in the torsional sub-system
of the model.

The elementary dynamics of drive-systems of railway traction vehicles under sto-
chastic track excitation may be described by an 8 X 8-system of random non-linear differ-
ential equations whose linearized system has constant coefficients. To ensure the existence
and the stability of weakly stationary vertical and relative angular displacements in the
model, we apply the Routh-Hurwitz criterion (see e. g. ARNOLD {1]) and some theorems
elaborated by BUNKE [3] and NHUNG [4-6] to impose explicit conditions on the system
parameters in terms of algebraic inequalities. These conditions guarantee that the four
eigenvalues corresponding to the vertical displacements have negative real parts, and the
eigenvalue zero corresponding to the relative angular displacements is simple and the other
three eigenvalues have negative real parts.

The algebraic inequalities characterizing the existence and the stability of stationary
motions can be easily checked on computers.

Motion Processes in the Translatory Sub-System
In [7] the following system of two second order random linear differential
equations (equations of motion) is used to describe the vertical displace-
ments z¢, zp; (see ZOBORY [7]):

mzy + ko2 — koZzp + svze — spzie = 0,

(mp + mk)ékt — kvzt + (kv + kp):zkt - Suzt + (sv + St)zkt =

= sput + kpt + mpils, (1.1)

lFaculty of Mathematics, Mechanics and Informatics, Hanol State University, Vietnam



102 1. ZOBORY and T. V. NHUNG

where m, mp, my, kv, kp, sy, sp are parameters whose meaning can be
seen in ZOBORY [7] and u¢ is the random excitation caused by the vertical
unevennesses in the track. It can be seen that Egs. (1.1) don’t depend on
the track direction travelling speed ¢ of the vehicle model. The stochastic
process input u; is assumed to be weakly stationary with spectral density
function guu(w) [8]. ,

If there exists a weakly stationary output (2, zki)T, then the normal-
ized vertical wheel force process may be expressed by using (z:, zkt)T as

Ti =Ti — To = mpZps + kozpt + Svzt — Svzt — kvt . (1.2)

Thus, in this way, the forced vibrations of the system can already be
analysed.
System (1.1) is equivalent to the following 4 X 4-system

2t O 1 0 0 Zt
5 5y ks Sy ky .
<t — ™m m m m Zt +
Zri 0 0 0 1 Zit
. Sy ky _ Sutsp _ kotky .
Zit mp+my  mptmy m,Fmy Myt Zht
0
0
+ 0 - (1.3)

kot .
e (sput + kpits + mpiis)

The 4 x4 coefficient matrix in (1.3) does not depend on speed #g. In concise
form: )

Xt = Ax¢ 4+ vi.

Proposition 1.1  (see Corollary 3.1 in [10])
Suppose that the following algebraic inequality is satisfied:

(i1) (kusp + kpsp) {[kv(mp + mi) + m(kv + kp)] -
[kokp +m (s + sp) + su(mp + mi)] — m(mp + my)(kusp + kpsv) } —
—5u5p [ko(mp + m) + m(ky + kp)]* > 0;

(i2) The random excitation process u; in (1.1) and (1.3) is a.s. differen-
tiable up to the third order and weakly stationary so that

Elut] < o0, Elit] < o0,  Elit] < 0. (1.4)
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Then the random process defined by

i

x) = / exp (A(t — s)) vsds, (1.5)

-
where A is the system matrix in (1.3) and

1 . . \1T
m(SPUt + kp'le + mp'lLt) (16)

Vi = [0, 0, 0,
P

is a weakly stationary solution (output) of (1.3), which is globally stable in
the sense that for any other solution x;:={z, 21, zst, Jzkt]T of (1.3) we have

lim ||x: — x| =0 (as.).
t—o0

This proposition may be proved by using a theorem of H. BUNKE (3. p. 51]
and the Routh-Hurwitz criterion (see ARNOLD [1]). An extension of Propo-
sition 1.1 to the case when the random perturbation u¢ in (1.1) and (1.3)
is only asymptotically weakly stationary, i. e. us is close to some weakly
stationary process as t — oo, has been done (see Corollary 3.2 in [10]) by
applying a theorem of NHUNG [4, 6].

Motion Processes in the Torsional Sub-System

Let ¢; denote the angular displacement of the drive side rotating disc,
and let ¢, denote the angular displacement of the rotating disc modelling
the driven wheelset (see Fig. I in ZOBORY [7]). Both ¢: and ¢y are
related to the initial static state. The relative angular displacements are
determined by

. ) My
@t = it — Pro + T, =9t —po-t— .

Sc
Using a linearization technique, we obtain the pair of second order random
linear differential equations for ®; and ®;; (see (21) in ZOBORY [7]):
Od; + (ke — )8t — ke®ps + 58 — 5.8 = 0,

. (2.1)

Or®is — ke®i + (ke + ToBr?)Epy — 581 + @4y = —porT,
where T} is given in (1.2). It is very important to note that in Egs. (2.1),
values v, po and B depend on the track-directional travelling speed .

This fact means that stability of the motion of the torsional sub-system
may depend on the value of 2 as a parameter.
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Union of Sub-Systems and Motion Equations

From the second equation in (1.1) we get

. 1 . .
Zpt = m [svzt + kozt — (sv + sp)zae — (ko + kp)Zre+

+mp'ilt + kp'il/t + Sput} . (2.2)

Substitute 2z in (2.2) into (1.2) and, after that, 73 in (1.2) into (2.1).
We finally obtain the following linearized 8 x 8-system of random linear
differential equations for x::={z:, 2t, z&t, 2kt, Pt, Pt, Py, @kt]Ti

X¢ = Ax¢ + vy, (2.3)

where coefficient matrix A can be seen on the following page
and

1 . .
Vi = O, 07 05 m(mput + kPu’i + SP“’t)’ 0) 01 01 -
LB ket syun)| (25)
Or(mp +my) " PoETIRPRETIRRIL '
Thus, A has the form
Ay 0
A= , (2.6)



0 1 0 0 0 0 0 0
X ky Y ku
—m —m o P 0 0 0 0
0 0 0 1 0 0 0 0
Sy ky Sy+s ko+k
mp:-mk my+my _ml’z _ml’_; 0 0 0 0
(2.4)

0 0 0 0 0 1 0 0

. "‘kc 3¢ k.

0 0 0 0 1 =5 L_e % &

0 0 0 0 0 0 0 1
re,m porkym por(Mmpsy—~mpsp) por(—=mpkp+mpky) k. . ket-To Ar?
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where A1, As, Ag, and 0 are 4 x 4-matrices and A, Ay have the same
structure. Because of

det[A — AI] = det[A; — Al]det[As — A3},

A is a Hurwitz matrix iff so are A; and Aj. The condition (il) in Propo-
sition 1.1 guarantees that A; is Hurwitz. Here we mean by a Hurwitz
matrix any matrix whose eigenvalues have negative real parts. Note that
matrix Ay corresponding to the angular part in the model admits zero as
an eigenvalue. The following conditions ensure that the zero eigenvalue is
simple and the other three eigenvalues of A9 have negative real parts:

(i3) O (ke + ToBr?) — Oy — ko) > 0,
(i4) Tofr: —v >0,
(i5) [O(ke + ToBr?) — Okl = ko)| [—(ke + Topr*)+

+hTofr? + Osc + @ksc} + 00y s.(v — Topr?) > 0.

Thus, the inequalities (i1 — i5) and (1.4) are sufficient conditions for the
existence and stability of a weakly stationary vertical vibration and relative
angular displacements in the model [7].

Remark.  The model investigated in ZOBORY (7] and in this paper is
rather simple. However, it is necessary to emphasize that our method here
may be used for more complicated models, e. g. in ZOBORY and PETER [9].
The main idea is as follows: Suppose that a railway vehicle dynamic sys-
tem is described by a system of (stochastic) non-linear differential equations
with random inputs. A linearization technique may be used, again. The
situation now is that the system matrix A in the linearized part may be ran-
dom and dependent on time. The Lyapunov exponents (cf. ARNOLD and
WIHSTUTZ [2]) of stochastic non-homogeneous linear differential equations
now play an important role similar to that of eigenvalues of the constant
matrix A in (1.3) and (2.4).
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