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niveduction

During brakix 1g maneuvers the vehicle may lose its directional stability
3

io of rear wheels is greater

under different conditions, for instance if the slip 1
than of the front ones. and its speed is greater than eritical, this eritical speed

I

depends on the vehicle design parameters and the operating conditions [1].

In the present work the vehicle is treated as a one mass system with
three degrees of freedom. The vehiele is foreed te move in horizontal plane
and is subjected te small external disturbances. The analysis procedure has
been described in [1

The study does not aim at finding the stability criteria, but at investi-
gating vehicle behaviour, either stable or unstable, during disturbed braking
maneuvers, where the wvehicle characteristic equation is analysed similar to
that of a “spring mass” system with linear damping.

m == vehicle mass, G == mg.

u = longitudinal speed

v = side-slip velocity

r == yawing rate

F, = braking force

F, = side forces

a” == distance between the vehicle centre of gravity and the front wheel centre.
b = distance between the vehicle centre of gravity and the rear wheel centre.
l = wheel-base

# = road coefficient of friction

Sg = front slip-ratio

Sp = rear slip-ratio

C = tyre lateral stiffness

C; = tyre longitudinal stiffness

p = characteristic equation operator

t = time

@ = phase angle

2n = damping coefficient

ai = spring constant

T = torque about the vertical axis path through the vehicle centre of gravity
I = inertia of the vehicle (centre of gravity)

* Research work made in the Department of Motor Vehicles, Technical University
Budapest
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Equations of Metion

The vehicle is simplified to have 3 degrees of {reedom, the equations
of motion are

m(d 1) == XF,

m(v - ur) = F,

(1)
Ir= 23T,
Assuming controlled slip-ratios at the front and rear wheels, the longi-
tudinal force F- is constant. According to the assumption of small disturbances
in the side-slip veloecity, for a yawing rate r the equations become [1];

m(v -+ ur) = XF (2)
Ir=2T
where
‘ZFy = F}’f a Fyr
2T =aF,—bF,, (3)
According to Dugoff’s tyre model [2], the lateral forces at the front
and rear tyres (F,, and F, resp.) can be determined for i <{ 1 (tyre slip) as
follows [17];
Fop=(CJCs - G- pa- Szt (v - ar)ju = KSg' (v 4 ar)/u
and (4)
F, = (CJC), yy- G- p-Sp' (v — br)ju= KgSg' (v — br)/u
where
1y = bl Ve = ajl (5)
and '
Kp=(CJCoy -G pu.
I<R = (Cm’/cs)rw? G- e (6)
It is noted that the vertical forces at tyre contact patches are caleulated
according to the quasi-static assumption, or the ratio of the height of centre
of gravity to the wheel-base is assumed to be small.

However, substituting Eqs (4) in Eqs (2). the following system of linear
differential equations results.

v+ Av -+ Br=10 (7
r+Cr+Dv=20 (8)
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where
A = (KpSg' + KpSph)/mu (9)
B=u -+ (KpaSg' — KphSzh)/um (10)
C = (a®KS7' + B KxSz")/Tu (11)
D= (aKpSz! — bK xSgh/Tu (12)
where

I =mK? and K2~ ab.

Characteristic Equation of the System

To solve the system of linear differential equations (7) and (8) assume
v==1e” and r=e". (14)

Substituting in Eqgs (7), (8) leads to the characteristic equation

P+ 2np 4 ok = (15)

where
2n=4d -+ C (16)
al= AC — BD. 17

It is interesting to note that Eq. (15) is similar to the characteristie
equation of a “spring mass” with linear damping system, namely:

2n = damping coefficient
b4 . .
a; == spring constant.

Similar characteristic equation was derived by Ellis [3] for studying
the natural frequency of steady-state vehicle motion. But in this equation
the spring comstant and the damping coefficient did not include the effects
of the longitudinal stiffness, road condition or the slip-ratios of the tyres.
These important parameters are found in the derived Eq. (15). The effect
of these factors on the vehicle mode of motion has to be investigated.

However, the damping coefficient. Eq. (16), can be written as:

2n = ’i: [(C.JCYsp SE (1 + ajb) -+ (C./CY), S5 (1 + bja)] =

= S [(CJC); 57 + (CJC), SR'] (18)
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where
w1 4+ afb) =y, -+, =1

ol 4 bla) =y, + 9 = 1. (19)

Here it is recognized that the damping coefficient is always positive and
much depends on the front ard rear slip-ratios, lateral and longitudinal stiff-
ness ratios of front and rear tyres, as well as on the speed and the read surface
coefficient of adhesion.

The spring constant becomes

9 g\2 e ; 1. M8 , - =
- [“—] (€10, (C.Cy, S7sa! L (C ), S5 — (CiC, 57 (20)

1

Tt is elear that the may be positive or negative. If

On the other hand the motion

a? = —ev. value the motion
will be always stable if condi ion

SF(C.C), > (C.IC),SF! (21)

is satisfied.

Even the stability condition complies with the behaviour of the response
terms v and r, it mainly depends on the vehicle speed tyre characteristics,
road condition and slip-ratios. Here the vehicle behaviour can be examined

as that of a vibrating system.

The roots of characteristie equation (15} are written in the form
Pio=—n+t 1 — (agn)?-

It is clear from Eq. 22 that the vehicle motion may be oscillatory or
non-oscillatory, the mode of motion depends on the following conditions;

1 — (ag/n)? <1 non-oscillating

In this case the side-slip velocity and the yaw rate take and exponentional
form and the motion is stable if (ay/n)®* > 0. Here the motion and the time
where the response terms vanish are highly dependent on the mentioned
factors.

For example: if Sp=1, Sp=0.1,=1, u = lo(m/s), I = 4.5 (m), g = 9.81
and (Cz/cs)j = (C,/Cy), =

Equations (18), (20) yield the values of the spring constant @i, and of
the damping coefficient, 2n:

- —10 (unstable motion)
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and 2n = 11.
The motion is exponential, but diverging, where
(ag/n)? = — 0.33.

This means that the first root, P, = P of Eq. (22) is positive and the
disturbed response terms are increasing with time.

Under the same conditions and reducing the speed to 6 m/s, the motion
tends to be stable, where

a; = +7.77 (stable motion)
2n = 18.3.

It can be noted in the stable region that the time where the response
time is nearly zero decreases as the speed decreases as a consequence of the
increase in the damping coefficient 2n (see Fig. 1).

If the road coefficient of friction is reduced to 0.2, the speed where the
motion will transform from stable to unstable will decrease, as indicated
in Fig. 1.

(2) If (ag/n)?> = 1 (critical motion).

In this case the motion will change from oscillatory to exponential,
and the damping coefficient is the critical damping. The motion is always
stable as shown in Fig. 2. Here it is interesting to find the effect of vehicle
speed on the slip-ratio, which is assumed to be equal between front and rear
tyres.
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For example, if
(CJC)y= (C.IC), = 1. w=10 (m]s), g = 9.8
a = b, m = 1000 (kg), and Sp= S, = 0.1
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Here it is important to see, that the vehicle’s damping coefficient and
spring constant are highly reduced with increasing front and rear (equal)
slip-ratios. This means that the disturbed lateral velocity and yawing rate
vanish more quickly with increasing front and rear (equal) slip-ratios (see
Fig. 2).

Fig. 2 shows that a result similar to increasing both front and rear slip-
ratios is obtained by reducing the speed.

Fig. 3 shows the effect of tyre characteristics assuming constant speed
and front and rear tyre slip-ratios. It can be noted that if (C/Cy); = 3 and
(C,JC), = 0.3 (ratios for actually available tyres [2]) the motion changes
from stable to unstable at a certain critical speed; in this case, as seen in Fig. 3,
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this eritical speed is in the range 12 to 12.5 m/s when g = 1 (dry asphalt sur-
face). However, if the rear ratio of lateral to longitudinal stiffness is greater
than the front one ((C,/Cy); = 0.3 and (C,/Cy), = 3), the motion is always
stable. Here the speed decides if the motion is exponential or oscillatory, in
other words, increasing the speed above a certain limit (z >> 15 m/s) the motion
will he oscillatory and below it the motion will be exponential.

The third case is where

2

3 — (ay/n)? > 1 (Oscillatory motion).

The motion will be oscillatory if the roots are complex, and stable if
the real part is negative. In oscillatory motion the side-slip velocity and
yawing rate can be represented by the assumed solution e’ as follows:

ePl = et . sin ([ af — nfi+ @)
where
¢ = phase angle = tan~1)/(g /n)? — 1
and
P=—n+jnl(a/ny—1.

The motion is known to be stable if the slip ratic of the front wheels is
greater than that of the rear ones (Sp > Sg) [1, 3]. Fig 4 illustrates this fact,
where the vehicle behaviour (exponential or oscillatory) is highly affected by
the road surface condition. For a high coefficient of friction (z = 1) the motion

2
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(Cy/Cs)y =(ClCs), =1
Sgp=01

Sr =03

U=10m/s

Fig. 4

was exponential and with a decreasing coefficient of friction the motion is
osecillatory, with increased amplitudes. These results mean that, evenif Sy > S,
the vehicle will not move in straight line but deviate. The deviation highly
depends on the road condition.

Summary

The behaviour of vehicle subjected to disturbed braking maneuvers is studied. The
vehicle motion is analysed as a vibrating system with a spring constant and damping coeffi-
cient. The system is assumed of linear behaviour applying small disturbances in side-slip
velocity and yawing rate.

The vehicle behaviour is investigated by plotting the assumed solution of the linear
differential equation system.

The tyre characteristics, road surface, speed and slip-ratios have a great effect on chang-
ing the motion from exponential to oscillatory or from stable to unstable, enhancing the
importance of the previously derived critical speed during braking.
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