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In this work we give an introductory short survey over an oscillatory
theorem of A. Wintner and P. Hartman concerning second order linear dif-
ferential equations, as well as over the Kamenyev generalization of the men-
tioned theorem and apply it to second order nonlinear delayed argument
differential equations and their solutions.

There are many results known in connection with the oscillation of the
solution of the equation

4

y" + a(x)y = 0. (1)
A, Wintner proved in [1] that in the case of fulfilment of condition

lim A() = oo (2)

where
A(x) = %Jdt J‘a(s)ds 3)

every solution of equation (1) is oscillatory.
P. Hartman showed in [2] that condition (2) may be replaced by con-
dition
lim sup A(x) = +oo (4)
X o0
where A(x) is the same as in (3).

I.V. Kamenyev in his works [7], [8] transformed both of these criteria
into a more general form for the nonlinear equation

¥+ ax)f(y) =0 (5)

establishing clearly understandable stipulations concerning the functions
occurring in the equation.
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Let us consider the conditions of [7], let a(x) € C[x,, o), f(y) € CY{— oo,
o), sgn f(y) = sgn y while f'(y) > ¢ >0 for y € R, 0 < y() € C[#o, o) and

satisfies the condition

oo

(=)0 p(s)ds)
—® dx=+ oo (6)

s

where O(x) > 0 is continuous and nondecreasing for x > 0 and satisfies

f——Q(f) dx < -+ oo . )
If the condition
x t
{ zp(t)( fa(s)ds)dt
lim X Xo

; = + oo (8)
T (s

ig satisfied then each solution of equation (5) is oscillatory.
Let us consider now the equation

¥ 4 a@)f (y(z(2)) = 0 9)

where ©(¢) =t — 4, 0 < 4t € Clty, o)
]ipl () = oo (10)
t/(t) >« > 0,1 € [ty, oo). (11)

Theorem 1. Let

a) a(t) € Clty, oo} and a(t) > 0 for ¢ € [ty co);

b) flu) € CY(—rco, o0), uf(u) >0, f'(u) > 0 for each u;
¢) 0 < () € Clty, o) and satisfies the condition

2
oo

w(r(t))@(ktjtw(v:(s))ds)

f w*(z(s))ds

in

dt = + oo (12)

O(t) > 0 is a nondecreasing continuous function for t >> 0 and satisfies con-
dition

J‘%’th <+ oo (13)
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Then, if the condition
lim Alﬂ(t) S +oo

is satisfied, where

{ a(s) jsy)(r(u))du ds
Aft) = L :‘“
tj y)(r(s))ds

hen equation (9) has no monotone solution.

121

(14)

Proof. Suppose that there is a monotone solution y(t) of equation (9)
and let y(t) > 0 for each 7 > #,, then on the basis of (10) y(=(z)) >0, t > #,.

Let us multiply the equation by the expression

j () duff (y((2)))

and let us integrate partially from t; to ¢, then

y'(s) 5 (u))duli —
7)) f )t =

t

ff( )

w(7(s))ds +

e ty,(s)f, (y(r(s)))y’(r(s))r'(s) uldu = ta, S Sﬂz u uas

Xa o
i.e.

t

S T(u))du :y,(s)f’(y(f(s)))ﬁ"(T(S))T,(s) ds = j - y(s) 7(s))ds —
jw( (u)) tJ FAy(=)) Jf(y(‘c(s))) p(( )

S 5 4

_f(i(,it()t))) J p(()du + ¢ (TW))du— a(s) j ))duds

Xa

respectively
s

YO (oiiindn = (oatundy (2 OENY G 50
f(y(_”'(t)))x 110( ( )) ixj‘lp(f( )) tj f2(y(r(s))) s

t

j C { as) § p(e(w)du ds oy
= ds +1C—b = p(z(s))ds .
f(.')’(f(s 1§, ‘z,z)(-z:(s))ds

ts
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Using (15), from equation (9) we obtain
! t
RO = (2 aoNds 4 1€ — Aue)] [w(x(s)d
“ tf F(y(sn) p(s)ds +[C v(t)ltj p(z(s))ds (16)

where

Rw~ﬁmmw[@@~m—?8%%fwwmuw

Since y'(z(t)) > y'(t) so z(t) > =,(t) where

: _;ﬁ_

0= | sy | S 0.
Let ¢; > t, such that C — 4 (t) < 0, if £ >, then from (16)

0 < R < —&)—— 1(s))ds
< R() =) 7w (z(s))

is obtained for ¢ > #, from which using the Bunyakovszkij inequality we can
come to the conclusion

t t

R(t) gt f =(s)ds f f’f’:;(:))));, ds < ;1;( W(2(s))ds f 2 (s)ds

o 1

ie.
t

0< — < l zy(s)ds, t > 1, an)

o
Since p(z(t)) > 0, () > 0 for ¢ > 1, we obtain
s t t
R(t) > {p(z(u))du § z(s)ds > k { p(z(s))ds (18)
1, t, t

where

From (18) we deduce

0 <L Ok f p(z(s))ds) < O(R()), t>1,. (19)
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Multiplying (17) by (19) and by v(z(t)), and after that integrating it from ¢,
to ¢ with use of (13) we obtain

7 —=, (B = as)
tS P2((s))ds R¥(z)
By(z®)O(k §'l/)(r(s))ds)
T < @(12{(”) - R(2)
{f ¥(z(s))ds R(z)
P(z(2))O(k j}w(r(s))ds) ’
p L) omn g,
tj 2(z(s))ds R¥(s)
’ R®) -
— f 00) 45 < f 96) 45 < oo
s2 - 2 o~

R(ty) R(ty)
which contradicts (12).

The case in which y(t) < 0 is proved in a very similar way and thus the
theorem is proved.

The conditions of [8] are globally equivalent to those of [7], the differ-
ence between them will play a role in the following theorem, but in a more
extended form.

Theorem 2. Let the condition a) of Theorem 1. be satisfied and addition-
ally let

b) 0 < o(t) € Ctgy. =), ¢’(¢) < 0 and nondecreasing;

¢) 0 < p(x(t)) € Cltg, =), w(z(t)) = 0, o(t)yp(z(t)) nondecreasing and

ft a(s)o(s) fw(r(u))duds
Agplt) =% ; (20)

i
tj w(z(s))ds

d) f(z) € CY(— oo, oo), uf(u) >0 and f'(u) > 0 for each u and

PSSt f~—<+oo, e >0. (22)
8}
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If &(y) = > 0 for each y then the fulfilment of condition

f (u)

im sup Ag,v(t):+oo (23)

o0

implies that equation (9) has no monotone solution.

Proof. Suppose that equation (9) has a monotone solution y(t), where
¥(t) >0 for each ¢ > t;, then on the basis of (10) y(z(t)) > 0. We introduce
the following substitution

yr— HOf0te0). -
o) J w(w(s))ds

Differentiating (24) we obtain
yre) =2 f0@) W @y R wf(y@)w(re) f(y(r)) (2)
1 l ‘ i
e fvDds o fu(eNds o [N o) fu(eiods

Then from equation (9) we obtain

w’ f(y(z) . wf (y@)y' (D)7 wf(y@)p(e®)
o fw(mds  oft) fy(zisNds  o@)] [p(z(s)ds]

wf ()W)
£*(t) § p(v(s)ds

— a(®)f (y(z) =

after substituting w(t) and multiplying by

t
ot) § w(=())ds[f(x (7))
and integrating from %, to t we arrive at

R(@) = wy(t) + wy(t) + [C — 4, (1)] fw(f(S))dS (25)

where

N t

R(t) = f w(z(w)du J‘z(s)ds,

fy

_ (ely( o w Et u [(29)0°6) 4
x>f ”ﬂmw, 2) ﬂam mﬂw

t

()%%%)wmmww
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According to Bohne’s mean-value theorem for t 2> ¢, and according to con-
dition ¢)

O(to)‘P(T(to)) 7(s))7(s)
w4(t) = s))ds =
w(e) = jf(( olshp(i)ds < Jf s =

(y(x(s1))
()
— Q(tO)W(T(tO)) du Q(t ) (T(to))@ [_’)’(‘L’(t ))] < d.,
o f(u) o o=
V()
y(E))
wift) = "y (8)e'(s) 4o  €'lt0) jy (= s))f (S _ @) ( du _
f(y<r<e Fotas « ) fw
— 28 g y(e0)) < D, (26)
wy(t) = Dtjsgu(v:(u))du, t > i, @7

If (26) and (27) are satisfied then from (25) we obtain
t
0<RE) <d+ [C+D— 4, @)] fp(r(s)ds < oo, 1214 (28)
t

which contradicts condition (23). Thus we proved the theorem.
Theorem. 3. If the function f(u) satisfies conditions (21) and (22) and
the functions o'(). o(t)y(t(t)) are absolutely continuous while

05 Q"(@)dt < + oo, ()sw&[g(t)w(r(t))]'!dt < oo (29)

then condition (23) is sufficient to prove the fact that equation (9) has no
monotonous solution.

Proof. Assume that there is a solution y(z) > 0 for ¢ >¢,. Then similarly
as in the proof of Theorem 2 we obtain equation (25). If (21), (22) and (29)
are satisfied then for z > 1,.

wylt) = d8< 'Ziﬁs—)—)—?—(—)\_s (s))ds =
0 jf( o et Pt (8)p(=(s)

_ —c; + o(t)p(@)P(y(()) )

(24

- [ B(y()[a(s)p(r(s)]ds <

ty

< d = [er] + 5 J |[e(o)p(r(s)] |ds (30)
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Y y(r(s)) 7'(s)
<
w0 f 7o) =) Tty £

_ =+ o' ®P(y(z1)

(e

— i—j@(y(r(s)))g”(s)ds <D =

t

= |es| + caes + €5 tjw[g”(s)]ds, (31)

where

C; = sup D(y(z(s))), Cy= sup |o’(to)]

—ce <Y< 00 teSt< oo

(31) implies (27), furthermore (27), (30) and (25) imply (28) which contra-
dicts condition (23). Thus the theorem is proved.

o = U2 b

-1
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