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1. We are going to prove the follo'~ing inequalities 'with statical methods. 
a) If ~ is a non-negative random variable 'with the expected value M, 

then the follo,~ing inequality holds (J\Iarkov): 

llI2 PC; e) = 1 - F(e) if e > o. (1) 
e 

b) If ~ is a non-negative random variable with the expected value lW, 
and its distribution function F(X) is concave in the section (0, + 00), then the 
follo'~ing inequality holds: 

lk[ 

2e 
P(~ e) = 1 - F(e), e > O. (2) 

c) If ~ is a non-negative random variable with expected value lvI, and 
its distribution function F(X) is concave in the section (0, =), then the 
following inequalities hold: 

1 
P(; I.NI) , ° < I. 2, (3) 

1 -> P(;> 1.1W), 0 < I. < 4. 
~~- - -

(4) 

d) If ; is a non-negative random variable with the expected value lW, 
and variance (52, then the following inequalities hold: 

(1 + L~ r ) ~2 2 P(; > 1 - F(I.M)), A > 0, 

~ > P(~ > ANI). A2 - - . M 
1, A >0, 

(5) 

(6) 

In this lecture - for the sake of brevity - we shall only deal with 
inequalities (1), (2) and (3). 
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2. For proving of inequality (1) let us consider a beam resting on sup
ports at points A and B -w-hich has a span and an infinitely long cantilever 
at the right hand side. Let the function of its external load be denoted by 
f(X) which is given non-negative function (Fig. 1). Let A(e) and B(e) denote 
the reactions acting at the respective supports. 

Assuming that the load function is the density function of the non
negative random variable ~, the resultant of the external load is equal to 
the unity, and its distance from point A is equal to the expected value of ~, 
that is 

.I f(x)dx = 1, \ xf(x)dx = lVI. 
o ci 

(7) 

For expressing the reaction forces A(e) and B(e) we ,vrite a moment 
equilibrium equation for point A: 

hence 

B(e) . e - J xf(x)dx = 0, 
o 

B(e)e = 1 . M, 

A(e) = 1 
M 

B(e) = M. 
e 

(8) 

Markov's inequality simply follows from the fact that the reaction 
NI 

force B(e) = - cannot be less than the external load acting on the contilever 
e 

that is, 

M If - >- ef(x)dx = 1 - F(e) = P(~ > e). 
e e 

q.e.d. 

3. For proving inequality (3), let us consider a beam with two canti
levers, supported as seen in Fig. 2. Let the external load be the same as be-
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fore expect that the origin of x is fixed at the end point of the cantilever at 
the left hand side. 

Bp.) (}.111 - -). -IVI) = 1· (llt1 -~ IVI]. 
}.+1 . }.+1 

Hence 

and 

B().)(}. --}'-)= 1 __ "'_, B(}.)~=_I_, 
}.+1 },+1 "'+1}, 1 

A(}.) = 1 
1 
},2 ' 

1 
B("') = -;;;. 

).-
(9) 

1 
Now we must examine under what conditions reaction force Bp.) = }.2 

is not less than the resultant of the load acting on the cantilever at the right 
hand side. That is, under what conditions the inequality holds 

Bp.) .\ f(x)dx = 1 - F(}.M) = P( ~ },M). 
i.M 

For that purpose let the external force of the beam be divided into three 
parts, and let the reaction forces be calculated separately for each part. 

x) The external force acts on the section (0, ). }; 1 M) of the beam (the 

hatched part of the diagram in Fig. 3). 
The moment equilibrium equation for point A is: 

~M 
J.+l 

J (-)'-M - X) f(x)dx + Ba.(}.) [I ),)11 - + M) = 0, 
"'+1 ATl 

9 
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~M 

) ]~M ;·S+l ~2 
X F(x) i.+l + F(x)dx + B,p.)-o-'-, -1\11 = 0, 

o I'T 1 
o 

~M 1.,1 
, , 1 " 

B~(}.) = - ~ J F(x)dx. 
1,2NI 

o 

The equilibrium equation of forces is: 

J. 
-M 
).+1 

Aj/.) + Bc.(/.) - S f(x)dx = 0, 
o 

~M 
)-+1 

A~(I.) = F (-, -I'-NI) + I,,: 1 S F(x)dx. 
I. + 1 J.2M 

o 

(10) 

(11) 

3) The external force acts on the section (XlVI, 00) of the beam (the hatched 
part of the force diagram in Fig. 4). 

A 

y f(:1 ... ------_-._ 
,," ................ .. -

f(f..M~ rT!r-rrr-
o~ t.,M AM~ .A"(') j 8 I.~(') 
~,--____ --~f..~M------~~ 

x 

Fig. 4 
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The moment equilibrium equation for point A is: 

coo 

Bj3(/') (/.}f1 - ~. 111) =f(X - ~. M)f(X)dX, 
l III I 1 

i.M 
coo 

Bj3(A) -: - M = \ (x - 1.1Yl)f(x)dx + I.NI 
}2' ( 

1.,1 .J 

i.M 
00 

Bj3(/') + _~I = -+ N1(1 - F(/..lli)) +f(X - l.lvI)f(x)dx, 
1.,1 1.,1 

i.M 
00 

Bj3(/') = 1 - F(?M) + I. : If(X - I.M)f(x)dx. 
1.2M 

i.M 

The equilibrium equation of forces is: 

Aj3(/') + Bp{}.) = <I f(x)dx = 1 - F(?N1) , 
i.IV! 

00 

Aj3(A) = - I. : If(X - AM)f(x)dx. 
A2M 

i.M 

131 

(12) 

(13) 

The external force acts on the section (I. I, 1111, I.M·) of the beam (the 

hatched part of the force diagram in Fig. 5.) 

9* 

The moment equilibrium equation for point A is: 

y f(x) ...... --
", 

i.M 

.~. }\l1J\ = J (x -+ NI) f(x)dx 
1,,1 1.,1 

i. 
},+lM 

.... .... ...... .... ----
( ~ M A) A,C') j I B,(» 

~ __________ A_M ___________ ~ 

x 

Fig. 5 
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)..2 [( ) ) JAM Ji.;'1 
B,,()..) -=- M = x --'- M F(x) i. - F(x)dx, 

I. I 1 I, + 1 -M 
i.+1 ). 

).+l
M 

i.M 

B.,().) -' - lVl = --M F(),M) - F(x)dx, )2)..2 f 
),,+1 )..+1 

i.M 

By(/.) = F()"M) - 1,.+ 1 f F(x)dx. 
1.21li 

The equilibrium equation of forces is: 

i. 
i.+1

M 

A,,(),) + By()") = F().M) - F t'_I,- M) , 
I. + I 

i.M 

Ay(/.) = I. 2: I f F(x)dx - F (-Ji' - M) . 
)"M I'TI 

i. 

A+1
M 

We can check our results summing up the reactions as follows: 

I 
A,P) + Af3()..) + A~(),) = I --, , 1.2 

B,,(}.) + Bf3()") + B,,(}.) = ~. 
1.2 

By so doing we can write for reaction B().) the following equation: 

i. 
i.+l i\1 00 

~ = - I. + I f F(x)dx + (1 - F().llI)) +~f(x I.1YI)f(x)dx + » »M »M 
o AM 

I 
-= I - F().M) 
)..2 

I.M 

+ F().M) - ).. + I f F(x)dx. 
)..21)11 • 

I. 

J.+1
M 

= lM 

I, ...L I (f f) F()"M) )..2~ (x - I.M)f(x)dx - F(x)dx. 

J.M 0 

(14) 

(IS) 

(16) 
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I 
From this equation it follows that inequality }2 = I - F(I,M) holds 

if <:i\(A) is a non-negative value, where ' 

= AM 

) + 1 (f .) @l(A) = F(AM) + ~.2JW (x - },M)f(x)dx - j F(x)dx . (17) 

AM 0 

The sign of @1(1,) is equal 'with that of @2(}.)' where 

= AM 
}2> S }21Y.[ 

@9(A)=-·-MF(I,M)+J(x-},M)f(x)dx-F(x)dx=-'---@1(A). 
- },+I A+l 

AM 0 
(18) 

With some rearrangements we can 'write: 
i.M i.M 

@2(1·) = }, },2 I MF(AM) + M - AM (I F(AM») - f xf(x)dx - f F(x)dx, 

o 0 

lM i.M 

@2(1·) = A: I MF(I,M) (A - l)M + AMF(AM) - f F(x)dx - f xf(x)dx, 

o 0 

@2(1,) = ~ MF(AM) - (A - l)M. (19) ). + 1 

No"W- let us examine under what condition @iA) "Will be non-negative. 
I 

If 2}, > I - F(AM), than 

@2(A)=-'-MF(I,M)-(l,-I)M > -' _ 1- - M - (I. - I)M, }2 }2 ( I ) 
). + I -}, 1 2}. 

}. >0. q.e.d. 

The proof of inequality (2) using more abstract mathematical considerations 
is as follows: 

M = S xf(x)dx = S xf(x)dx + 5 xf(x)dx, 
o 0 

M = S xf(x)dx + 5 [e + (x - e)]f(x)dx, 
o 

M = e(1 F(e») + 5 xf(x)dx + S (x - e)f(x)dx, 
o 
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2. 

NI = e(l - F(e») + S xf(x)dx + S (X - e)f(x)dx + S (X - e)f(x)dx, 
o h 

2. 

NI > e(l - F(e») + [XF(x)]~ - S F(x)dx + [(X e)F(x)];~ S F(x)dx + 
o 

+ e(l - F(2e»), 

2. 

lVI > e(l - F(e») eF(e) + eF(2e) + - eF(2e) - S F(x)dx, 
o 

2. 

NI e(l F(e») + e eF(e) + 2eF(e) S F(x)dx, 
o 

2. 

NI 2e(1 - F(e») 2eF(e) - S F(x)dx . 
o 

We can easily see in Fig. 6. that the inequality 
2< 

2eF(e) S F(x)dx 0 
o 

holds, if the diagram of F(x) is concave in section (0, + oo) 
In this way, the validity of inequation (2) is also proven. 

A 
F(x) 
1~------~~:===~~ 

! 
:F(;>'M) 

i 
~----~;>'+M~-----=2~;>'M~--------x--~ 

Fig. 6 

The presented statical method can also be used for proving inequalities 
(4), (5) and (6). 

The proof of (5) and (6). 
If ~ is a non-negative random variable, with expected value .lV! and 

variance (72, that is 

\ f(x)dx = 1, S xf(x)dx = lvI, \ (x 1ll)2f(x)dx = (72 

o o o 
and 
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Let the load function xf(x) (Figure 7.) 
Moment equilibrium equation for point A is: 

B(}.)}.NI = S x(xf(x))ax = .\ x2f(;~)dx = Ilf2 + 0 2, 

A 

o o 

... 

I 

: xf(x) 
I 

k---------------~'------~-------------~ 

Fig. 7 

I B(},) 

~ 
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The reaction force B(}.) cannot he less than the external load acting on the 
cantilever 

}.lk1 
1 xf(x)dx 

o 

11:[2 + 0 2 

1.21\112 
1 

}.111 ff(x)dx, 

o 

F(I.l\I). 

P(~ ?:: NI). 
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