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Introduction 

In this paper, the behaviour of storage systems will be described from a 
new viewpoint. The characteristics of storage system behaviour are jointly 
determined by (I) environmental influences, (2) the function and (3) the 
capacity of the store, (4) the reliability and (5) the through-put capacity of 
its service system and (6) the input and release rules. The comprehensive 
stochastic model described here algorithmizes the description and evaluation 
of the behaviour system with a view to the above mentioned factors. The ad­
vantage of the complex reliability-oriented model over the rather static 
models of inventory control theory is that on the latter the fundamental 
technical and reliability characteristics are given a more prominent role in 
the description of the behaviour of storage systems. The model, the algorithm 
and the computer simulations based on them facilitate to design storage 
systems, development and research of particular systems and preparatory 
phases of investment decisions. 

1. The role of storage systems in the flow of materials 

The flow of materials between the supplier and customer systems is 
induced by the demands of the latter system which, in turn, possesses stoch­
astic characteristics. The demands flow from the customer system to the 
supplier system inducing the flow of materials in the opposite direction (Fig. I). 

Storage systems have a function of balancing and controlling in the flow 
of materials between the customer and supplier systems. Balancing and con­
trolling are characteristic features of storage systems functioning without 
and with inventory control, respectively. 

If both the emergence of demand and the flow of materials from the 
supplier system are deterministic and without phase lag the marginal case of 
a storage system results where the input quantity is always equal to that of 
the released material. The best illustration of this case can be obtained by ima-
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gining the flow of some material in a "tube". In case of phase lag an extra 
dam capacity has to be added to the "tube" in case of both deterministic and 
stochastic flows, in order to safely meet the demands. In this case the storage 

system has a balancing function. 
In case of stochastic flows without phase lag, the existence of the storage 

system is justified hy safety reasons. 

2. The systems engineering interpretation of the behaviour, 
conduct and functioning of the store 

The behaviour of the storage system (that is, the change of its parameters 
relating to the function of time experienced hy the enyironment) is determined 
hy the changes in the information flow from the customer system and by the 
changes in the flow of materials from the supplier system, and, also hy the 
changes in the sf'ryice ability conditions of the store itself. 

The conduct of the storage system is manifest in the rules 'which determine 
the immediate connections hetween the store and its environment. If the 
store operates on an inventory control basis then the inyentory control strategy 

means the conduct the store displays towards the supplier system. Otherwise 
passive conduct of the system as to the input environment can he spoken 
of. (For instance, the report that "the store is full" is a rule of conduct in this 
meaning.) The connection hetween the storage and the customer systems is 
characterized by the so called release conduct. The latter means the rules on the 
hasis of which the system, prompted hy the demands arriving, releases the 
materials "according to its own abilities" (e.g. priority rules, adaptive release 

rulf's, etc.). The expression "according to its own ahilities" indicates that the 
satisfaction of demands is limited hy the technological and reliahility para­
meters and the leyel of storage at the moment. 

From the point of yiew of systems engineering the (internal) functioning 
of the storage system can be interpreted as follo"\\7s. 
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The input flow of materials arrives at its appointed place in the store 
(according to some plan of the indoor distribution of materials) through the 
service system. The output flow of materials governed by the flow of demands 
leaves the store through the service system (according to a certain output 
strategy). 

The input and output flows of materials are limited by the throughput 
capacity of the service system. The throughput capacity of the service system 
depends on the volume and reliability of the equipment capacity as well as 
on the applied strategies of output and of the indoor distribution of materials. 
Therefore simulating the throughput ability of the different equipment 
systems it is useful to consider, with the help of different methods, the through­
put ability, the level of capacity as a random variable. 

3. Principles of investigating the behaviour of storage systems 

The storage system can be considered as a system to be mathematically 
modelled by stochastic processes since the input and output flow and the 
internal functioning of the store is random. 

In the systems engineering model describing the behaviour of the store 
the input signals of the system from the customer's point of view correspond 
to the set of information of demands arriving from the customer system, while 
its output signals correspond to the set of information dispatched to the customer 
system by the store. The state of the system is characterized by the inventory 
level of the store (Fig. 2). 

In this case simulation of the storage system is oriented towards relia­
bility problems, so the additional characteristics involved in the model may be 
considered as sources of noise. Three different sources of noise can be distin­
guished in the model of the system. The external source of noise is the random 
fluctuation of the input material flow, while the two interior sources correspond 
to the random fluctuation of the capacity of the input and the output ser­
vice systems. There has been two type of research concerning storage systems. 

Research concerning store technology concentrate on the machine units 
of the system, on the functioning of and the connections between its 
sub-systems and on the internal processes of the store. They do not 
consider the store as an organic whole, and they fail to investigate the 
interrelations between the system and the environment. 
Inventory control strategies and dam theories treat the storage system 
as a "black box". In describing its behaviour and operation they con­
centrate on the cost-factors involved and neglect as a rule, the factors 
of technology and those of the flow of materials. 
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Fig. 2. Storage system in its relation to the flov,' of materials and information 

The aim of the stochastic model described in our paper is "to look into 
the black box" by unifying the inventory control theory and the description 
of the internal processes of the store, that is, to give a description in relation 
to time of the store and of its interrelations with the environment, where its 
basic technological and reliability parameters and, also, its rules of conduct 
are taken into account and the store is considered as an organic whole. This 
description would make the behaviour of the store suitable for evaluation. 

4. General model for the description of the behaviour 
of storage syste£ns 

4.1 Conditions determining the behaviour of storage systems 

With respect to the described model, the characteristics of the "behaviour" 
of a storage system can be summarized as follows. 
4.1.1. The behaviour in relation to. time of the system is investigated in dis­

crete periods. 
4.1.2. In every period the supplier system releases material towards the storage 

system. 
4.1.3. In each period the customer system releases demands to the supplier 

system. 
4.1.4. The storage system is assumed to receive the materials that have arrived 

from the supplier system "according to its own abilities" and to satisfy 
the demands that arrive within the given period if it is made possible 
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by the level of storage and the capacity. (This condition can be met 
by a suitable choice of periods.) 

4.1.5. The storage system does not release more material than is required by 
the demands, and rej ects the quantity of arriving materials in excess 
of its capacity. 

4.1.6. The behaviour of the storage system involves the level of storage and 
the demand satisfied in period t to be independent of the "rejected" 
materials and of the demands not satisfied in periods t - 2, t 3. 
With the only exception of the service rule (described in 4.1.7.) no res­
trictions will be made to the conduct rules of the storage system. 

4.1.7. For a demand in excess of the level of storage in a given period the store 
releases its whole stock. (This condition does not reduce the generality 
of the model since the service rule described above can be considered as 
a general one if the number of the sources of demands is great enough 
or the store enjoys monopoly). 

4.2. The definition of the parameters in the system 

The environmental parameters of the system. In the case of a particular 
problem the environmental parameters of the system can be considered as 
given by their stochastic description (probability distribution). 

Let ~(t) be a discrete random variable denoting the intensity of the flow 
of demands emerging during this period expressed in arbitrary units of mate­
rials. 

Let pz(t) denote the probability distribution of the quantity ~(t) of thc 
demand as diserete random variable: 

pz(t) = P(~l t I = l) 1 = 0,1,2 ... 

Similarly, let discrete random variable 'i)(t) denote the intensity of the input 
flow of materials in a period t and let r,,(t) denote the probability distribution 
corresponding to 'i)(t): 

k = 0,1,2 ... 

To simplify notations, in the computations below the set of values of the 
given random variables will be considered as the set of the non-negative in­
tegers; but, out of practical considerations, a subscript N can be assumed be­
yond which the probabilities belonging to the corresponding values equal 
zero. 

The technical parameters of the system. Introduction of the characteristics 
relating to the service system is justified by the capacity of the storage service 
equipment that sets a limit to the arbitrary intensities of the flow of materials. 
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Let ;'in(t) and ;.out(t) be random variables which assume non-negative 
iutegers. By introducing these values, the capacity of the input and the output 
service systems (that is, the maximum number of arbitrary input aud output 
units in period t) can be modelled. 

The distribution of random variables ;'in(t) and }.out(t) can be considered 
as given by un(t) and vz(t), thus, 

un(t) = PP'in! t [ = n) 

vz( t) = PP'outl t I = z) 

n = 0,1,2, .. . 

z = 0,1,2, .. . 

Let positive integer C denote the capacity of the store expressed in arbitrary 
units of materials. '" (One of the basic aspects of the described process is to be 
useful in decisions for the proper selection of the capacity, by providing evalua­
tion criteria for the "goodness" of the store.) 

Behaviour parameters 

With the above listed system parameters already given, the following 
time-dependent characteristics of the system behaviour can be determined if 
the distribution of the initial stock is known. Let cr.(t) denote the level of stock 
(inventory function), that is, the quantity of materials in the store in period t, 
expressed in arbitrary units. Obviously, q(t) is a discrete random variable if 
t is gh·en. Its probability distribution is described by the following formula: 

qlzl t I = P(cr.1 t I = h) h = 0, 1,2, ... 

Thus, probabilities qlz(t) express that at the beginning of period t there is 
quantity h of arbitrary units in the store. Accordingly, discrete random vari­
able cr.(0) denotes the initial stock expressed in arbitrary units. The correspond­
ing probability distribution is: 

h = 0,1,2, ... 

The store attempts to satisfy the demands according to the flow of materials 
from the supplier, the demands and the level of storage at that moment. The 
released quantity of materials, the intensity of the output flow of materials 
can also be described by discrete random variables in each given period t. 

Accordingly, let /3(t) denote the discrete random variable expressing the inten­
sity of the release flow of materials, that is, the amount of output materials 
in period t expressed in arbitrary units. For the probability distribution of the 
release quantity of materials, as a discrete random variable in period t, the 
following denotations will be used: 

s) s = 0,1,2, ... 

* In the case of practical applications. the selection of arbitrary units for non-homo­
geneous materials constitutes the topic of a . different investigation. 



Nature of 
system parameters 

Classes of 
system parameters 

Stochastic process 

Notation 

Distribution 

Environmental parameters 

Demand of customer 
system (expressed 
in arbitrary units) 
in period t 

~(t) 

discrete 
random 
variable 

P/(t) = P(~(t) = 1) 

1=0, 1, 2, ... 
t = 0, 1, 2, ... 

Quantity of arrivals 
(expressed in arbit­
rary units) in period t 

1/(t) 

discrete 
random 
variable 

Tk(t) = P(1/(t) = k) 

k = 0, 1, 2, ... 
t = 0, 1, 2, ... 

Table 1 

Storage system parameters 

Assumed system parameters 

Input service capacity 
of store (expressed 
in arbitrary units) 
in period t 

?'i r.(t) 

discrete 
random 
variable 

u,.{t) = P(i'in(t) = n) 

n = 0, 1, 2, ... 
t = 0, 1, 2, ... 

Technological parameters 

Output service capa­
city of store (ex­
pressed in arbitrary 
units) in period t 

;'out(t) 

discrete 
random 
variable 

vz(t) = P(?'out(t) = z) 

z = 0, 1, 2, ... 
t = 0, 1, 2, ... 

(Containing) capacity 
of store in arbitrary 
units 

C 

positive 
integer 

Amount of initial 
stock, i.e. the quan­
tity of materials in 
store (expressed in 
arbitrary units) in 
period 0 

discrete 
random 
variable 

0:(0) 

qh(O) = P(o:(O) = h) 

h = 0, 1, 2, .. . 
t = 0,1,2, .. . 

Computed system parameters 

Behaviour parameters 

Amount of stock in 
store (expressed in 
arbitrary units) in 
period t 

discrete 
random 
variable 

o:(t) 

qh(t) = P(o:(t) = h) 

h = 0, 1, 2, .. . 
t = 0, 1, 2, .. . 

Output of store (ex­
pressed in arbitrary 
units) in period t 

discrete 
random 
variable 

P(t) 

0s(t) = P (P(t) = s) 

s = 0, 1, 2, .. . 
t = 0, 1, 2, .. . 
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Customer system 

The system-parameters and their characteristics are compiled in Table 1. '" 
Fig. 3 shows the systematization of the characteristics of environment, 
technology and flow of materials. 

4.3. Formal model for the behaviour of storage systems 

4.3.1. Transition and output probability matrices 

Our aim is to descrihe the hehaviour of the svstem with respect to a 
certain optimum, or evaluation conditions on the hasis of the storage sy;"tem 
parameters ginn in 4.2. hy means of determining the following conditional 
probahilities: 

pt (h(t -L l)/h(t» (4.3.1.) 
and 

(4.3.2.) 

* Besides these, the behaviour of the system. will be evaluated by means of the para­
meters (E[;,(t)]) and (E[IS(t)]) denoting unlllet demands, and "rejects" (5)., resp. which can be 
calculated from the characteristics given above. 

5 Periodica Polytechnic a Transport Eng. 4/1 
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Here 4.3.1. denotes the probability for the inventOl'Y leyel h(t), of the store 
of a period t will become h(t 1) at a period (t 1).4.3.2. denotes the proba­
bility that, if the inventory level is h(t) the output quantity of materials will 
be s(t) in period t. These probabilities 'will be explicitly defined by two matrices 
consisting of conditional probabilities. 

Theorem 1 

The storage system is assumed to satisfy all the (systems engineering) 
conditions in 4.1.1 to 4.1.7. In this case the inyentory level of the store deter­
mines a (usually inhomogeneous) Markoy chain. The elements of this transi­
tion probahility matrix M(t) depend only on the distribution ofrandom variab­
les ~(t), "j(t), ;'ir;(t) and ;.out(t) and the capacity of the store, and correspond to 
the probability deserihed in 4.3.1. A constituent m ii of matrix 1\-1 is: - . , 

f i: (u" + r:,) 
I V=O 

I 

dU,j'z) = 

1 

I 
I ° otherwise 

z,~ .1 (Z~ '\ ,,~ 1:'!I~ U," 
:,~O "V~O ) 

if j 0, 0 i< C, = 
j-i+z-l 

llj-i-o-: ;:; (llj-i-'-:' l',,+rj-i-,-z' up) 

"=0 
if 0< j <: C, 0 i C, j i-,-=>O 

if j C, ° <i< C, C i+=>O 
(4.3.4.) 

In the ahove and following formulas, for the sake of simplicity, the 
(period) variable "t" has heen omitted and the convention adopted that, if 
the upper limit of a summing or an index hecomes negatiYe, the corresponding 

formula is zeroed. 

Proof: 

First, the inventory level of the store, that is, stochastic process o::(t) 
is proyed to be a Markov chain. To achieve this, the following has to he proved 



jIODEL OF STORAGE SYSTE.U BEHAVIOUR 83 

P( a( t ) = i I a( t 

a(t 2) = jk-l ... a(l) = jl) = P(:x(t) = i I a(t - 1) = jk) (4.3.5.) 

The storage models can be sorted into two basic classes: 
a) if the model has no "memory"* the inventory level of the store in the 

next period does not depend on unmet "demands" and "rejects" of previous 

periods, 
b) in case of models with "memory" this restriction does not hold. 
It is obvious that in case a), relationship (4.3.5.) holds and in case b), 

it simply follows from condition (4 .. 6.1.). 
In computing transition probabilities 7n ij first let us assume that the 

input, output and the capacity of the store are infinite and define the proba­
bilities a(i, jll) expressing that the inventory levcl will be "j" in period t 1 
if the store had "i" amount of stock at the beginuing of period t,. while suppos­
ing that a quantity "l" of materials is demanded, 

Applying 4.1.7: 

f ~ r" 
1,=0 

a(i,jil)=< 

l! Tj+[_i if j >0 
o otherwise 

if j = 0 and l- i > 0 

and j -'- l- i > 0 

Namely: 

the inventory level of the stock ,vill be zero if the amount of the input 
materials and the stock i equals or is short of the amount of demands, 
the inventory level of the stock wiH be j > 0 if the amount of the input 
material is j -- I i = 0 
and the probability of any other event is zero. 

Now the capacity of the store input system is assumed to be n. From the aspects 
of the functioning of the input system, this means that any amount of materials 
greater than n will be rej ected. Accordingly probabilities b( i, j Il, n) relating 
to the event of the inventory level i of the store to hecome j, for an amount 
of demands I and a capacity n, are: 

I-I 

if j = 0, 1 i > 0 and i < It 

1 if j 0; 1 i>O and i > n 

b( i, j Il, n) if j > 0; j + l i > 0 and j +l i<n 

if j > 0; j + 1 - i > 0 and j + l - i = n 

* In simulating the behaviour of storage systems "memory" usually means that the 
store "remembers" the unmet demands and the "rejects" in the given period. 

5* 
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Let d(i, j Il) denote the probability that the store transforms from level i 
into j, provided that the amount of demands that arrived is 1 and the capacity is 

j'in' 

According to the formula of total probahility to this case: 

d(i,j[l) " 5!L v ' b(i,j [I, v). 
-= 1,=0 

Then using formula b(i,j 1, n), summing can be described as follows: 
a) if j = 0 and 1 - i > 0 

d(i,j[l) ]u,,+(~rv)( ~ u,,)= 
1'=0 1'=0 v=H+l .. 

[-I 

= 2E (1'" 
11=0 

b) if j > 0 and j + I - i > 0 

d(i,j I) 

= Uj+[_1 (1 j+[-1-1 ) 

2 rlJ 
,,=0 , 

2 llv= 
p=j+l-i+l 

j+[-I ) 2 u 1) == 
7'=0 

j-'-I-i-l 

(4.3.6.) 

( A 3 "') 7 •• 1 

= llj+i-I+rj+[-i I"j-'-[_;' Uh[-i - 2 (lIj+[_I' rv+rj+[-i ·u,,). 
v=o 

c) Furthermore, if conditional inequalities 4.3.6 and 4.3.7 do not hold, the 
corresponding probahilities dU, j Il) are seen to be zero. 

Let us see how probahilities d(i, j , 1) vary if the finite capacity of the 
store is C. In this case no changes of the inventory level where j > C (that is, 
the corresponding d(i, j [ I) = 0) are allowed. Imagining a store which, 'when 
it is full, "rejects" the arrivals the reception of which would be still allowed 
hy its input service capacity, it is ohvious that in the case of a store with a 

capacity C, 0 < i C and C i + I > O. 

co 

d(i,Cil) = ;id(i,j I) 
j-:::C 

1+1-1-1 J -' ::E (Uj+[_I' r,,+rj+[_;' uv) . 
v=o 

(4.3.8) 
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For 0 <j < C, relationships 4.3.6 and 4.3.7 still hold true for probabilities 
d(i,j t I) even in the case of capacity C. Let now::; denote the output capacity 
of the store in a given period. This involves the folIo'wing changes for the pro­
babilities which determine transition. 

( . ., 1) {d( i, j I I) 
e lo] .,z = d(i,j I z) 

if 1< z 
if I >z (4.3.9) 

where e(i,j t l,z) denotes the probability of the inventory level of the store to 
be i at the beginning and j at the end of the period, provided that the amount 
demanded is l and the capacity of the output service system is z. Now transi­
tion probabilities m ij occurring in the theorem can be calculated. Applying 
the formula of total probability twice: 

mu = ~ PI (i Vz • e(i,j 11, Z))' = 
, 1=0 z=O 

"" 1-1 

= ~ ~ PI' VZ • d(i,j I z) + (4.3.10) 
1=0 z=O 

i [PI' d(i,j\l) (1- ;t . V z)]. 
1=0 Z=O 

Relationship 4.3.9 was applied in the transformation. d(i,j I z) and d(i,j ; I) 
are determined by relationships 4.3.6, 4.3.7 and 4.3.8. 

Clearly, the matrix of values m ij is stochastic, since values mij constitute 
probability distribution for given i. This is explicit from taking into account 
the probabilities obtained from the process of proof and the fact that the 
mixing of probability distributions is also a probability distribution. 

Theorem 2 

The storage system is assumed to satisfy the conditions in 4.1. In this 
case the amounts of material released in each period can be characterized with 
a matrix N(t), and nii member of which equals probahility P(t)(jii) occurring in 
4.3.2. 

The elements of matrix N(t) are defined as: 

nij = ~ ~ V z • PI . d(i,j 11, z) 
1=0 z=O 
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where 

'ud 

if j i > ° an cl j < l, I < ::; 
j - i > 0 and j < ::.:, z < I < C 

"V ...... 
(

CC-' cc 1 
~ r[{ ~,Il,: 

':=j-i ) L=j-i } 
if j - i > 0, j = L 1::;::;:;.-.:::: c 

d(i,j 1,::.:) 
I if j i < 0, j z < c 

j i < 0, j = ::; < 1 

:i: fu v-;' 1',--; + i (u'--i r" + rv-; ll!;)] 
v=zL k=v-i+l ( 1 <:> I') ) ":r.J. _0 

I i r!:l(! i likji 
'k=l-i j.-=l-i .. , 

if j 0, j = ::; /' 1 
~ 0 otherwise 

Proof: 

Assuming the input and output capacities to be infinite, let us describe 
the probabilities a( i, j I l) expressing the probability that the store releaEcE an 
amount i of materials if the demand is 1 and the level of storage is j. 

ing: 
From the conditions we obtain (according to seryice strategy) the foHow-

f rJ-~ 
I ~ r i: 

a(i, j Il) = 1 f,=j-i 

t 0
1 

otherwise 

if j 1 ° and j < l 

if j i > 0 and j = I (4.3.13.) 

jf j i < ° and j = I 

NO"\L let the yalue of the input seryice capacity be n. In this case we obtain 
probabilities b(i,j il, n) expressing that the store releases j units of materials 
if the inventory leyel is i, the demand is I and the input sel'yjec capacity is n, 

by re'niting the formula (4.3.13.): 

...... 
Tn -~. r,!{ and 

k=n 

After transformations, on the basis of the formula of total probability the 
relationship 4.3.12 is obtained, denoting probability of the event that the 
store releases j units of materials, proyided the demand is I, the inventory level 
is i and the capacity is z. 
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q*(O) M (1) q*(t) M (t+1) ........ . 

1= = 1 ......... 1Jo 
period 1 period 2 period t 

Fig. 4. Changes in inyentory level distribution on discrete time scale 

This results in the theorem applying twice if the formula of total proba­
bility is to values d(i, j ! I, z) to demand PI and output capacity distributions 
1':. The matrix composed of yalues n ij is stochastic, since values n ij constitute 
a prohability distribution, for a giycn i. 

4.3.2. The transient behaviour of storage systems 

According to theorem llVI(t) lTI2.trix, defines a ~11arkov chain fOl' random 
yariable cx(t) expres:3ing the im-entory lc,-el of the store and permitting to 
algorithmize the hehaviour of the store. 

Let vector q(t) denote the column -...-ector of the probahility distribution 
concerning the inyentory level of the store in period t, cGmponent h of q(t) is: 

then function of the system can he illustrated on a discn,te time-scale as 
shown in Fig. -1-. Thus the distribution of the inyentory level can be deter­
mined in an arhitrary period t --'-- I, in accordance -with Fig. ,1, hy thc recursive 
formula: 

If'" (t 1 - 1) = q*(t)lU(t + I) (4.3.14) 

helping to determine the probability distribution of the inventory level of the 
store for any period t, if distribution for the initial amount of stock q*(o) 
is known and transition probability matrix l'~i(t) is computable from theorem 1. 
Theorem 2. yields the probahility distributions of the amount of material 
output in periods t. 

Let vector w(t) denote the column vector of the probability distribution 
of the output of the system (the amount of materials released) in period t 

that is, the element s of vector w(t) denotes the probability: 

ws(t) = p(fJ(t) = s) 

In this case the changes in the output of the system can be illustrated as in 
Fig.5. 

Thus, in accordance \\--ith the definition of N(t), the probability distri­
bution of the amount of material released in any period t can be, defined as: 

w*(t) = q*(t -- l)N(t) (4.3.15.) 

* (*) denotes the transposed vector (row vector) as defined by matrix algebra. 
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The behaviour of the system from the standpoint of the customer is shown 
in Fig. 6. 

Summarizing our results, on the basis of theorems 1 and 2, if the environ­
mental, technological and reliahility system parameters are considered as 
known, transition and output prohahility matrices M(t) and N(t) can he stated 

q*(O) N (1) 

= I 
q*(l) N (2) I···· ........ . q"(H)N(t) 

1- = ! 
period 1 period 2 period t 

Fig. 5. Changes in output distribution on discrete time scale 

~(t) 
q" (t + 1 ) = q"( t ) J;;, ( t + 1) 

Fig. 6. Changes in storage system beha,-iour in terms of customer system expectations 

to be constructihle. The behaviour in time of the storage system, can be de­
scribed hy the algorithm hased on relationships 4.3.14 and 4.3.15 in case of 
capacity C. 

4.3.3. Permanent system behaviour 

One of the basic practical features of the storage systems is the periodical 
change of distribution of their input parameters (distribution of demands 
and of input). The periodicity may he disturhed only by a stochastic "pertur­
bation". Therefore an investigation of systems of periodical hehaviour may be 
of particular interest. For these systems the following propositions hold: 

a) Transforming the time scale by selecting one period as unit of time, 
matrix M(t) characterizing the condition of the system hecomes independent 
from the periods. In this case the process can be described by an ergodic }\iarkov 
chain. 

The existence of ergodicity can be proved as follo'ws: if the input distri­
hutions contain non-zero elements "in a sufficient number" then the structure 
of a transition prohability matrix concerning a new period, wich has been 
obtained by multiplying the matrices 1\-1 of the periods with each other, can be 
divided into four sub-matrices (See: example). Among these Mu and M22 are 
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entirely filled with non-zero elements; M12 and M21 are triangle-matrices. The 
powers of these matrices are characterized by the fact that the greater the 
exponent, the smaller the dimension of the sub-matrices M12 and M21• Thus, 
a column. containing positive probabilities results only if a suitable exponent 
is chosen. In this case, according to the Markov theorem, the transformed 
chain is ergodic. 

h) The behaviour of the system is characterized by the fact that, he­
cause of the choice of the prohahility distribution of the initial stock, transient 
states may occur in the beginning, hut after a sufficiently long time the system 
is stabilized, it assumes a so-called steady state. 

c) The limit distrihution (ahsolute stationary prohahilities) can he cal­
culated hy methods known from the theory of Markov chains (e.g. ·with 
the solution of simultaneous equations). Evidently distrihutions within the 
period can also he generated from the limit distrihution. 

5. The evaluation of the behaviour of storage systems 

In modelling storage systems, a mere description of their hehaviour is 
insufficient. Some evaluating conditions and decision rules are also necessary 
for the analysis of the "goodness" of their hehaviour. 

The given model is of help in determining the statistical characteristics 
of the hehaviour parameters of the system yielding information necessary for 
the evaluation of the store. 

The expected valHe and variance of inventory function Ct:(t) in period t: 

c 
E[x(t)] = ::E qh(t) . h 

,,=0 
c 

a2 [x(t)] = ~ [h - E(xl t l)]2qh(t) 
Iz=O 

The expected value of the amount of unmet demands y( t) in period t: 

E[y(t)] E[~(t)] - ELB(t)] 
·where 

C c 
E[~(t)] = ~ pz(t) . I and EIJ3(t)] ~ws(t) . s 

z=o s=o 

The expected value of the amount of "rejected" arrivals in period t: 

E[6(t)] = E[l}(t)] + E[Ct:(t)] E[Ct:(t + 1)] - E[B(t)] 
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Table 2 

Parameters for the e,-aluations of storage system behaviour 

Stochastic process 

Inventory function 

Rate of unmet demands 

"Rejects" 
(arrivals of which entry into 
the storage system is denied) 

where 

et.(t) 

;'(1) 

St3.tisticaI parameters 

E[c(/)] = q"(t - l)M(t)k 

C 

u2 [ et.(t)] = J: [h - E(et.(t»)2q,,(t) 
/;=0 

E[;.'(t)] (p* - (((t - l)N(t)M(t)]k 

E[u(/)] = [r" -q"(t -l)[I-M(t-l)­

N(t)] • M(t)]k 

E[rS(t)] = .:E r,,(t) . k and x(t -[- 1) = x(t) (i7(t) -- 6(t)) 
/;=0 

These relationships ean also he formulated by matrix formalism. 

If k* denotes veetor (0, L 2, ... C) then 

E[x(t)] q*(t l)lVl(t)k 

E[y(t)] = (p* - q*(t l)N(t)i¥I(t))k 

Elb(t)] = [1'* q*(t - 1)(1 - iVl(t -'- 1) N(t))lVl(t)]k 

(here p and r denote the vectors of the prohahility distrihutions eorresponding 
to the amount of demands and of arrivals, respectively; 1 is a unit matrix with 
dimension C). 

The "goodness" of the system can he characterized 011 the basis of the 
obtained results, hy evaluation conditions and decision rules. U nclouhtedly, 
no universal rules can he given for eyaluatillg the "goodness" of the store. 
During the process of designing or inyestigating the store, suitahle evaluating 
conditions (optima) have to he selected with respect to the peculiarities of the 
actual situation as well. In the investigation of the "goodness" of the system, 
if it is an input-oriented "producing" store the expected values E(x I t 1), 
E(17 1 t I) characterizing the quality of the input should he considered while, 
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jfit is a demand - oriented "trading" store the expected value E[p(t)] that con­
cerns rapid and precise releases is to be investigated. 

As an example the following functional reliability yalues can be ment' oned 
similar to the notion of "service grade" in the theory of inventory control. 

_1 ~. E[p(t)] 
lim / <1- 8 
T-= T t=O E[;(t)] 

(5.1.) 

1- 8. (5.2.) 

Formula 5.1. sho'ws that in case of an interval consisting of an arbitrary number 
of time units the rate of the probable value of average satisfied demands in 
one period t is in each period t higher than. or equal to an arbitrary 1 - 8 

value. Formula 5.2. shows in one interval T the rate of the probable yalue of 
average satisfied demands in each period to be higher than, or equal to an 
optional 1 - e value. The characteristics suitable for the evaluation of the 
storage system are compiled in Tahle 2. 

6. Example 

For illustrating the described modcllet us present a concrete arithmetic 
problem emerged during the computer research on the system model. \Ye have 
observed the behaviour of the system during 50 periods with the following 
parameters: 
1. capacity C of the store is 11 arbitrary units of materials: 
2. the initial stock comprises 6 arbitrary units of materials at a prohability 1; 
3. the probahility distribution of the input service system has been assumed 

to have a service system of 3 machines each of a capacity of 2 units of mate­
rials/period. The prohability has been taken into consideration that the 
machines could go wrong; according to [1] it is v = [0.0008, 0.0068, 0.083e1, 
0.2245, 0.1578, 0.000, 0.5259, 0.000, 0.000, 0.000, 0.000] 

4. distribution of the capacity of the output service system can he obtained 
similarly to that of the input service system, but we have assumed to have 
2 handling machines instead of 3.11 = [0.0083, 0.0496, 0.3636, 0.000,05785, 
0.000, ... ] 

5. demands arrive in every period according to the Poisson distl-ibution of 2 
expected values. 

6. the Poisson distribution of the amount of arrivals has 6 expected .,,-alues in 
every 3 periods, it is 0 in other periods with 1 probability. 

Tables 3 and 4 show the transition probability matrices and the output pro­
bability matrices of the system. 
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h) 

'fable i) 

Transition prohahility mat.rix M(r,) ill periods 0,3,6 ... 

i- o 1 I 
'1· 

I I 
9 ]0 

I . . - .. 
... 

0 0.IH2! 0.1679 0.20tH O.lSHl 0.1%2 0.0940 0.0376 0.0000 0.0000 0.0000 0.0000 

1 O.OBlS 0.1006 0.1679 O.20t1l O.l5Bl O.lS62 (1.091·0 O.O:n6 0.0000 0.0000 0.0000 

2 0.0300 O.OSIS O.IOO6 0.1679 O.2(J1.1 O.lSBI O.lS62 O'()9tj.0 0.0376 0.0000 0.0000 

:1 O.OO7l 0.0229 O.OSlS 0.1006 0.1679 O.2(Jt1.1 O.ISBI O.lS02 0.091·0 0.376 0.0000 

tJ. 0.002:1 O.OO4B 0.0229 O.OSlS O.100(i 0.1679 O.20tf.I O.lSBl O.1S62 0.0940 0.0376 

S 0.0000 0.0023 O.()()tJ.B 0.0229 O.05!S 0.1006 0.1679 0.201.1 O.1SB1 O.lS62 0.1316 

6 0.0000 0.0000 0.002:1 O.OOtlll 0.0229 O.OS1S 0.1006 0.1679 0.201.1 O.lSBl O.2B77 ~ 

7 0.0000 0.0000 0.0000 0.002:1 O.()()t!.B 0.0229 O.OSlS 0.1006 0.1679 O.20,n OA.t1.SB :" 
B 0.0000 0.0000 0.0000 0.0000 0.0023 O.O(HB (l.O229 O.OS15 0.1 006 O.l679 O.6S00 

~ 
9 0.0000 O.O()OO 0.0000 O.()OOO 0.0000 0.0023 0.001.g 0.0229 O.OSlS 0.1006 O.H179 

10 0.0000 0.0000 0.0000 0.0000 O.OO()() 0.0000 0.0023 O.()(HB 0.0229 0.051S 0.91BS 
:,.. 
Pi .... 
§ 
p. 

"Out.put probahility" matrix N(r) in periods 0,3,6 ... ?-
b;J 

I 

§ 
0 'I II ? 10 :,.. .... 

0 0.1616 0.3034 0.:1790 0.109:1 0.(Jtl.67 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

1 (U:n:l O.3lS6 0.:16B:l 0.1099 O.06B9 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

2 O.U7:3 0.2997 O.:IB02 O.10:l9 0.0790 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

:1 O.U7:3 0.2997 O.:IHB O.lOH O.OBOB 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

4· O.I:l7:3 0.2997 O.:lHB 0.10;'0 O.OB:H 0.0000 o.OO()() O.O()OO 0.0000 0.0000 0.0000 

S O.l:n:l 0.2997 O.:lHB 0.10;'0 O.OB:n 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

6 O.l:l73 0.2997 O.:IHB O.lOSO O.On:lL 0.0000 O.O()OO 0.0000 O.OOO() 0.0000 0.0000 

7 0.1:17:3 0.2997 O.:lHB 0.1050 O.OB:IL 0.0000 0.0000 0.0000 O.O()OO 0.0000 0.0000 

n O.l:l7:3 0.2997 O.:I7tJ.!l 0.10;'0 O.OB:\1 0.0000 O.O()()O 0.0000 0.0000 0.0000 0.0000 

9 O.l:l7:1 0.2997 (UHB 0.1050 o.ou:n 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

10 O.l:l7:l 0.2997 0.37tJ.B 0.1050 O.OU:\] 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 



Table 4. 

Transition prohability matrix M(/.) in periods 1,2,11,,5 ... 

I 0 I 1 I 2 I :\ I ,I I 5 I 6 I 7 I g 1- -~. I 10 

---.---~----------------------------------.-~----... ------ .--_. __ ... ,,----- - -- ....... ,,---- --. -----_ ..... - _ .. - ~---------.------. --- - -----_ .. ----.;" -'--~~----.~'--~-'-~---

0 1.0000 0.0000 
I O.B627 0.1373 
2 0.5630 0.2997 
:1 0.IBB2 O.3HB 
1, O.OB:n 0.1050 
5 0.0000 O.OB:n 
6 0.0000 0.0000 
7 O.OO()O 0.0000 
B 0.0000 0.0000 
9 0.0000 0.0000 

10 0.0000 0.0000 

o 

0 0.1616 (J.:)03/1 
1 O.I:l7:1 O.:HS6 
2 O.137:1 0.2997 
:1 0.137:1 0.2997 
IJ, O.1373 0.2997 
S O.137:1 0.2997 
6 O.1373 0.2997 
7 0.137:\ 0.2997 
B 

I 

0.137:1 

I 

0.2997 
9 0.1373 0.2997 

IO 0.1'17:1 0.2997 

0.0000 0.0000 0.0000 0.0000 0.0000 
0.0000 0.0000 0.0000 0.0000 0.0000 
O.1373 0.0000 0.0000 0.0000 O.OOO() 
0.2997 0.137:1 0.0000 0.0000 0.0000 
O.:IHB 0.2997 0.1:17:1 0.0000 o.O()OO 
0.1050 (J.:l74B 0.2997 OJ:17:1 0.0000 
O.OB31 0.1050 (J.:lHB 0.2997 O.T :17:1 
0.0000 O.OB31 O.10!iO 0.:17 IJ.B 0.2997 
0.0000 0.0000 o.ou:n O.lOSO O.:IHB 
0.0000 0.0000 0.0000 O.OB:n O.10S0 
0.0000 0.0000 0.0000 0.0000 o.ou:n 

"Output prohability" matrix N(t) in pel'io([s 1,2,II.,S ... 

0.3790 0.109:1 
O.36B:1 0.1099 
0.3B02 O.I039 
O.374,g O.107/j. 
O.3HB O.IOSO 
O.:\HB O.lOSO 
(U174,B O.10S0 
0.:17/18 0.10!iO 
O.3HB 

I 

O.10S0 
0.:171,B 0.1050 
O.3HB 0.1050 

___ ~~_I __ -
0.01,67 
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0.0790 
O.OBOB 
O.OB:n 
O.OB31 
O.OB:n 
O.OB:H 
O.OB:n 
O.OB:H 
O.OB:n 

O.OO{)O 
O.OOO() 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 
O.OOO() 
0.0000 
0.0000 
O.{)()OO 

0.0000 
O.OO()O 
0.0000 
0.0000 
O.OO{)O 
().OOOO 
0.0000 
O.OOO{) 
0.0000 
0.0000 
O.O()OO 

0.0000 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 
O.OOO() 
0.137:1 
0.2997 
0.3HU 
0.2997 

0.0000 
O.O()OO 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 
O.O{)()O 
0.0000 

0.0000 
0.0000' 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 
OJ:173 
0.2997 
0.10S() 

H 

0.0000 
0.0000 
O.OO{)() 
0.0000 
O.()OOO 
{).OOOO 
{).OOOO 
0.0000 
0.0000 
O.O{)OO 
0.0000 

0.0000 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 
0.0000 
0.1373 
O.3HU 
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Fig. 7. Diagram sho,,"illg the changes in storage system behaviour parameters (Example 1) 

Fig. 7 illustrates the changes in the parameter values characterizing the 
behaviour of the system, such as the expected value and variance of the in­
';entory level, the expected value of the amount of unmet demands, the 
expected value of "reject" and the degree of functional reliahility as rela­
ted to time. (Variance is marked hy shading in the figure). If the capaeity 
of the serviee system is charaeterized by the distributions [4: and 1 machines] 
v = [0.0001, 0.0008, 0.0142, 0.0820, 0.2336, 0.000, 0.1912, 0.000, 0.4781, 

0.000, 0.000] 
and u = [0.0909, 0.2727, 0.63M-, 0.000, ... , 0.000] and characteristics 1, 2, 
5, 6 remain the same, the changes in the parameters of the storage system 
are shown in Fig. 8. 
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Fig. 8. Diagram sho'dug the changes in storage system behaviour parameters (Example 2) 

7. Application and further perspectives 

The basic possibilities for applying the described svstem model and 
algorithm, and, also, the simulation research based on them can be summarized 
as follo'ws: 

I. The investigation of the system can play a prominent role in the prelimi­
nary phases of store developement decisions. In this case the effect of the 
proposed changes (e.g. the increase in the capacity and reliahility of the 
system) and the behaviour of the storage system can he calculated (and 
evaluated) from theoretical relationships described above. 
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2. In the course of designing large scale systems beside the expected environ­
mental influences (stochastic characteristics of arrivals and flow of demands) 
technological and reliability system parameters required to achieve a cer­
tain degree of "goodness" (capacity of the store, capacity and reliability 
of service systems) can also be defined. The obtained parameters (para­
meter variants) will mean the basic information for determining the capacity 
of the store, the selection of the service systems and establishing the material 
flow processes. 

The great amount of computations involved in the course of investiga­
tions and design justifies computerization. 

The following cases of possible application provide opportunities for 
further research and design. 

1. The capacity of ~torage service systems as a stochastic process is mostly 
influenced by the changes in time of the reliability parameters of the ser­
vice systems. The included stochastic process permits to apply the model 
for investigating the effect of service-system amortization on the "goodness" 
of the store. 

2. In designing the store the model given here provides an opportunity to 
take into account the trends to increase the flo"w of demands and arrivals, 
thus enabling us to make up for the changes maintaining the capacity 
level needed. at the desired degree of the" goodness" of the store ("elastic 
model"). 

The possibilities for further investigations of storage system behaviour can 
be summarized on the basis of the system model as follows: 

1. In case of more than one kind of products the system model can be gene­
ralized by usual mathematical procedures. 

2. From the aspect of simulating the system behaviour, it seems often justified 
to assume that within the storage service system the output system is sepa­
rate from the input system (e.g. for what are called Komissionierlagern 
in German terminology). Storage service systems can however not often 
be divided into input and output service systems, that is, the input and the 
output capacity levels of the system cannot be separated. 
In this case a unified service system operates according to a given strategy. 
This can be simulated by determining a random variable that controls the 
changes of the input and output intensity values in each period. 
The latter model can be deduced from the system model of behaviour, but 
to obtain more detailed results further investigations are necessary. 

3. If the flow of demands and the input fIo-w of materials are independent of 
time or they are periodical, the inventory function and the output function 
of the store can be considered as the state function and output function 
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of a stochastic automaton. The stochastic automaton yields a simple algorithm 
for the definition of both the probability distribution of the inventory level 
and the output at any point of timc. 

4. The general system model provides the opportunity to construct models 
with memory. In this case the store "remembers" the information concern­
ing unmet demands, and tries to satisfy the postponed demands in sub­
sequent periods. Here the description of the accumulating amount of unmet 
(postponed) demands in terms of the technological and reliability parameters 
means to investigate the system behaviour. 

5. The investigation of inventory control storage systems with memory seems 
to be a complex research prohlem of incorporating inventory control strate­
gies in the behaviour model with memory. In this case investigations ·will 
focus on the closed circuit of demans and materials. * 

6. By making period .cd t to tend to 0 in the general model a possibility is given 
to characterize the storage system by a non-discrete mo del. This mathematical 
generalization may yield useful "rheological" rules for the hehaviour of 

storage systems. 
7. Finally, the system model provides the opportunity for an extensive develop­

ment in the investigations into storage system hehavio ur and in the descrip­
tion of its self-control processes by means of adap tive and learning algo­
rithms. 

Summary 

A stochastic model for the description and evalllation of storage system behat'iollr. By 
uniting inventory control and dam model approaches with the description of internal store 
processes the described stochastic model aims at considering all the imporant technological 
factors involved and at describing storage system behaviour in relation to time and in its inter­
relation with its environment. The model and the algorithm given here are of use in design­
ing stores and in investigations, developments and investment decisions concerning par­
ticular storage systems. 
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" What sort of target function can be constructed of the parameters characterizing the 
behaviour of the system and calculated by the given model, and how the corresponding problem 
of the optimum can be solved - are problems to be investigated subsequently. 
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