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Abstract
This article studies the processes in large-scaled road traffic 

networks. The described system applies a new dynamical model 
considering the real circumstances. The validation of the model 
is performed with cross-section traffic data and velocity measure-
ment of GPS-equipped cars participating in the traffic. The model 
was set up  during the modeling process of the city of Győr.
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1 Introduction
The theory in question applies to systems belonging to the 

class of positive systems. 
To this class belong, for example, fluids moving dynamically 

between reservoirs in a network, where Euler’s law of conser-
vation of mass holds, and the basic structure is the intercon-
nected network itself, Bastin, G. (1999). These models are used 
to describe the multitude in different systems, for example, in 
traffic systems, that manage the flow of cars on the road, or the 
flow of aircrafts in the airspace in that the control is performed 
with groups of computers Fu, Y. et al, (2006).

In the case of macroscopic models the traffic is treated as 
a flow of a medium applying the so-called liquid or gas flow 
approach. Macroscopic models were studied to describe the 
traffic flow using the analogy between the traffic and fluid 
flows as the starting point in Lighthill, M.J. and Whitham, G.B. 
(1955), Ashton, W.D. (1966), Bécsi, T. and Péter, T. (2008).

In the area of macroscopic modeling of traffic processes the 
concept of the class of positive systems came up naturally.

The first definition of positive systems was given in Luen-
berger, D. (1979): A positive system is a system in which the 
state variables are non-negative. In the majority of the analyzed 
traffic processes the original physical meaning of the states meet 
this requirement. The classic literature on traffic processes sets 
up in the most cases general linear system of equations, without 
using the positive qualities of the process. We might think that 
the properties recognized in the general linear systems are also 
true for positive systems without any restrictions; however, this 
is not the case as described in Varga, I. (2007). The controlla-
bility and observability conditions of positive systems cannot 
be clearly derived with methods known from general systems. 
This problem is particularly true if a non-negative co-domain 
is required not only for the states, but for the actuator signal, 
as well. Therefore, the description of the traffic processes as 
purely positive systems is not a trivial task from the control 
theory point of view. The control task in this case means that 
we need to control the system from a state to another state 
so that the states take non-negative values during the state  
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transitions, as well. In this subject matter the description of 
the systems and controllability was given in the systematizing 
works of Caccetta, L. and Rumchev, V.G. (2000) and Farina, L. 
and Rinaldi, S. (2000), and Bacciotti, A. (1983), Coxson, P.G. 
and Shapiro, H. (1987) and Valcher, M.E. (1996). In the publi-
cations of Boothby, W.M. (1982) and Sachkov, Y.L. (1997) the 
following theorem regarding real matrix A applied in control 
theory can be declared: The system is positive if and only if the 
matrix A is a Metzler matrix, i.e. the elements outside the main 
diagonal are non-negative (the elements in the main diagonal 
may be arbitrary).

We developed a software based on our non-linear traffic 
model. This software called PannonTraffic is object-oriented, 
easily developable, modularly structured, and it contains the 
features for creating road network, simulating it and conducting 
an analysis. Stróbl, A., Péter, T. (2013). 

The elements of the road infrastructure (lanes, traffic lights, 
pedestrian crossings, bicycle roads, etc.) are mapped through 
an interactive surface input while they are parameterized by  
several features. We succeeded to implement the simulation with 
a high-performance algorithm. S. Fazekas, T. Peter: (2012), Faze-
kas Sándor, Péter Tamás (2012.1), Fazekas, S., Péter T. ( 2013)

2 Traffic model for analysis
A very important new structural result from the modeling 

point of view is that the dynamic model of the road network 
is made up of the multitude of the same elements and the co-
domain of each xi state parameter value is located in the interval 
of [0,1]. Therefore, the parking lots may also be treated as gen-
eralized sections of the model and are dynamic components of 
the network as the lanes, Péter, T. and Bokor, J. (2010, 2011),

Another important new structural result is that, regardless of 
the map-graph, a unified hyper-matrix structure can be speci-
fied for the mathematical modeling of large-scale road network 
processes, which for a network located not necessarily in a sin-
gly connected domain describes the entire system of relations 
between network elements (internal-internal, external-internal, 
internal-external and external-external relations).

The new description of the dynamic model of the system is 
the base for the calculation and control of the system processes.

In the referred contributions there is discussion about a con-
structed network, which is bounded by a closed curve. Péter, T. 
(2012.1), Péter, T., Szabó, K. (2012) and Péter Tamás (2012.2).  
It contains n sectors of internal network and m sectors from 
external network. We assume that the external sectors have 
directly connection to internal sectors and their state is known by 
measurements. The differential equation system is the following:

where x ∈ ℜn, ∀ xi ∈ [0,1], (i=1,2,…,n), ẋ ∈ ℜn, s ∈ ℜm, ∀ 
si ∈ [0,1], (i=1,2,…,m), L=diag{l1, ... ,ln}, li length of road 

sections in the main diagonal (∀ li>0, i=1,2,…,n), K11 ∈ ℜ
nxn,

K12 ∈ ℜ
nxm.

The operation of the network is determined by K11 and K12 rela-
tional matrices. These matrices assign the existence of the relation-
ship between every sector of the system, and at the same time it 
represents the differential equation system describing the dynamic 
operation of the sections, so thus the constricted network.

The determination of the vehicle density in the i-th inner sector, 
according to the (1) continuous model:

where

in case of fulfillment of the following relationship:

Fig. 1. The relational matrices of the i-th inner sector

(1)

(2)

(3)

(5)

(4)

KB=
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2.1 Summary of the characteristics applied 
in the large road network model
●	 In our model 0 ≤ xi(t) ≤ 1; (i=1,…,n) normalized vehicle 

density is used as state parameter. The total length of the 
vehicles in one stage or section is divided by the length 
of the stage or section. This calculation can also be used 
in the case of parking lots, so the parking lots are general-
ized sections of the model, as well.

●	 The object of the model is a positive non-linear system. 
In the network the medium flows with variable speed and 
according to the defined time-dependent distribution fac-
tors are denoted by αij(t). The medium is represented by 
road vehicles. The speed depends on the vehicle density, 
the maximum value of which is limited in all sections. In 
addition, the speed function is influenced by weather and 
visibility conditions, road geometry, quality and width.

●	 βij(t) denotes the obstruction (0 ≤ βij(t) < 1) or facilita-
tion (1 < βij(t)) occurring at the transition between certain 
sections.

●	 0 ≤ uij(t) ≤ 1 switching function operation takes into 
account the effect of traffic lights operating at the section 
transitions.

●	 Vehicles are exchanged between the parallel running sec-
tions (lanes), as well as between parking lots and sections 
in the network. This transfer is taken into account by the 
proportionality function 0 ≤ γij(t) or 0 ≤ γij(xi(t), xj(t), t).

●	 Internal prohibiting automatisms operate on the net-
work, as well: vehicles cannot be transferred from 
j to i, if i is full, xi(t) = 1 ⇒ S(xi(t)) = 0. Vehicles also 
cannot be transferred from j to i, if j is empty xj(t) = 0 ⇒ 
E(xj(t)) = 0. These conditions are easy to follow applying 
the normalized state parameters, which provide that in 
the model vehicles cannot be taken from empty sections 
(the density does not enter into the negative range), and 
also cannot be transferred to sections where the density 
has already reached 1.

●	 The network is analyzed on a not necessarily singly con-
nected domain bounded by a closed curve “G”. In the 
external sections, which are in direct transfer relation 
with a network section, the normalized traffic density 
0 ≤ si(t) ≤ 1; (i=1,…,m) is measured.

●	 The traffic model is the so-called macroscopic model.
●	 The mathematical model is a non-linear, non-autono-

mous differential equation system.

3 Traffic modelling in the city of Győr
Győr is the most important city of northwest Hungary situated 

on one of the most important Trans-European priority axis regard-
ing to motorway, railway and waterway also. Its population is 
nationwide high, 131 000 in 2011 and forcefully growing. Győr is 
Hungary’s leader city in introducing new intelligent transportation 
technologies; in aspect of developing new technologies (electric 

car, intelligent communication of vehicles etc.) as well as apply-
ing them (integrated intelligent public transport system).

The city represents a wide variety of settlement structure. 
The historical downtown, the old and new residential areas are 
fastened to the industrial zones. In the last years some surround-
ing village was attached to the city enhancing the diversity of 
the city. This results in daily challenges for the transportation 
network to conduct the appearing traffic on the streets.

In a project supported by the European Union we investi-
gated the traffic network of Győr.

Tamas Peter, Jozsef Bokor and Andras Strobl (2013) and 
Zsuzsanna Bede, Tamás Péter and Ferenc Szauter (2013).

One of the aims of this project is to prepare the network 
model of the whole city, estimate the needed parameters, and 
work out a control for being possible to manage the transporta-
tion processes optimally.

Fig. 2. Modelled network of Győr in our software

Fig. 3. Parking places and traffic lights in the example model
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Our software based on the mathematical model mentioned 
above is capable to cope with this large network, and to provide 
simulation results very quickly for further investigations and 
network developments.

Creating this 175 km2 sized network is executed in only a few 
minutes, which would be impossible without our development 
of about a month. This network consists of 4600 road sections 
(this is only the skeleton network) approximately 500 km of 
total length. This basic network has to be expanded by several 
lanes, bicycle roads (about 36 km) and parking places.

We recently accomplished the surveying of parking places 
in public areas. Altogether we estimated parking places for 20 
000 vehicles on approximately 650 spots. This number doesn’t 
include the private parking places inside the residential parcels 
but includes the hidden parking places in the inner courts of 
the city centre’s buildings. The latter was determined by open-
source satellite images.

The spreading of roundabouts was due to low maintenance 
cost and since it can ensure continuous traffic flow (replac-
ing the intersections regulated by traffic lights), Győr was the 
first city in Hungary where traffic light regulated roundabout 
was constructed and put in operation. Further speciality of this 
intersection type is the architecture; it was the first Hungar-
ian turbo roundabout. Considering this and the several other 
roundabouts, respectively the tunnel and bridges of the city we 
can say the modelling of Győr is a very complex challenge.

As mentioned above Győr is situated next to a railway serv-
ing very high traffic. This excellent railway connection requires 
in addition some level crossings, that has to be modelled prop-
erly, as well. In our software there is a separate module for 
managing the railway-motorway crossings.

Other expansive task of modeling this city is the issue of traf-
fic lights. With the decreasing number of traffic light regulated 
intersections there are more, than 60 intersections where traffic 
light is applied. Most of these traffic lights are supervised and in 
case of need the technical personel can do some kind of inter-
vention from a central control room. In normal circumstances 
the intersections are controlled by some pre-defined programs. 
We had to record these programs in the model too, and define 
the phase groups related to this. Some factors in the model e.g. 
distribution, parking place occupation, parallel lane changes, etc. 
still have to be measured and validated to represent the reality.

4 Calculation of boundary vehicle densities
Let’s suppose, on a boundary-section – which can be an 

input or an output section –, cross section traffic was measured.
We denote the quantity of measured standard vehicle 

throughput in 1 hour with N, and the expected vehicle density 
on the range-section referring to this time interval with s. The 
expected vehicle velocity is v. If the traversed standard vehicle 
quantity is given for shorter time intervals, the dynamics of the 
process can be enhanced.

The velocity v [m/sec] is a binary function in the dynamic 
model, since it’s value depends on the sections before and after 
the analyzed cross section: v = v(s,x), 4th figure.

Initially there is no information on the x internal vehicle 
density, this value will be calculated by the dynamic model, 
therefore we will apply the x ≈ s approximation, accordingly 
v depends only on s. Essentially we handle the two sections as 
one having a common s vehicle density.

In Fig. 4. it can be seen that cross section traffic is meas-
ured on the inputs of cross-hatched domain enclosed by the 
curve G (on bottom left), outer-inner merge is executed. Fur-
thermore, cross section traffic is measured on the outputs of 
cross-hatched domain enclosed by the curve G (on top right), 
inner-outer merge is executed.

The N [Passenger Car Equivalent (PCE)/hour] cross section 
vehicle traffic data related to the next 1 hour are given within 
15 minutes time-blocks. Therefore the number of passed over 
Passenger Car Equivalent, denoted with n, can be calculated:

Denote with h [m] the length of the Passenger Car Equivalent.
Regarding to the base relationship applied to solve dynamic 

equations (1,2,3,4,5) the Δl [m] vehicle length, which is passed 
over in Δt time is calculable:

In case of free flow: S = 1, E = 1, u = 1. As no distribution 
is performed in the current case, therefore α = 1. We supposed 
no obstruction and facilitation, therefore β = 1. The adjustment 
of β will be implemented during the validation of the model. 
Furthermore, the throughput refers to a unit of time, therefore 
Δt = 1 sec. Following that the equation (7) results in the length 
l [m] of traversed vehicles in 1 sec:

However:

also results in the number of traversed vehicles. Consequently 
l is known from the traffic measurement:

Applying the v = v(s) velocity-density function, based on (8) 
and (9) the s vehicle density is determinable.

The bibliography of velocity-density relationship offers 
several functions, e.g.: the Greenshields (1935) (linear), the 
Greenberg (1959) (logarithmic) forms. Further functions are 

(6)

(7)

(9)

(8)
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discussed by Kövesné Gilicze É. and Debreczeni G. (2003). 
These functions are stochastic relations based on measure-
ments, wherein VMax and other constants are derived from 
results of regression methods. The variable x denotes the vehi-
cle density on a section, and v(x) is the expected average speed 
of the vehicles processing on the section, depending on x. The 
Fig. 5. shows different velocity-density functions.

The classical literature does not deal with the definition of 
the environmental vector, but the velocity is determined not 
only by vehicle density, but by other environmental parameteri-
zation, as well: this refinement can be implemented with the 
modification of VMax, or via the modification of the function 
itself considering the weather, visibility, road quality, width of 
the road. These environmental, seasonal factors can be repre-
sented in the environmental parameter vector e in the relational 
matrix: V = v(x,e).

In this case, the parameter vector e contains 5 parameters:

e = [e1, e2, e3, e4, e5]

The following table demonstrates the favorable and unfavora-
ble parameter domains. The internal domain is located between 
the two distinct domains, in most of the cases the practical 
parameter comes from this internal interval. The borders of the 
intervals are empirical values, in a given case the coordinates 
of the e = [e1, e2, e3, e4, e5] parametervector are determined via 
regression analysis after the velocity – density measurement.

The specialty of the introduced V=v(x,e) function is that 
it gives the same results as the linear function of Green-
shields, if every parameters’ value equals to 1 (Fig. 7.). 
This result shows that Greenshields’ linear function has 

ei Meaning of the 
parameter

Unfavorable cases Favorable cases

e1 Road quality Bad:  
e1=0.1 - 0.3

Good:  
e1=3 – 4

e2 Curly road Lot of curves:  
e2=3 - 4

Few curves: 
e2=0.1-0.2

e3 Slippery road Bad, slippery:  
e3=1.2 - 4

No slippery: 
e3<1

e4 Safety, visibility Bad conditions:  
e4=0.5 - 0.7

Good conditions: 
e4>1

e5 Width of road Narrow: 
e5=0.1 - 0.2

Wide: 
 e5>4

Tab. 1. demonstration of the e parameter vector

(10)

Fig. 4. The domain enclosed by the curve G and the relation of the input and 
output sections.

Fig. 5. v(x) [m/s] vehicle velocity is the function of vehicle density

Fig. 6. v(x) velocity – density function with e1=2; e2=1;e3=1;e4=1;e5=1 
parameters.

Fig. 7. v(x) function, with e1=1; e2=1;e3=1;e4=1;e5=1 parameters.
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parameter values from the mid-range, so that provides really an 
average v(x) velocity-density function relationship in practice.

Therefore, many velocity functions exist. In the current case, 
the linear function will be used to solve (8):

where VMax is the maximum allowed velocity:

The vehicle density is expressed with the parameters n, h 
and VMax:

There are two possible vehicle density solutions, which sat-
isfies the equation, unless:

The cross section traffic cannot be considered as state vari-
able! Same amount of traffic can be transferred in case of the 
multiplication of small vehicle density and large velocity, or 
in case of the multiplication of large vehicle density and small 
velocity, see the Fig. 8.

To decide which the expected vehicle density variable is, the 
velocity of the traffic members at a given cross section should 
be determined. For this purpose, cross section traffic meas-
urements should be supported with measurements via camera 
recorder, or the traffic counting method should be extended 
with velocity data measured via GPS equipped sampling cars.

To summarize the following steps will be followed
	To determine the expected value of the initial (input/out-

put) vehicle density s, the connecting input section and 
output section will be merged. This joint section will be 
analyzed in the connection point, which is the place of 
the traffic counting. The expected vehicle density flowing 
through this point (cross section) is denoted by s.

	The data originated from the traffic counting will be 
transformed to 1 sec (6).

	Supposing free flow, besides S=1, E=1, u=1, α=1, β=1, 
Δt=1 the equation regarding to the transmitted vehi-
cle length will be constructed, in such way the vehicle 
lengths regarding to 1 sec will be determined.

	The velocity-density function will be selected, in this case it 
is the linear function (but it can be other function, if required)

	The equation (11) will be solved with (12).
	Fig. 8. showed, that the cross section traffic measurement 

in a predefined time interval is not sufficient to determine 

the definite value of state variables of the traffic network 
sections (or the equivalent expected vehicle velocity val-
ues). Aside from the special case of maximal traffic, two 
different values are suitable as expected density state 
variable: s1 and s2. To decide between the two different 
values further measurement is required. For this purpose 
GPS equipped sampling cars are applied to traffic veloc-
ity measurements on the given sections.

	Afterwards, the above calculations will be executed on 
every input and output section, the expected vehicle den-
sity values will be adjusted. The simulation performed by 
the model calculates the vehicle densities and velocities 
of the given time interval on the internal network.

	The validation will be performed with the optimal adjust-
ment of αij, βij parameters. This process will be executed 
with the minimization of the difference between the 
measured and simulated internal traffic data, furthermore 
with the minimization of the difference between the 
measured and calculated velocity values.

5 Győr – The traffic and simulation model 
of Szent István út and it’s neighborhood
5.1 The review of the modeled network
The model includes the street with one of the highest traffic 

in Győr, the Szent István Street (1. sz. főút) and its neighbor-
hood. This traffic model plays an important role in the studies 
of environmental load, Stróbl András, Péter Tamás, Fazekas 
Sándor (2012), Stróbl, A., Péter, T. (2013).

From the traffic techniques point of view, the road includes 
two lanes for each directions; in case of classifier and line-up 
sections it is extended to three or four lanes. The traffic in the 
rush hours can exceed the 1000 PCE/hour value in some inter-
changes. Traffic signals are installed in the interchanges of the 
high street.

5.2 The construction of the network model
Szent István Street constitutes the trunk of the network, 

related to this part, some connecting roads and intersections are 
also modeled. Fig. 9. shows the network model copied from the 
PannonTraffic software.

5.3 Data and measurement
The characteristics of the network
●	 228 roads
●	 9 interchanges controlled by traffic lights
●	 38 other intersections
●	 18 input sections
In case of model data, we used the cross-sectional measure-

ment data executed in 2012. 63 cross sectional measurements 
are considered in the course of the analysis and validation. This 
information is extended with the traffic velocity measurement 
performed with GPS equipped cars. The velocity functions 

(11)

(12)

(13)
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related to the given time intervals are assigned to the proper 
sections. Fig. 10. shows such a measurement: the current 
example includes the measured velocity values on Szent István 
Street, beside entry and exit territory of the city.

We performed the traffic modeling with the PanonTraffic 
Engineer software.

5.4 Phaseplans of traffic lights
The phaseplans of the traffic controlling lights are provided 

by Magyar Közút Zrt. and the Self-government of the city of 
Győr (in some crossings there are more than 10 traffic directions 
defined, that means 12-15 relations elements in model level).

5.5 Preparation of network parameter validation
To prepare the validation process, the modeling software was 

extended with validation functionality. The analysis showed 
that the measured and simulated cross-sectional traffic data cor-
relates well, observing different network elements. After the 
evaluation, the correlation coefficient is:

rx,y = 0.9925070033

which can be regarded as 100% correlation practically.
We made some software improvements to export the average 

vehicle density calculated in course of the simulation in differ-
ent timeframes.

Fig. 11. compares the simulated and measured traffic .
The simulation for the given interval (7:15 - 8:15) was 

executed in 6 sec.
The simulation regarding to the 24 hour time interval 

was executed in 2 minutes 14 seconds.

Fig. 8. The s * v(s) traffic function and a constant value Fig. 10. The featuring velocity values depending on the sections

Fig. 11. The measured and simulated traffic correlate very well

Fig. 9. Szent István Street represents the trunk of the network
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6 Conclusions
PannonTraffic software was used for modeling and simu-

lation. The introduced model is an important sub-domain of 
the traffic network of Győr including Szent István Street. The 
validation of the model is carried out with the measured cross-
sectional traffic data and the result of GPS equipped cars per-
formed velocity measurements.

The measured cross-sectional traffic data was split to quarter-
hour time intervals. The consideration of this time-frame created 
stable boundary conditions. The Lyapunov stability was observable 

for times in every hour in the investigated domain, and in any 
sub-domain. After the validation, the correlation coefficient 
between the measured and simulated cross-sectional traffic was 
rxy = 0.9925070033, which can be considered as 100% practically.

New scientific result: a dynamic traffic model was created 
based on the traffic data measured on boundaries and the velocity 
data measured in traffic. A validation method is elaborated for 
this model. The validation covered not only the traffic data of 
the boundaries but the measured traffic data of the inner cross-
sections, as well.
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