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Tet A = (4, X, 7., ) be a Mealy-automaton. with state set A, input
set X, output set Y, transition function é: A XX — 4 and output funection
i AXX — Y. In this paper we assume that the cutput function 7 is sur-
jective. The Mealy-automaton A is finite, if the sets 4. X and Y are finite.

For a non-empiy set Z, Z* and Z* denote the free monoid and the free
semigroup over Z, respectively, that is, Z7 = Z* — {e} where e is the empty
word of Z%,

We extend the funetions § and 7 in form 6: A X X* — A% and 4: A X

*X* — Y* as follows:

dla, e) = a. &{a. px) = (a. p)d(ap. x),
Ma. ey = e, ia, px) = i(a, p)i{ap, x),

where a € 4, p € X7 and x € X. furthermore ap denotes the last letter of

o(a, p).
The automaton without outputs A, = (4. X, &) is called the projection

The Mealy-automaton A = (A4, X, Y, 4, 2) is said to be cyclic, if the
projection A of A is cyclic with a generating element a, that is. for every
a € A there exists p € X* such that a,p = a. A is called strongly connected,
if every state a € 4 is a generating element of A .

If r€ YT then r denotes the last letter of r.

The Mealy-automaton A = (4, X. Y, é, /) is said to be output-cyclic, if
there exists ¢, € 4 such that

vy€Y, 3peX*: y = app)-

a, is called an output-generating element of A. A is called outpui-strengly con-
nected, if for every elements a € 4 and y € Y there exists p € X7 such that
y = Ma, p). The Mealy-automaton A’ = (A", X, Y, §°, 2") is called an A-sub-
automaton of A = (4, X, Y, 0,2),if 4" C 4 and &’ = é[A,, A= 7.|A, are the
restriction of 8, 2 to A" X X. A’ is called output-full if X" is surjective.
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Let A=(4,X,Y,6.2) and A" = (4, X", Y’, &, 1’) be arbitrary Mealy-
automata. Then we say that the system (x, , y) consisting of the mappings
a: A~ A", Bt X — X" and y: Y — Y’ is a homomor phism of A into A’ if for
arbitrary e € 4 and x € X:

#(3(a. x)) = 5'(a), Ax)
y(a. %)) = 7(a(a). 3(x))

hold. If «, 3 and y are onto mappings then A’ is called a homomorphic image
of A. If , § and » are one-to-one mappings the system (x, §, y) is called an
isomorphism., and the automata A and A’ are said to be isomorphic. If 7 and

and

v are identical mappings on the sets X and Y, respectively, then the homo-
morphisms (isomorphisms) of such type are called A-homomorphisms (A-iso-
morphisms).
Theorem 1. A Mealy-automaton A is output-cyclic if and only if A has an ouiput-
full eyclic A-subautomatorn.

Proof. Let the Mealy-automaton A = (4, X, Y, 6, ) be output-cyclic.
Let a, be an output-generating element of A. Furthermore, let 4, =
= {a,p/p € X*}. If y € Y then there are p ¢ X* and x € X such that

 SSS———
¥ = Mag ) = Hagp, ).
This means that A, = (A4, X, Y, §y, ;) is an output-full cyclic 4-subauto-
maton of A, where 8, = 5EA3 and A, = 1], . Conversely, let the Mealy-autom-
aton A’ = (4°, X, Y, &°, ') be an output-full cyclic A-subautomaton of A,
If a, is a generating element of A’, then for every a € A’ there is p € X* such
that @ = a,p. If y € Y then there are a € 4°, x € X such that y = A(a, x). Thus

—
y = Ma, x) = Ma,p, x) = Xa,, px).

This means that q, is an output-generating element of A.
Corollary 1. Every cyclic Mealy-automaton is ouipui-cyclic.

A Mealy-automaton A = (4, X, Y, 4, %) is covered by the Mealy-autom-
ata A; = (4, X, Y, 0, 2)iel)if A= UA, 6/4,= 9, and 3|4, = ],

il

Corollary 2. A4 Mealy-automaton A is ouiput-strongly connected if and only if
it is covered by its certain output-full cyelic A-subautomata.
Corollary 3. Every strongly connected Mealy-automaton is outpui-sirongly con-
nected.

We note that a homomorphic image of an output-cyclic (output-strongly
connected) Mealy-automaton is output-cyclic (output-strongly connected), too.

The equivalence relation 7 on the state set A of the Mealy-automaton
A= (4,X,7Y,6,7) is called a congruence on A, if for every p € X7

;

(a.8) € T = [(ap. bp) € v and A(a,p) = i(b, p)] (a.b € A).
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We define the following relation ¢ on A:

(@,b) € 0 = [yp € X*: Xa, p) = Ab, p)].

It is evident that ¢ is a congruence on A and if 7 is a congruence on A, then

T < o.

The Mealy-automaton A is called simple, if

[vp € X*: Xa.p) = b, p)] = a = b,
that is, o is the equality relation on A. With other words, every 4-homo-
morphisms of A are A-isomorphism of A.
A is called state-independent, if for every p,qg & X ¥ and b € A4:
bp = bg = [vya € 4: ap = aq].
Similarly, A is output-independent if for every p,q € X7 and b ¢ A:

\reeevwrma—l  ——————

7b.p) = (b, ) = [ya € A: Xa p) = A ).

Theorem 2. If the simple Mealy-automaton is outpui-independent, then it is
state-independent.

Proof. Let ap = ag(a € 4; p,q € X*). Then for every r € X~

i(a,prj = 5.(ap, rl) = ‘Z(aqa 1) = é(“:QT)-

But A is output-independent, thus for every b € 4:

Hbp. 1) = Aby pr) = (b, q) = Abg, ).

Since A is simple, therefore bp = bg.

In the following example it is shown that the converse of Theorem 2
does not hold.

Example 1. We define the state-independent simple Mealy-automaton
A=(4,X, Y. 95, 7) such that

A={12}. X = {x. 2}, Y= {y5.5}
8(1, %) = (1, x,) = 2, 82, %) = 6(2, x5) =
ML xy) = UL x5) = y1. A2, %) = y1. U2, %) = Yo

A is not output-independent.
Let g, , be a right congruence on X+ defined by

wp.-q€X7: [(p.q) € 0y, = ap = aq]
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for every a € A. The Myhill— Nerode congruence g, of A, is defined by g, =
= N 044
ag€A —
Let p,, be an equivalence on X* defined by

VP4 € X*: (P, q) € 040 = Xa, p) = Xa, g)]

for every a € 4. The left congruence EA on X+ is defined by EA = E;,a.
acA

The Pedk-congruence g, of A is defined by g, = g, N hQ__;. The factor semi-
group S(A4) = X *|g, is called the characteristic semigroup of the Mealy-autom-
aton A.
Theorem 8. The characteristic semigroup of a simple outpui-independent Mealy-
automaton is left cancellative.

Proof. Indeed, for all p, ¢, r ¢ X we get that

(rp. 7q) € 0y = [(rp. rq) € 04 and (rp.rq) € 0,] & ya € 4:

[arp = arq and }(a TP) = I;"(a: TQ)]
Thus

wa € A: Jar, p) = Ma, rp) = Aa, rg) = Aar, q).
But A is output-independent, therefore

[S—
n

IT—_J
ybeAd: ib,p) = Ab,q).
By Theorem 2, A is state-independent, thus
[ve € 4A: arp = arq] = [yb € A: bp = bq].

This means that (p, q) € 0,-
In Example 2 it is shown that the converse of Theorem 3 does not hold.
Example 2. Let

A=1{1,2,3}, X={x}, Y= {y.y.)
8(1,x) — 2, 8(2,%) = 3, 8(3,x) = 1,
ML, x) = A2, x) = y, A3, x) = y,.

The Mealy-automaton A = (4, X, Y, 4, 2) is simple, but it is not output-
independent. Let v be an equivalence on X*. Then z{p] denotes the z-class
containing p € X*. We get that

osle] = {e. 2%, 25, . . .}, o,[x] = {x, 2% 27, . ..}, o [2%] = {22 25,25, ...},

0alx] = oulx], oa[#*] = 04[2%], 0u[2®] = oule] — {e}.
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Thus p, = p,. This means that S(A) is left cancellative.
Let A= (4,X,Y,d,2) be a Mealy-automaton. G(& 4) is an outpui-
generating system of A, if

Y= {K@p)|acC, peXr).

A is called characteristically output-free, if there exists an output-generating
system G of A such that

Na,p) = Ab,q) = [a=1b and (p.q)€ o]

(a, b €G,p.qg€ X*). In this case, G is called a characteristically outpui-free
system.
Example 3. Let

A = {ag ap, a5}, X = {xD %o}, Y = {¥1. Y2}
¥ag x;) = a;, 8(ay; x)) = ay, O(ay, x;) = ay,
Hag %) = y1o Maws %) = Aag, %) =y, (i=1,2).

Since A(ay, x;) = Aay, x,) = y; and

- . e—
vp € X7 — X: Mag p) = ¥

therefore A = (4, X, Y, 6, 4) is a characteristically output-free cyclic Mealy-
automaton.

We denote the cardinality of a set B by |B|.
Theorem 4. Every characteristically output-free sysiem G of a Mealy-automaton
A= (4,X.Y,06,2) is minimal among the output-generating systems of A in the
usual sense. Furthermore, if A is finite, then

P ol
X+l

(1)

Proof. Let G be a characteristically output-free system of A. Assume
that there is an output-generating system G’ of A such that ¢ C G. If a ¢
€ G — G’ then for every p € X T there are g, € G" and q € X* such that

Ha.p) = Mg -

But G is a characteristically output-free system, thus ¢ = a,. It is impossible.
This means that G is a minimal output-generating system of A.

The mapping ¢: GXX*/LQ_JA — Y such that

#(a, aalp)) = Hap) (e €G., p € X+)

is a one-to-one mapping of GXX“"/Z;A onto Y. Therefore, if A is finite, then
(1) is true.

Al
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The Mealy-automaton A = (4, X Y, 4, ) is the direct sum of the Mealy-
automata A; = (4, X, Y, 0, A)(i€l)if A=UA, Y=UY, §4;,=4
i€l i€l
and 1|4, = A;. Furthermore, for every i = j(€ )4, N 4; =P and Y, N Y, =
= 0,
Theorem 3. The simple Mealy-automaton A = (4,X, Y, 6, 1) is characteris-
tically output-free if and only if there is an A-subautomaton of A such that it is
a direct sum of isomorphic characteristically outpui-free cyclic Mealy-automata.
Proof. Let the simple Mealy-automaton A = (4, X, Y. 4, 1) be charac-
teristically output-free and let G be a characteristically output-free system of
A. Take the sets

A, = {bp|p € X*} (b€ B).

Assume that by, 0, €& and 4,; N 4, == ®. If byp = byg(p,q € X*), then for
x € X: '

o

Mby, px) = Ab,p. x) = Abog. x) = (b, px).

Thus b, = b,. That is, Abx = A,.
For every b € G, let )

Y, = {Mb.q) |g € XT}.

A, = (4,, X, Y. §;. 4;) is a characteristically output-tree cyclic Mealy-autom-
aton. It is evident that forevery b; = 0,€6. Y, NY, =@ and Y = U Y.
) b€G
Tet A, = U A4,. A, = (4,, X, Y}, 6;, /;) is an A-subautomaton of A.
b¢G
Let by, b, € G. We define the following mappings @ and y:

7 bp —byp (p € X¥),

w: Aby. q) — Abs, q) (9 € X7).
It is obvious that v is one-to-one. If b, p = b,p’(p, p’ € X*). then for every

reEX*:

Mby, pr) = Xbyp,r) = Abyp’.1) = Aby, pr).

Since A is characteristically output-free, thus (pr, p’r) € 0. That is,

Hbap> ) = Mby, pr) = Wby p'm) = Hbp's 1)

for every r € X . But A is simple, thus b,p = b,p’. This means that ¢ is one-
to-one.

(p(ébt(blPT x)) = ¢(b,px) = bypx = 0p,(b2p> x) = 5b2(¢(blp)¢ x))
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and

9 (70, (bpr ) = P(MELpR) = Moy, p5) = 2, (bps %) = 75 (9(b1p), %)

(p € X*, x € X). This means that (¢, ¢, y) is an isomorphism of A, onto A,,
where ¢ is the identity mapping of X. We get that A, is the direct sum of
isomorphic characteristically output-free cyclic Mealy-automata A (b € G).

Conversely, let A; be an A-subautomaton of A and let A, be a direct
sum of isomorphic characteristically output-free cyclic Mealy-automata
A, (t €1I). (b; is a generating element of A,. We note that b; is an output-
generating element of A, too.) Let (¢, ¢, y;;) be isomorphic mappings of
A,, onto A, (i == j € I). Then every p € X*:

T j(bip) = (pij(bi)p = b'P-

Thus ;b)) = b;. Let G = {b;{i€I}. G is an output-generating system
of A, Let

Mbip) = by q) (p,g€XH).
Then b, = b; and thus i = j. Let k € I. Then

( P ) . ”]"k( K P) - }‘I\((pz k(b )_ wx A(/” (bz’p)

= wi,k(}'i(bi’ 9)) = )"k((pi,k(bi)a 9)) = ):(bk‘/ 9)‘-

Thus (p, q) € 0s. This means that A is characteristically output-free.
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